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KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN 
TE AMSTERDAM. 


PROCEEDINGS OF THE MEETING 
of Saturday May 25, 1901. 


DOG 


(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 


Afdeeling van Zaterdag 25 Mei 1901, Dl. X). 


Contents: On “Cadmiumamalgams”. By Prof. H. W. Baxnurs Roozenoom, p. 1. — “Further 
Researches concerning Oligonitrophilous Microbes”. By Prof. M. W. Betserinck, p. 5.— 
“Further investigations on muscle-tone”. By Dr. J. W. Lanaeraan, (Communicated 
by Prof. T. Puace), p. 10. — “Special cases of Monce’s differential Equation”. By 
Prof. W. Kapreyn, p. 21. — “Precise Isothermals. 11. Accuracy of the measurement 
of pressure by means of the open manometer of KAMERLINGH ONNES”, p. 23. — 
III. “A waterbath of constant ordinary temperature” (with one plate), p. 29. — 
IV. “The calibration of Piezometertubes”, p. 35. By J. C. Scnarxwisx (Communi- 
cated by Prof. H. Kamertincu Onnes). — “On the repelling of ionisation of solutions 
of NaOH, Na, CO; and Na HCO; by addition of NaCl’. By Dr. A. Smirs and L. K. 
Worrr. (Communicated by Prof. H. W. Baxuvrs RoozeBoom), p. 42. — “Photo- 
bacteria as a reactive in the investigation ofthe chlorophyll-function”. By Prof. M. W. 
Beiserinck. p. 45. — “Plane waves of light in an homogeneous, electrically and magne- 
tically anisotropic dielectric”. By Frep. Scnun (Communicated by Prof. H. A. Lorentz), 
p- 49. — On “Bacteriologic Researches of Human Faeces”. (1st Part). By Dr. ALex. 
Kiem (Communicated by Prof. T. Prace), p. 65. —. “Synthesis of trioxybutyric acid 
(erythric acid)”. By C. Prey (Communicated by Prof. C. A. Lopry pe Bruyy), p.77. — 
“On «-hydroxybutenoie acid (vidylglycollic acid) and its decompositions’. By G. 
VAN DER SLEEN (Communicated by Prof. C. A. Lopry De Bruxy), p. 79. 


The following papers were read: 


Chemistry. — Professor H. W. Baxuurs Roozesoom presents a 
communication on “Cadmium amalgams.” 


The desirability of the investigation of the nature of the cadmium 
amalgams arises from the use of these amalgams in the Wesron-cell. 
The discussion 1) about the irregularities occurring when using this 
cell could not lead to a satisfactory conclusion until a better insight 


1) Compare Proceedings of June 30 and Oct. 27 1900 and Febr. 23 1901. 
I 
Proceedings Royal Acad. Amsterdam, Vol. LV. 
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was obtained into the nature of these amalgams. Mr. BisL has now 
brought this investigation to a provisional conclusion and obtained 
the following results. : 


321 Cadmium and mercury are mis- 
cible in all proportions when in 
a liquid state at a sufficiently 
high temperature. From _ these 
fused mixtures crystals are depos- 
1ss°ited on cooling which are repre- 
sented in Fig. 1 by the two 
curves AC and CB. The first 
runs from A = — 40°, the mel- 
ting point of mercury, to C= 188°; 
the second from this point to 
B= 321°, the melting point of 
cadmium. The two curves meet 
He Gonusceation Cq at C forming an angle. Both the 
Fig. 1. curves which have been determined 
by the thermometric and by the dilatometric method, indicate the 
points at which solidifications begins. 

None of the liquid amalgams, however, solidify completely at a 
constant temperature; solidification always takes place through a 
larger or smaller range of temperatures. ‘I'he end of this could not 
be sharply defined thermometrically, but on the other hand the com- 
mencement of the fusion of the amalgams which had become solidi- 
fied by sufficient cooling could be determined dilatometrically. 

In this manner the lines A HL, HD and D 8B were obtained as 
final solidifying, or commencing melting points. From this it appears 
that the whole solidifying figure belongs to the type of one of the 
cases which I have formerly distinguished in the systems of two 
substances which on solidifying yield exclusively mixed crystals. 

The lines A and DB represent the two possible series of mixed 
crystals. At 188° they follow each other with a comparatively small 
hiatus between H and J, which points correspond approximately 
with 75 and 77 atoms of cadmium per 100 atoms of the mixture. 


The following change must therefore take place when heat is added 
at 188°: 


mixed crystals # — liquid C + mixed crystals D 


and the reverse on withdrawing heat. 
As the point C is situated at 67 percent, all the amalgams below 
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67 percent Cd. solidify to homogeneous mixed crystals of the mercury 
type. Similarly all amalgams over 77 percent of cadmium solidify 
to homogeneous mixed crystals of the cadmium type. The behaviour 
of the 67—77 percent amalgams is more complicated. These all 
begin by depositing crystals of the Cadmium type up to 188°. The 
change: : 


liquid C + mixed crystals D — mixed crystals E, 


then takes place so that 67—75 percent amalgams (at the left of E) 
are converted into mixed crystals H + liquid C and solidify on further 
cooling to mixed crystals of the mercury type; on the other hand 
the 75—77 percent amalgams completely solidify at 188° to a 
conglomerate of the crystals H and D of both types. 

The very important question in how far the limits of these 
two series of mixed crystals, which exist together at 188°, change 
as the temperature falls, has been 
studied electrically. A change in the 
composition of such limiting mixed 
crystals appears as a rule to take 
place but very gradually, so that 
it was now, as in former instances, 
not possible to prove its existence by 
thermometric or dilatometric means. 

With this metallic mixture however, 
the opportunity presented itself of 
studying the matter by electrical 
methods. At the same time all the 
other percentages were investigated in 
order to obtain a first instance in 
Hg Cone: cawhich the electrical conduct of a metal- 

Fig, 2. lic alloy was known for all its various 
proportions. 

The EM F of alloys of every degree of concentration was measured 
in a solution of cadmium sulphate with a reversible mercury electrode 
as positive pole at temperatures of 25°—7b°. 

If we draw, in fig. 1, a horizontal line for instance at 25° it will 
intersect the different areas in such a manner that all the amalgams 
from a to b are liquid and therefore, form only one phase. From 
b to ¢ they consist of the heterogeneous system consisting of the liquid 
phase } and of the solid phase ¢ which consists of mixed crystals. 
From ¢ to d every percentage is a homogeneous mixed crystal. 


If we assume that the limiting representatives of the mixed crystals 
1* 
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which can exist together at 188°, are situated at lower temperatures 
on the lines HF and DG, we then have at 25° d and e as limits 
and all the percentages between these are again heterogeneous and 
consists of both the mixed crystals d and e. On the other hand we 
have again from e—f a series of homogeneous mixed crystals ending 
with pure cadmium. 

The line indicated in fig. 2 shows the HM F of the cells described 
in which the negative pole consists of the whole series of the amal- 
gams in succession. The letters correspond with those in fig. 1. It 
therefore appears, that as long as we are dealing with a series of 
amalgams consisting of one phase (ab, cd, ef) whether liquid (ad) 
or solid (cd and ef) the H. MF varies regularly with the concen- 
tration of the amalgam. On the other hand we have in two casesa 
constant MF accompanying variable concentration, namely from 
b to ¢ and from d to e. In the first case it corresponds with the 
fact that the amalgam is a two-phased one (liquid 6 and solid ¢): 
in the second it must, therefore be also two-phased, but both phases 
are now solid mixed crystals (dande). In this manner the limits 
of the horizontal part d e could be determined for different temperatures. 
From this it was found that on cooling below 188° the limits diverge 
still further until at 25° they have become: 65 and 80 atoms of 
cadmium percent. 

The horizontal line bc is of great significance for the WESTON- 
cells. We can now sce plainly why a cell of constant HM F may 
be easily constructed if only the percentage of the amalgam which 
serves as negative pole is chosen somewhere on this line. We then 
haye an amalgam which is partiy liquid and partly solid. Such a 
mass usually attains equilibrium quickly and sharply when the 
temperature is changed. Moreover, the composition of the alloy 
remains on the line for a considerable time even though the total 
amount of cadmium decreases by the action of the current. This 
merely causes a slight diminution in the amount of mixed crystals 
and an increase in the volume of the liquid but the composition 
of both and consequently the # MF remains constant. 

The extremities of the line bc alter, however, their position with 
the temperature as shown in fig. 1. This was noticed most plainly 
when determining the EM F: the positions of the points 6 and ¢ 
thus found correspond exactly with those in fig. 1. 

The many irregularities which have been observed when using 
Wesron-cells may be easily explained by the fact that up to the 
present an amalgam has been used containing too large a proportion 
of cadmium, too near to point c, so that on cooling one soon got outside 
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of the horizontal part, or in other words solid mixed crystals were 
obtained, the HM F of which was different from that of an amalgam 
represented by the horizontal line and which reached equilibrium 
much less rapidly than the semi-liquid amalgams. 


Microbiology. — “Further Researches concerning Oligonitroph- 
dlous Microbes.” By Prof. M. W. BrtsERincxk. 


In my first paper on oligonitrophilous microbes!) I still left the 
question unanswered after the forms which develop in the light, 
in nutrient liquids, which only contain traces of nitrogen compounds, 
and whose nutrition with carbon can only be effected from the 
carbonic acid of the air. 

The experiments to answer this question were made as follows. 
Large flasks were plugged with cotton wool or filtering paper, so 
that the air has free access, or closed in such a way that the air 
could be renewed, and that, at each renewing, it must pass through 
strong sulphuric acid in order to be deprived of the nitrogen- 
compounds. These flasks had been half filled with 


100 Tap- or distilled water 
O02 LUDO 


and infected with a not too slight quantity of garden-soil, e.g. 1 to 
2 grs. per liter 7). 

They were placed in winter at a window on the south, in spring 
and in summer on the north-west, and in the beginning they were 
now and then shaken, in order to sink the floating film of calcium- 
phosphate, which forms at the surface. 

As the rate of nitrogen and carbon compounds is too slight 
to cause any appreciable development of colourless microbes, no 
further cloudiness results, but that of the easily precipitating 
phosphate. But in winter after six to eight, in summer after four 
to five weeks, a characteristic flora develops consisting of some species 


1) These Proceedings of March 30, 1901. 

2) The Delft tap-water contains at present 0.42 mG. nitrogen per L., the garden- 
soil used 0.56 pCt. nitrogen (analyses of Mr. A. v. Detpen); but this nitrogen can 
only for a minimal portion (as ammonia and nitrate-nitrogen) be assimilated by microbes. 
The oligonitrophili themselves possess the specific faculty of feeding on the nitrogen 
from the atmosphere. 
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of Cyanophyceae, which, once become visible, can promptly give 
rise to a deep ‘bluish-green colouring of the liquid. In the beginning 
these Cyanophyceae are seen to develop as free colonies at the sides 
of the flask, later there also appear floating films, which latter consist 
chiefly of Anabaena, while among the colonies growing on the glass- 
wall, not only the large flat colonies of Anabaena, but likewise the 
characteristic, but rarer bluish-grey slimy lumps of Nostoc paludosum 
are most striking. A third, very intensely coloured species, which 
is nearly as common, I determined as Nostoc sphaericum '). 

Motile Cyanophyceae, such as Oscillaria, do not result under these 
conditions, or only in much smaller numbers than those mentioned ; 
probably for them the proportion of organic substances in the said 
nutrient liquids is still too large and that of nitrogen compounds perhaps 
too slight. I have also found that Oscil/aria is microaérophilous*) in 
the dark, so that, at the places fit for its development, at least 
temporary anaérobiosis should be possible, which is not the case 
in my experiment. 

Chlorophyceae, especially Chlorococcum and Chlorella are, as might 
be expected, not wholly absent in these cultures; but their number 
is so small that they are without any influence on their external 
character. This fact is the more remarkable because, if to the culture 
fluid is added 

0,02 pCt. NH* NO® 


already after a shorter time than the above mentioned, a dense 
film of Chlorophyceae, in which Chlorococcum infusionum is the 
principal species, grows rapidly on the surface. Only when the nitrogen- 
compounds added to it have been quite consumed, the green film 
grows darker, as then again flakes of Cyanophyceae, in particular of 
Anabaena, begin to form. 

The experiments have essentially the same course when the tap- 
water-phosphate flasks are not infected with garden-soil, but with a 
small flake taken from a previous culture of Cyanophyceae. Here I 
saw however, in some cases appear Anabaena only, which under 
these conditions of culture evidently supplanted the other Cyano- 
phyceae. 

If in my experiments I use Delft canal-water, instead of tap- 
water, and omit the infection with garden-soil, the process is some- 


') Not all the species of Cyanophyceae obtained could be determined. Some of 
them I think have not been described. 


?) It is macroaérophilous in the light. 
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what different. First a rich light-brown culture of Diatomaceae takes 
rise, in which here and there colonies are seen of Chlorophyceae 
belonging to the genera Raphidium, Scenedesmus, Chlorella and 
Chlorococcum, but without their multiplying sufficiently to alter the 
brown colour of the culture. After 8 to 9 weeks however, the colour 
at once grows darker by the then occurring increase of the Cyano- 
phyceae, which increase continues a long time, evidently as long as 
there is a sufficient quantity of kalium phosphate and other mineral food. 

I think the result of this last experiment should be explained 
as follows. Canal-water contains a greater amount of organic sub- 
stances than the tap-water cultures; as long as these substances are 
present the Diatoms are prevailing; they use these substances for 
their carbon-nutrition, together with the carbonic acid from the air, 
and at the same time assimilate the nitrogen-compounds. When these 
are consumed the Cyanophyceae appear. 

That the Diatoms can in fact utilise a fairly high rate of organic 
substances, is well known to the students of that group. The following 
experiment which, to my knowledge, has not yet been described, 
proves that the Diatoms are the very coloured microbes, which 
can, if not assimilate, at least tolerate without injury the full rate 
of organic matter and of nitrate- and ammonia-nitrogen of fertile 
garden-soil. 

A high glasscylinder is filled for one half with garden-soil, for 
the other with pure water. After shaking the thus obtained mud is 
allowed to stand at a sunny window. After some days or weeks, 
according to season and temperature, one sces at the illumined side 
of the glass a deep brown film appear, consisting of the Diatoms present 
in the garden-soil, which slowly creep towards the light. This film 
increases some months by the multiplication of the Diatoms, but 
finally there appear in it large green spots of various lower Chloro- 
phyceae, whose propagation becomes ouly vigorous, when the 
Diatoms and other microbes (such as bacteria and monads) have for 
the greater part used the assimilable organic substances and con- 
verted them into unassimilable material. Cyanophyceae do not grow 
under these circumstances, this being prevented by the abundance 
of nitrogen-compounds in the garden-soil. 

Though it is certain, that the flora of Cyanophyceae in my tap- 
and canal-water experiments only develops with an extremely small 
proportion of organic matter in the food, I still consider this pro- 
portion to be of an essential signification for the experiment. I have 
already convinced myself that at as complete an absence as possible 
of organic substances, the development of the flora follows quite a 


(8) 
different course, but I am as yet unable thereabout to impart any 
decisive results: 


The experiment now described, is not quite new as to its 
principle. In another form it was already performed in 1892 by 
Scunistne fils and Laurent!), not however with a culture liquid, 
but with a solid sand-soil and under conditions much more compli- 
cated than mine. Noteworthy is that also these investigators, culti- 
vating in the light under the exclusion of all compounds of nitrogen, 
obtained Cyanophyceae belonging to the same or almost the same 
genera as those resulting from my experiments. They have moreover 
come to the result that by these Cyanophyceae free nitrogen was 
assimilated in a slight but distinctly observable quantity, and though 
they have not completely proved this assertion, as their cultures 
must have contained other organisms too, e.g. many bacteria, basing 
also on my own experiences | take their view to be correct. 

My experiment throws some light on the two following obser- 
vations. GRAEBNER *) observed that fresh sandy grounds, which are 
changing into moors, cover in the beginning with a flora of Cyano- 

'phyceae; and TREUB’), when visiting the isle of Krakatau after its 
destruction, found that the new flora which first developed on the 
voleanic ashes, likewise consisted of Cyanophyceae, of which he in 
particular mentions Lingbya verbeekiana and L. minutissima. Both, 
the said heathsand and the ashes of Krakatau, have no doubt 
been extremely poor in nitrogen-compounds. 

If absolutely rejecting the theory of spontaneous generation, it 
might be assumed that certain Cyanophyceae, carried over from the 
universe by meteorites, have been the first organisms which peopled 
the earth, as no other living beings are known which, like the 
Cyanophyceae, are able to build up their organic constituents from 
carbonic acid and atmospheric nitrogen. 


Once acquainted with the culture conditions of the Cyanophyceae 
I could easily obtain pure cultures on a solid medium. I therefore 
used as well silica as agar which by long washing with tap-water 
had been freed from the soluble organic substances, but saturated 
with the constituents of the tap-water. Plates of this agar, to 


1) Fixation de T’Azote libre par les plantes. Ann. de l'Institut Pasteur T. 6 pag. 832, 
1892, The authors make special mention of Nostoc punctiforme, N. minutum and 
Cylindrospermum majus. 

*) Studien tber die norddeutsche Heide. Bot. Jahrbiicher. Bd. 20, 1891. 


*) Notice sur la nouvelle flore de Krakatau. Ann. d. Jard. Bot. de Buitenzorg. 
Z. 7, 1888, 
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which nothing else had been added but 0.02 pct. K? HP 04, 
and on which tap-water cultures of Anabaena had been sown 
out, were placed in the light of a window on the north, and after 
10 to 14 days already produced extensive Anabaena-colonies free 
from bacteria. f{f the plates are not thoroughly washed Anabaena 
does not grow at all on them. 

With plates prepared of silica instead of agar I obtained the 
same results. 

he washing of the plates is effected by placing them, after soli- 
dification in the glass-box, into a large beaker with water, which is 
continually renewed during a few days by a current from the tap. 

Then kalium phosphate is introduced into the plates by pouring 
over them a solution of this salt in distilled or tap-water, which 
solution is renewed a few times. Finally the superfluous water adhering 
to the plates is removed by heating the glass-box for a short time over 
a Bunsen-flame. 

Oscillaria and allied species do not grow on the thus prepared media, 
they even die on it already after some days. Mr. A. vAN DELDEN, 
however, has succeeded in my laboratory to obtain a pure culture on 
a solid medium of such a motile form related to Oscillaria. 

This culture necessitated two other precautions. first the organic 
substance had to be removed from the agar more completely than is 
wanted for Anabaena, and therefore it proved necessary to wash with 
a current of distilled water. Second, the addition of a little of a nitrogen 
compound, e.g. a trace of ammonium-nitrate proved necessary, or at 
least favorable. On such agar the growth of the organism remains however 
very scanty, and, as besides many species of chlorophyceae can develop 
under these circumstances, we leave herewith the group of oligoni- 
trophili, whose specific faculty consists in their being able to live 
on the nitrogen from the air, in opposition to the Diatoms and the 
Chlorophyceae. Hence this faculty seems also peculiar toa part only 
of the Cyanophyceae. 

The question put at the head of this paper should thus be an- 
swered as follows. 

In culture liquids, containing besides the mineral constituents of 
the food, a slight quantity of garden-soil, but to which no other 
nitrogen-compounds have been added, develop, under the influence 
of the light and the carbonic acid from the air, various species of 
Cyanophyceae, chiefly belonging to the genera Nostoc and Anabaena. 
Germs of these are very numerous in garden-soil. The presence of 
nitrogen-compounds prevents the development of the Cyanophyceae, 
but furthers that of certain Chlorophyceae and Diatomaceae. 
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Physiology. — J. W. Lanaenaan on: “Further investigations on 
muscle-tone.” (Abstract). (Communicated by Prof. T. Piace). 


On the assumption of a muscle-reflex are on which the muscle- 
tone depends, it was proved in a previous series of experiments ’), 
that there is a Jogarithmic relation between the value of the successive 
tonicity-quotients and the corresponding increments of the charge. 
The distensibility was taken as measure of the muscle-tone. From 
this the analytical expression was derived, which represents the 
increase in length of the not visibly contracting muscle as function 
of the increase of the charge. 

For this relation was found: 


l= Ap + Bp lgn. p, 


and it was pointed out that this held good only for the interval of 
the increase of the charge, over which the experiment ranged. 

These experiments made on frogs, were afterwards extended to 
cats, whose spinal cord was cut at a high level. The m. triceps 
surae was chosen to record distention curves, according to the method 
shortly described in my previous communication. The operations 
were done under ether narcosis, but as soon as the medulla was 
cut, no more narcotic was given. The severing was always followed 
by spinal shock, but within a few hours the muscles proved, at least 
partly, to regain their tonicity. 

Also in this case the distention curve appeared to be represented 
by the same analytical expression, but the variation of charge during 
the experiment was far more considerable. As an illustration we 
subjoin four tables, representing the measurements of four curves. 


1) Proc. Kon, Akad. van Wetensch, Amsterdam, Sept. 29th 1900. 


al} 
Experiment of 6/XII 1900. 


TABLE I. 12th curve. 


A= 74.6<10—5 
B=—2.6< 1075 


Pp l. meas. 1. cale. 
0.0 0.0 cy 0.0 cy 
6.2 13 10.7 
12.6 19 23 
19.0 34.5 (34.5) 
25.4 45.5 451 
38.2 67 66.7 
45.6 79 (79) 
P38 p= 127.6 
Ch 2200 Co 0a? 


TABLE II. 14th curve. 


A=100.5<10—5 
B=—7.8<10—% 


p 1, meas 1, calc, 
0.0 0.0 c, 0.0 c 
6.2 12.5 13.5 
12.6 25 25.5 
25.4 48 (48) 
38.2 69.5 68 
51.0 87.5 87.7 
51.9 89 (89) 
P35 Spi AS 8 
Chis (Co — LO mee 


Experiment of 4/XII 1900. 


TABLE III. 7th curve. 


A=104.5>< 107% 
B=-—6.2<10—* 


p l. meas. l. cale. 
0.0 c 0.0 ce 0.0 cy 
6.2 14 16.6 
12.6 29.5 31.9 
19.0 46 46.7 
25.4 64 (61) 
38 .2 92 88.7 
46.2 105.5 (105.5) 
te aie reat alncliada i ale Keel aera meta 
P=38 p= 143.1 
C= 3.4002 co 107-8 


en as 


TABLE IV. 8th curve. 


A=103.9%10—5 
B=—6.3><10—5 


p l, meas ]. cale. 
0.0 ¢ 0.0 cy | 0.0 ey 
6.2 13 15.3 
12.6 28 29.4 

19.0 43 (43) 
25.4 55.5 56,2 
38.2 83 81.7 

51.4 107 (107) 

[Di Bie p= 147.3 
c, = 2.87 Co = 107 8 
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The number of tracings I have measured amounts to 22 derived 
from three cats. It appears from these measurements, that within the 
given interval of the increase of the charge, the deviations between 
the measured values and those calculated by means of the given 
formula are not more considerable than was to be expected in 
connection with the accuracy of the method. But already in the 
tables given in my previous communication and also in the tables 
of these measurements it is clear, that the deviations of the begin- 
ning of the curve are most considerable and that they decrease 
rapidly with increasing charge. All these deviations fall in the 
same direction. It is therefore probable, that they are due to a 
definite cause, and in my opinion, it is to be found in the law of 
FECHNER, which according to its deduction is to be considered only 
as a “loi limite’. I hope to return to this point in a following 
series of experiments. 

Then I directed my attention to the two constants A and B, 
which occur in the formula representing the distention curve. 

It was proved by the experiments, that when a distention-curve 
was recorded during the period of shock or with intact medulla 
in deep narcosis, a straight line was found within a certain interval 
of time and increase of charge. In a case where the shock was 
very severe, the rectilinear part of the curve was found to cover an 
interval of the increase of charge not exceeding 130 grs. This 
increment of charge took place in 50 sec., the initial charge 
amounting to 38 grs. Other muscles gave other values which however 
deviated but little. If the experiment was extended over a greater 
interval of time and increase of charge, the elastic after-phenomena 
modified the shape of the curve in a considerable way. 

As we know, that under shock and deep narcosis the efferent 
(motor) part of the muscle-reflex are (e.g. from the pyramidal tract) 
remains irritable, while it appeared at the same time that when 
the shock was disappearing, the linear curve passed into the curve 
which we know as characteristic for the tonic muscle, we had 
an indication of the way in which to proceed with the analysis; 
for the given formula of the distention curve leads to a linear curve 
for B=0. It is therefore obvious to consider the term Bp lgn. p 
as the representation of the influence of the afferent (sensible) part 
of the muscle reflex arc on the distention curve. It is difficult to 
decide, whether the linear distention-curve / = Ap is to be considered 
as typical for a muscle when only under influence of its efferent 
nerves, or whether this formula is only to be taken as a first approx- 
imation, implicitly implied in the law of FEcHNER which served us as 
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starting point. For even if in this case the initial linear part 
was followed by a parabolic distention-curve, as was found for frog- 
muscles, yet this part of the curve must be modified by the influence 
of the elastic after-phenomenon. As now this elastic after-phenomenon 
is not to be eliminated under the conditions of the experiment, the 
question which we have raised, must be left undecided for the present. 

The curves were recorded in sets of three, while the time between 
the successive curves was noted down. The curves of a same set, 
which may be indicated as 1st, 204 and 34, according to their suc- 
cession in time, may be mutually compared; but what took place 
between the successive sets of three curves was not noted down. 
The values of A and B, as they are determined from the dis- 
tention-curves follow in three tables. 


eae Bo ey. 


Experiment of 6/XII 1900. 


9. 42), 15. 18. at 
A > 10° 87.3 74.6 84.8 69.9 62.5 
pase BX 10°} —5.1 B= 206 —5,5 ON! 27 
ii: 14. 17. 20. 23. 
A >X< 105 97.5 100.5 84.6 78.4 84.1 
La eer BX 10°| —6.8 —7,.8 —5.8 —5.3 —6.4 


pA wie lol Be PV Ai 


Experiment of 4/XII 1900. 


Ie 13. 19. 22. 
A xX 10° 104.5 107 95.7 127.5 
Patalewes BX 10° —6.2 Sah —6.0 —10.9 
8. 23. 26. 
A X 10° 103.9 120.1 118.8 
Raa eoaeee BX 10° —6.3 —10.9 —8.9 
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ae ht 8 kid Sil igh 


Experiment of 11/XII 1900. 


6. 9, 
cad 0° 163.9 135.0 
Ist curves . 
BX 10° —6.7 —7.9 
10. 
A 10° 191.0 
IInd curves x 
BX 10° —19.6 
8. 
A 10° 150.4 
Il[rd curves x 
B &X 10° —9.9 


It appears from these values in connection with the time-notation, 
that if the interval of time between two successive distention- 
curves is shorter than three minutes, the constant B in a succeeding 
curve is considerably greater. With B the value of A increases. 
Among the values mentioned there are three cases, viz. Table V 
curves 15 and 17, Table VI curves 7 and 8, and curves 22 and 
23, for which nearly identical constants are found, and in these 
three cases the interval between two successive curves was always 
longer than five minutes. In further experiments I hope to return 
to this last phenomenon, which if generally correct, seems very 
important to me. 

If the conception of a muscle-reflex are is correct and if it is also 
true, that B represents the coefficient added to the term, which is 
the analytical expression of the influence of the afferent part of this 
muscle-reflex arc on the shape of the distention-curve, then the 
increment of B caused by a shortly preceding distention, is only a 
special case of the physiological rule, which is generally less accurately 
formulated as follows: “shortly after every stimulation the nerve is 
more irritable.” But then the increase of the coefficient A together 
with the increase of B is not accidental. From the two subjoined 
tables : 
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TABLE VII. 


Experiment of 13/XII 1900. 


43. 46. 49. 25, 
76.8 | 69.4 | 69.9 | 56.9 
0.0] 0.0] 0.0} 0.0] 0.0] 0.0 


4. b. lio. 
A>x< 10> | 76.5 | 71.6 | 68.6 
BY 105 0.0 


IInd curves 


TE Ap Be biel ial kl 


Experiment of 18/X1TI 1900. 


| 

4, 10. 13. lie. 1.9) 25. 

A X 10° 79.6 76.2 72.5 79.8 79.4 64.1 
Be 40: 0.0 0.0 0.0 0.0 | 0.0 0.0 


Ist curves 


which represent the value of the coefficient A in two sets of experiments, 
where the cat had not recovered from the shock, it appears that in 
this case the coefficient A according to its value will join those cases 
where the coefficient B has the smallest value which can occur in con- 
nection with the accuracy of the method. The mutual differences 
of these coefficients A in the two tables are greater than was to 
be expected from the method, and the successive deviations are 
distributed over the series of experiments in such a way, that they 
can certainly not be brought under a simple rule. 

In connection with the discontinuous tonus-tracings I have already 
pointed out these irregularities which appear after the muscle-reflex 
arc has been interrupted. 

The distention-curves obtained from cats with intact spinal cord 
and under very slight narcosis are quite different from those which 
occurred when the medulla was cut at a high level. Ether was 
used as narcotic. The shape of these curves is in appearance perfectly 
accordant with the curves obtained by Mosso and Benepicenti for 
men, with their myotonometer. In this case the measurements gave 
for most curves increasing tonicity-quotients with increment of 
charge, within the interval over which the experiment ranged. Under 
some circumstances these curves show a point of inflection. The 
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place of this inflection-point depends greatly upon the depth of the 
narcosis, and the extent of the increase of the charge. The tonicity- 
quotient, which is very low at first, rises quickly, then slowly with 
increase of charge, reaches its maximum at the inflection-point and 
begins then to decrease. For this last part of the curve, where decreasing 
tonicity-quotients correspond with increase of charge, the law of 
FECHNER proved by approximation, to connect the increase of the 
charge with its effect, the corresponding value of the tonicity quotient. 

Starting from the well-known fact, that a high section of the 
medulla, after the shock is passed, gives rise to increase of muscle- 
tone and that therefore a physiological inhibition seems to dis- 
appear, the analysis of these curves was attempted in the following 
way. 

The stimulus, originating by extension in the terminations of the 
afferent nerves of the muscle, ascends along afferent paths and 
arrived in the spinal cord, it is directly transferred along a short 
path to the efferent part of the primary muscle-reflex arc. About 
this we know that the law of FecHNer connects stimulus and its 
effect. But this same stimulus, ascending along the long path, 
which as secondary muscle-reflex arc is built upon the first, brings 
about a change which may be composed by addition with the change 
in the primary muscle-reflex arc. The supposition of the simple 
addition of the two influences on the muscle, has been stated very 
clearly, i.a. by SHERRINGTON. But if the law of FecHner holds 
true for that part of the curve which lies beyond the inflection-point, 
and this part is therefore not different from those tracings, recorded 
when the stimulus can only pass the primary reflex arc, then the 
physiological meaning of the inflection-point is this: the inflection- 
point in the curve appears at the moment, when the influence of the 
secondary muscle-reflex arc on the primary disappears. But knowing 
also that in these tonus-curves, the tone is at first very low, that 
it reaches its maximum at the inflection-point, at which moment 
the influence of the secondary on the primary muscle-reflex are 
ceases, we have also to assume, that the stimulus passing through 
this secondary muscle-reflex arc, brings about a change in it, the 
effect of which is seen as the disappearance of a tone-inhibition. We 
assume now as second supposition that here too the law of FECHNER 
brings relation between the effect and its cause, the stimulus. 

The analysis is now possible in the following way. For a certain 
increase of charge the corresponding extent of the variation of tone 
is determined from the segment of the curve which lies beyond the 
inflection point. This is the basis for the further calculation as 
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from this a series of successive tonicity-quotients is extrapolated 
according to the law of Fecuner. So this series of tonicity-quotients 
represents the probable value of the muscle-tone, corresponding toa 
group of successive increases of charge, if the stimulus had only passed 
through the primary muscle-reflex are. Then the inflection point in the 
curve is determined as accurately as possible. At this point the inhibiting 
influence which is exerted by the secondary on the primary muscle- 
reflex arc is zero. Also the real value of the tonicity-quotient for 
a certain increase of the charge is known from the measurements 
of the curve. But if by means of the before-mentioned extrapola- 
tion the probable value of the tonicity-quotient can be calculated, 
exclusively depending on the primary muscle-reflex arc and by 
direct measurements the tonicity-quotient under simultaneous influence 
of the two muscle-reflex arcs can be determined, and if the premise 
of the simple addition of these quantities is correct, it is possible 
to determine by simple subtraction of these quantities the value of 
the inhibiting influence exerted by the secondary muscle-reflex are. 
But if for two given charges the value of this influence is known, 
it is possible to interpolate a number of terms by means of the 
second premise. For this, terms were chosen corresponding to those 
for which the value of the tonicity-quotient was calculated, when 
the muscle was only under the influence of its primary muscle- 
reflex arc. The difference between these tonicity-quotients must 
then be identical with the tonicity-quotient, determined directly 
from the curves. We shall elucidate this method by a scheme. 
Let the curve ABC represent the value of the tonicity-quotients 
as function of the increase of the charge. In B a maximum is 
reached and this point coincides with the inflection-point on the 
distention-curve. Accordingly the influence of the secondary muscle- 
reflex arc on the primary disappears at point B. Consequently 
F is the final point of the curve representing the extent of the 
tone-inhibition of the secondary muscle-reflex are on the primary. 
The portion between B and C represents therefore the value of the 
tonicity-quotient as function of the increase of the charge, when 
the muscle is exclusively under the influence of its primary muscle- 
reflec arc. Extrapolating according to the law of Frcuner, BD is 
obtained, and curve DC becomes then the graphical representation 
of the value of the tonicity-quotient as function of the increase of 
charge, if the muscle had been only under the influence of its 
primary muscle-reflex arc all through the course of the experiment. 
OA is the value of the tonicity-quotient under influence of the 
2 
Proceedings Royal Acad. Amsterdam. Vol. IV, 
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two muscle-reflex arcs, as it is really measured, but then OE= 
OD—OA isthe value of the tone-inhibiting influence exerted by 
the secondary muscle-reflex are. This determines point E and con- 
struing curve EF between the two points according to the law of 
FECHNER, this curve becomes the graphical representation of the 
tone-inhibiting influence exerted by the secondary muscle-reflex 
arc. Over the interval of the charge OF the difference of the 
ordinates determined by the two curves DB and EF must 
now at any moment be equal to the ordinates determined by the 
curve AB. 


It appears clearly from this graphical representation, that there 
can only be question of a definite problem in these cases, where 
the curve shows an inflection point and that the possibility of this 
analysis depends on this. 

The result of the measurement and of. the calculation of 


the tonicity-quotients performed on this basis js given for four 
curves, 
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Experiment of 30/XI 1900. 
TABLE X. 20th curve. 


Tonicity-quotient 


Pp meas, cal. 


0.0 g 

3.0 3.4) Gs (3.1 ¢,) 
6.2 3.7 3.8 

12.6 45 (4.5) 
25.4 3.5 (3.5) 
51.0 ? 2.5 

62.4 2.7 2.3 

IPSScty Oy Ste 
ce, = 0.00085 


infl. point at 12.6. 


Experiment of 30/XI 1900. 
TABLE XI. 2nd curve. 


Tonicity-quotient 


Pp meas. cal. 


3.0 2.2 o, (2.2 ¢;) 
6.2 2.5 PIT 
12.6 3.2 3.2 
25.4 3.6 3.7 
38.2 3.9 (3.9) 
47.7 3 (3) 
P38 ce) 2.92 
c, = 0.00034 


infl, point at 38.2. 


SS TE I 


Experiment of 24/XI 1900. 
TABLE XII. 35th curve. 


Tonicity -quotient 


Pp meas, cal. 
aan RENIN enenadiatieeeeememeny meme 
0.0 c, 
3.0 2.7 Cy (2.7 c,) 
6.2 3.2 3.7 
12.6 4.5 (4.5) 
19.0 41 3.7 
25.4 3.1 (3.1) 
30.0 3 2.8 


P46 Vey 2158 
ce, = 0.00037 
infl. point at 12.6. 


Experiment of 24/XI 1900. 
TABLE XIII. 29th curve. 


Tonicity-quotient 


p meas. cal, 


0.0 c, 

3.0 4.9 ¢; (4.9 5) 
6.2 6.7 6.5 
12.6 6.6 (6.6) 
19.0 5 5.4 
25 4 4.6 (4.6) 


p= 45 co, = 9.73 
c, = 0.00035 
infl, point at 9.5. 
Es ss 


Die 
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In order to examine whether this analysis might be applicable 


to curves obtained for men by Mosso, I have measured one 
of them !). 


Ts AveB a) We SXTy 


Tonicity - quotient 


p meas. cal. 
0.07.2 ¢ 
6.25 3c, (3 ¢3) 
12.5 5.5 5 
4.9 6.5 (6.8) 
25.0 3.5 (3.8) 
P=800 p= 2200 sa alte 
Fan homme. Rang 
180 
= 
500 < 2200 


infl. point at 21.9. 


It seems to me that we may conclude from the values given, that 
the analysis of the tonus-curves with intact medulla is possible with 
the aid of the two premises, or inversely we may conclude to the 
probability of the two premises from the concordance between the 
measured and the calculated values. 

These experiments were made in the physiological laboratory of 
the medical school of Harvard University at Boston where I enjoyed 
the hospitality of Professor H. P. Bownprtcu. 


Amsterdam, May 1901. 


1) Arch. Ital. de biologie 1896 T, XXV p. 356 fig. 3. 
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Mathematics. — On “Special cases of Monax’s Differential 
Equation” by Prof. W. Kapreyn. 


When the differential equation of Monae consists of three terms 
and has the form 


stit+tu=o0 


we formerly found all the cases in which this equation has two 
intermediate integrals. A further investigation of the equation 


r—Mitu=—0 
gives the following results. 


I. When A and ve are dependent only on p and g, this equation 
possesses two intermediate integrals only when 


ela-ebp ep? oF 


~ ft29gq+hyg?  Q 


w=Ki(hQ—cP). 


and 


Here K represents an arbitrary constant, whilst the six constants 
a, b, ¢, f; g, h are bound only by the condition 


Pb—ac=g—fh. 
If we put b?—ac= a’, the two intermediate integrals are the 
following 
—4 24 24hK[(g—b)e—cz)} 24 K(h@+cy), 
‘ afi y é ) 


w (w—l1) e 


where 
EL ep— @ agirikg — ae 
bt tepta gthqte 


and where f represents an arbitrary function 


—g—*% Qe —2¢hK[(gtbar+ez] 


‘ 2% K(ha—cy) ; 
w! (w—l1) e tif Ge € ) 


where 
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pe id Be sh gthate 
b+ecp+ta gthq—e@ 
f having the same meaning as above. 


II. When A and «& are only dependent on 2, y, z, the equation 
possesses two intermediate integrals only when 


x';2X'X"—3x" Qy'yv—sy" 
“= "rly axe aan eee eae 


where w(z,y) represents an arbitrary function of 2 and y, whilst 
X denotes a function of 2 and Y a function of y, of which the 
derivatives are indicated by dashes. 

In this case we find one of the intermediate integrals by 
eliminating y between 


X-+ Y= Const. = C 
and 
3 il ” 
dv x’( Y Ve 


—+ =. 


XxX! 
xX yr Fae ape ys 


where 


0 (SAS) 24 2h0 +29) 


If we solve the integral of this linear differential equation accord- 
ing to the arbitrary constant C’ and if we replace this constant by 
an arbitrary function of C, the intermediate integral under research 
will be found if moreover we substitute X + Y for C. 

The second intermediate integral is determined in a similar way 
out of 

x—Y=C 
and 


dit 3 ( X" yn 
di 2 


Xe 
y= — 2 vey), 
where 


v= (F4+aF) e+ 240-19) 
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Physics. — J.C. Sonaukwux: “Precise Isothermals. IT. Accuracy 
of the measurement of pressure by means of the open mano- 
meter of KAMERLINGH Onnes.” (Communication N°. 70 from the 
Physical Laboratory at Leiden, by Prof. H. KAMERLINGH ONNES). 


§ 1. As the accuracy, which could be attained in the measure- 
ment of pressure, was of the greatest importance for attaining that 
high degree of accuracy which is required for my determinations of 
isothermals (Comp. Comm. N°. 67), I have made the measurements 
with the open manometer mentioned the subject of a separate inves- 
tigation. Although there is little reason to doubt the exactness of the 
observation, after the necessary corrections described in Comm. N°. 44 
have been applied yet some reason for doubt might exist in the fact 
that the correction for the depression of the mercury menisci, and also 
those resulting from the friction of the mercury in the capillary tubes 
are not sufficiently known. The former were borrowed from the tables 
of MENDELEJEFF and GurTKowsky ') and the latter were calculated by 
means of POISEUILLE’s law; especially the latter give rise to many 
difficulties, as I could calculate only the mean bore of the mano- 
meter capillaries, whereas in POISEUILLE’s*) equation the mean of 
the square of the bore is required. It is however a favourable 
circumstance that the variation of the level of the mercury in each 
of the manometer tubes hardly ever exceeds the amount of 1 c.m. 
an hour, and as in the narrowest of the capillaries this would give 
a difference of pressure of 0.02 c.m. per tube, with our degree of 
accuracy it may be neglected in comparison with a pressure of 
304 c.m. per tube. 


§ 2. The lengths of the tubular measuring rods (comp. Commu- 
nication N°. 44) which are of chief importance for the measure- 
ment of the pressure, were determined in the following way: the 


1) As the reading of the level and the top of the meniscus would double the time 
of observation the depression is already accounted for in the reading, by estimating 
and adding for each tube the required correction to the height. 

2) In order to test the use of the formula for tubes of the bore used (of 0.055 c.m. 
radius on an average), I have calculated from the velocity of the mercury through 
a similar tube the value of the co-efficient of friction , and found 0.00001725, 
differing only a little from the value 0.00001633 found by WArsure (0.01609 in 


the C.G.S, system). 
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first rod Ly, graduated over its whole length, and hanging between 
the limbs of the U-shaped manometer-tube A, was compared with 
the Standardmeter N®. 1 of the Physical Laboratory of Leiden, 
which according to its correction is at 7°;C. shorter by 0,005 mm. 
than the Matre des Archives. From this we calculate its length at 
0° C. 999.91 mm. The length between the marks 0 and 304 (cor- 
responding to 4 atm.) of this measuring rod was measured in two 
ways and found to be 303.976 ¢.m. and 303 971 cm., which two 
values are in sufficient agreement. In order to determine the lengths 
of the other measuring rods Br—Byy they were suspended together 
with the measured rod at short distances from each other, and at 
425 cm. distance from the theodolites to be used for the reading 
of the mercury levels, the same distance at which they are used. 
The readings were made with telescopes rotating round perfectly ver- 
tical axes; during rotation I could not observe on the very sensitive levels 
a larger variation than 1/, mark, corresponding to !/2g mm. on the 
measuring tube. In four measurements the mean difference of the 
readings was less than 0.1 mm. 

The following corrections have to be applied in the measurements: 

A. The correction for the depression, mentioned above. 

B. The correction for the friction of the mercury, also discussed 
above. 

C. The corrections for the inclination of the telescope of the theodolite. 

But in the most unfavourable case, namely in the outer tube 
from 56—60 atm., this correction is only 1/169 of the vertical distance 
between the mercury meniscus and the level of the theodolite, and 
as in the measurements this distance was hardly ever more than 
3 cm. the correction may be neglected, especially for the other 
tubes where it is much less. 

D. The corrections arising from the temperature of the mercury. 

The temperature is measured by eight thermometers distributed 
over different parts of the apparatus. If the mean temperature is ¢, 
tables can be calculated for this correction from the formula 
A= L{l—(a—k)t}, in which a is the co-efficient of cubic ex- 
pansion of mercury and & the co-efficient of linear expansion of 
brass. (The measuring rods are of brass). 

EK. The corrections for the weight of the air which is compressed 
between the mercury of the successive manometer tubes. By means 
of the known values of the pressure belonging to each column, the 
specific weight of the air and the mean temperature, tables can also 
be calculated for these corrections. 


}', The corrections of the thermometers necessary for the corrections 
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mentioned in D and E. They were determined by suspending all the 
thermometers in a water-bath at a constant temperature, together 
with a standard thermometer of which the scale had been tested at 
the Physikalisch-Technische Reichsanstalt, and of which the zero 
error had been determined every two months in melting ice. 


G. The correction for the compression of the mercury; this is 
A= '/,/ P?, if the coefficient of compressibility is #. As according 
to AmaGaT /? is only 0.00000392 for mercury if P is expressed in 
atmospheres, this correction need only be considered above 40 atm. 


H. The correction for the lengthening of the measuring rods during 
the suspension. 

The rod Lo was measured in a horizontal position, whereas the 
rods are used, suspended at about 1/; of their height from the top 
by a Cardanus-collar. Hence the upper part will be compressed and 
the lower part will be lengthened; if 7 is the distance to the point 


S 
of suspension we can easily calculate A = !/, E 2, for the displa- 


cement of the lower end. For brass S = 8.45; H = 1037,000,000 
while /' = about 215cm.; so we calculate A = 0.0002 cm. which 
therefore may be entirely neglected. 


§ 3. In order to judge of the influence of the uncertainty in the 
corrections A and B, the open manometer (comp. Communication 
n°. 50 § 2) was divided into two parts (see Plate Comm. n®. 44). 
For this tube A was entirely cut off by closing cock K, and by 
loosing the steel capillary of tube B, from the T-piece 7), and the 
steel capillary of tube Bs from the T-piece 7’3, while this opening 
of 7, was closed tightly by a nut with leather packing. If all the 
other cocks are open and pressure is very slowly admitted by means 
of cock X, we shall see the mercury rise in the capillary both in 
tube B; and By. If in B, the mercury has reached the mark Xj the 
cock Ky is closed, after which the mercury is forced up in Bg, ete. 
At the same time attention must be paid to the mercury in By and 
the cock Ky is closed when the mercury in #, has reached the 
required height, which now however will be higher than the mark 
X, of the figure and which must be determined experimentally 
beforehand. In this way we can continue until the mercury has 
reached the lower end of the upper reservoir in tube By and there- 
fore also in By,; then the cock Kg is closed while the cock X is 
left open until the mercury in tube Bj, has reached the upper 


( 26 ) 


part of the reservoir; then also the cock X is closed!) In this way 
it was possible to raise the pressure in the second system of tubes 
more than !/, atm. higher than in the first system. At the reopening 
of the cock Kg the communication between the two systems was 
reestablished and thus while the pressure rose for the first system it 
fell for the second. The influence both of the friction and of the 
depressions was opposite for the two systems, for in the first 
system the menisci were rounded at the upper end and flat at the 
lower end, whereas in the second they were rounded at the lower 
and flat at the higher end. As during the reading which lasted each 
time 30 minutes we could expect a variation of the menisci the 
observations have each time been made symmetrically, and so first 
in system I at the higher end from the left to the right, then in 
system II at the higher end from the left to the right, then in 
system II at the lower end from the right to the left and lastly in 
system I at the lower end from the right to the left. 


§ 4. Results. In order to give a survey of the value of the cor- 
rections to be applied and the calculation of the pressure this has 
been carried out for one measurement. For the further determinations 
which will be communicated in the table of comparisons (p. 28) all 
the pressures are similarly calculated’). 

In order to obtain the uncorrected height at the mean time viz. 
at 4.36 we need only add to the sum of the lengths of the measuring 
rods (entered in the table for both system as 2/0 and 24T), the 
sum of the upper readings (for both systems 2,/B and 2,//B) 
taking into account that the measuring rod L serves as well for the 
manometer tube B, as for B, etc. and to subtract from this sum the 
sum of the lower readings (for both systems 2 JB and =,//B). In 
determining the mean temperature given as 7'\J and T;// etc. we 
must pay attention to the positions of the thermometers; they were 
arranged in the following way: 4, ¢, and ¢; were suspended at the 
upper end, in the middle and at the lower end of tube B,; t, and 
t; were suspended at 1/, and 3/, of the tube B, and fg, ¢, and ts again 


') In order to exclude unnecessary possibilities of leakage the differential mano- 
meter tube C was always loosened from the T-piece 7, and the crosspiece N, which 
were both again closed. 

2) In this equation the height of the barometer can be left out of consideration, 
because it equally influences both systems, 
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Readings on June 28 1900. 


Thermometer || t, te ts t, t; t; t; ts 


T,I =17°.68 | 


Mi TY eH(al 


Reading. || 18° Ue OME GSdanl good Mlg Colm OSS Wily covanlek Teed 
Corrected. || 17°.87| 17°.77| 17°.52] 17°.6 ny Wey ae 


time | 4.26 | 
eras Ne ae ae Vay, | yee ak 
eee to |! 3.62 | 4.70 | 0.77 | 0.68 | 3.50 | 4.97 | 6.14 £,1B = 23.68 
preted | vil | i ts | Ki KI ee ee | 
° | 
ae to | 4,38 | 5.66 | 5.58 | 6.81 | 7.27 | 6.84 | 5.83 eas. 87 
time | 4.36 | 
—>= = —= ———EEE 
pee eV. De Wek | Xa lett Xi, | MV: 
bottom right |) 5 87 | 8.44 | 9.73 | 9.75 | 9.25 | 8.14 | 10.17 Z_l B=61.35 
Ene a | Po dbed, AU av eV dete | YL 
poten nent | 7.18 | 7.49 | 4.32 | 4.59 | 9.97 | 4.83 | 3.80 ©,IB= 42.13 
time 4.46 
; t t t te t 
Thermometer t, ty ts 4 5 6 8 || 1,1 = 179,63 
Reading. || 17°.9 | 17°.8 |17°.8 | 179.65) 179.7 | 17°.8 | 179.7 | 17°.5 
Tp = 179.59 
Corrected. |! 17°.77| 17°.67| 17°.62| 17°.55| 17°.62/ 17°.7 | 17°.62 sil 
Messering tod ll ig © fel ig lt a ia i Msn Ul Ua aa ee TIL=2123.36 
4. 
Length.  |/302.18/303,455/304.19°/303 . 70|303.68°|302.74° 303,52 ©)1L:=2123.61 


at the higher end, in the middle and at the lower end of tube By,. 
Hence the mean temperature will be given pretty accurately for the 
first system by 1/3 (t; + 2t2 + fs +. Qt, 4- 2t5) and for the second system 
by 1/s (2t, + 2ts + te + 2t7 + ¢,). The following table is obtained: 
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fo Corrected 


temp. | temp. Wak air height. 


mercury.| leakage. 


‘maysfg | 


oL ewe ZB | Height | Corr. | Mean | corr. for Corr. 


I, | 2123.36 | 23.68 | 42.13, 2104.91} 0.00 | 17°.66 | 6.05 — 2.38 | 2096.48 


II, | 2123.61 | 42.37 | 61.35! 2104.63} 0.00 


All the lengths are expressed in cms. 

The heights of the mercury found on different days are combined 
in the following table, which also gives the difference of those cal- 
culated heights in the two systems. 


17°.60 | — 6.02] — 2.38 | 2096.23 


. 


Table of comparisons. 


| Date. | Time. System I. System II. | Difference. | 
28 June 4.36 2096.48 cm. 2096.23 cm. + 0.25 cm. 
» » 5.14 2095.33 » 2095.45 » — 0.12 » 
29 » 3.50 2107.03 » 2107.15 » — 0.12 » 
yD 4.30 2106.13 » 2106.27 » — 0.14 » 
» » 5.07 2104.25 » 2104.41 » — 0.16 » 
30» 2.25 2117.55» 2118.01 » — 0.46 » 
>a) 3.02 2117.42 » 2117.73 » — 0.31 » 
» » 3.42 2116.01 » 2116.23 » — 0.22 » 
yy » 4.13 2115.23 » 2115.51 » — 0.28 » 
» » 4.49 2113.81 » 2118.75 » + 0.06 » 
5 July 4.00 2118.76 » 2118.53 » + 0.23 » 
» » 4.25 2117.67 » 2117.96 » — 0.29 » 
yD 5.00 2116.59 » 2116.64 » — 0.05 » 


For the mean difference at one measurement we find therefore 


0.24 c.m., this amounts to of the pressure measured. But 


1 
8800 
there appears to be a systematic error in the observations; for the 
reading in the second system is on an average 0.13 c.m. higher 
than in the first system. Perhaps it may be ascribed to the fact 
that all the tubes of the second system are much narrower than 


those of the first, so that if the height of the high menisci at the 
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lower end is estimated only a little too low, the depression become§ 
too small and hence the mercury height read too large. 


This systematic error amounts only to of the pressure 


1 
16000 
measured and moreover will only have any influence at pressures 
above 32 atm. (for then only the tubes of the second system are 
used). By reading the real height of the menisci perhaps even this 
slight deviation might be prevented. 


Physics. — J.C. ScuaukwisK: ‘Precise Isothermals. III. A water- 
jacket of constant ordinary temperature.” (Communication 
N°. 70, (continued) from the Physical Laboratory at Leiden, 
by Prof. H. KamMERLINGH ONNEs). 


§ 1. The necessity of having at disposal a current of water at 
a constant temperature. In consideration of the small heat conduc- 
tivity of gases and the great thickness of the walls of piezometer 
tubes, used in my experiments (comp. Communication N°. 50 of prof. 
H. KaMeruincH Onnes, June 24 1899) it is desirable to take care 
that the temperature of the surrounding water cannot vary more 
than some hundredths of a degree per hour, and that it can be 
accurately adjusted at the desired value and be kept almost con- 
stant during 5 hours. This offers however many difficulties; for 
the bath must be more than 80 c.m. high, and we must be able 
to read accurately the marks over the whole length of the tube, 
which excludes coating the bath with a badly conducting substance 
as a protection. Hence there will be a continual large loss of heat 
from the surface of the bath. The distance of the piezometertube 
from the glass wall must be very small with a view to the refraction 
of the rays emerging from the water, as we must be able to read 
very accurately the difference in the height of the mercury in the 
piezometer tube C, (comp. the plate Proceedings June 24th 1899) 
and in the measuring glass P14); therefore 6 c.m. was taken as 


1) A means used by Dr. N. Quin (comp. his thesis for the doctorate 1900, p- 15 
and fig. 5) cannot be used in our case. He placed the observation-tube in a. rectan- 
gular basin containing about 40 liters of water and kept up a constant temperature 
by means of two liquid-resistances (saturated ammonium chloride) carrying an alternating 
current, an exterior kriippin resistance to be regulated by hand and rotating bladed 
wheel. Moreover in accurate determinations of isothermals, the measurements proper 
occupy each time about three hours and as therefore many readings have to be made, 
the regulation of the kriippin-resistance would cause an undesirable interruption of 
the series of observations. 
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diameter of the jacket. Hence as soon as the temperature is some 
degrees higher than the temperature of the room, — and such a differ- 
ence is sure to occur in the course of the year, if we want to adjust 
at a definite temperature within the limits of the temperature of 
the room — the cooling will become considerable’). 

Most of the thermostates used allow an accurate regulation only 
at a small loss of heat, moreover on account of the given dimen- 
sions of the bath and because the bottom cannot be heated (for 
instance by a gas flame), only electrical heating could be applied. 
In a narrow high jacket it is very difficult to apply heat by means 
of an electrically heated spiral wire without damaging the illumi- 
nation of the observation tube, for that tube must remain visible 
over a length of 54 c.m. and strong local heating must be avoided as 
it would not be easy to distribute the heat equally by moderate stirring. 
Therefore Rotue’s method ?), followed in the Physikalisch-Technische 
Reichsanstalt, could not be used. Thus there only remains heating 
by means of an alternating current, either the bath itself %), or separate 
heating tubes filled with a liquid*). But both methods are only 
fit for large baths, as the regulation of the alternating current®) with 
a sufficient degree of accuracy in the case of small baths with a 
rapid loss of heat offers difficulties. 

So we are obliged to continually replace the slightly cooled water 
by new water at the exact temperature and therefore to connect the 
observation bath with a heating bath. Capy *) brings about a circu- 
lation by means of a rapidly rotating funnel, in the bath itself, of 
which means we could not avail ourselves owing to the narrow bore 
of the vessels. For heating microscope stages convection currents 
are used’) which however gives a much too weak and un-reliable 
circulation in this case. 

For the arrangement used by me the adjustments at every tem- 


") In order to avoid a possible error resulting from the uncertainty in the co-efficient 
of dilatation, all measurements for the isotherm at an ordinary temperature are made 
at the same temperature. 


*) Kin Thermostat mit elektrischer Heizvorrichtung fiir Temperaturen bis 500°, 
Zeitschr. f. Instr, 1899. 


3) Duane and Lory (Am. Journ. of Sc. (4) 9. p. 179, 1900) use a solution of 
common salt of 160 liters and send through it an alternating current of 110 Volts. 

*) Compare the footnote on Qurnq’s method. 

*) Done automatically by Duane and Lory, by Quint with the hand. 

°) Capy, Journ. of Phys. Chem. 2, pag. 242, 1898. 

") Van Riyn, Mech. Zeitung 1899. Fresenius’ Zeitschr. 99, p. 96. 
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perature!) above the highest occurring temperature of the water 


supply are made by admitting a regular current of water of constant 
temperature. 


§ 2. The reduction of the variation of temperature in flowing 
water. The arrangement for obtaining flowing water at constant 
temperature by vAN ELDIK in Communication N°. 39 (Proceedings 
May 29% °97 p. 22 and fig. IV) has served as my starting point. 
The disadvantage of using large quantities of water does not matter 
much in my arrangements as the same water is used to move the 
stirring apparatus. Important modifications had to be introduced 
into VAN ELDIK’s arrangement because it only reduced the variations 
in the temperature to 0.1 deg. C, and this is insufficient for my 
purpose (comp. § 1). 

The most important of these modifications is the construction of 
a large well packed mixing bath, containing over 84 liters of water. 


i! 
The water streams into this from a smaller heating bath of 4 


the capacity and is mixed with the larger quantity and well stirred ; 
if now in the heating bath the temperature is only aliowed to vary 
within given limits, this variation is reduced in the mixing bath to 
one sixth of its value*). Moreover a more reliable thermoregulator 
was constructed to regulate the temperature of the heating bath. 
The apparatus is shown on the annexed plate. The tube K con- 
ducts a little more water than is needed to the overflow A, the 
superfluous water flowirg away by the tube L. From the funnel B 
the water runs to the heating bath D, to the mixing bath FP’ and 
through the indiarubber tube G, to the observation bath H, whence 
it is conducted by the outlet-tube I. The difference of level amounted 
to 75 c.m., and 800 c.c. of water ran through per minute. The con- 
necting tubes H and G are protected from cooling by a coating of 
pure wool; the mixing vessel is surrounded by a second vessel and 
the space between the two is filled with pure wool. The cover of 
the inner vessel is provided with 4 openings M, N, O and P; ther- 
mometers are passed throagh corks in M and N, 9 and P are pro- 


1) For the investigation of the Isothermal of hydrogen at ordinary temperature 
I have chosen 20° C. 

2) It would have been even better if the heating bath had been smaller and the 
mixing bath larger; but as apparatus of the description mentioned was at hand no 
change has been made in the ratio. 
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vided with loose glass covers; the whole is covered by a double 
layer of felt. ° 

In order to be able to properly mix the water in the heating 
bath and in the mixing bath the stirrers Q and # have been made, 
each provided with six blades?). In order to prevent a general 
rotation of the water which would delay the perfect mixture, vertical 
baffle plates 7’ have been fixed vertically to the inner wall of each 
vessel. At their upper ends the axes Q-and F are provided with 
grooved discs U and V, connected by a string consisting of a spirally 
wound wire. The axis F also carries a disc W, connected by a 
similar string with the small disc X on the axis of the watermotor 
Y*). In order to prevent strain in the apparatus the axes are 
connected by strong iron bands Z; while the axis of the motor is 
supported by the tube a which also serves as oil-reservoir %). The 
water from the water supply streams through the motor to the 
overflow <A. 

Stirring is also necessary in order to obtain an equal temperature 
in the observing bath. For this purpose two brass rings e, are con- 
nected by means of three glass rods, and moved by a chord f over 
a pully (see Plate Comm. N°. 50). In order to assist the mixing 
by convection the water is admitted at g and runs off above at J. 


§ 3. The Xylene-thermo-regulator. The only important thing left 
was to construct a suitable regulator for the heating bath. The known 
regulators of Gouy*), DoLezaLEK, GUMLICH®) and others, which 
work electromagnetically, seemed less suitable, since there the regu- 
lating flame is repeatedly extinguished and with a view to the large 
quantity of heat required, this cannot but give rise to too great 
variations of temperature. I thought it therefore better to return to 
liquid regulators, as with these small gradual variations could be 


1) The plane of these blades is bent at an angle of 45° as shown in the figure 
for a pair of blades $; they are bent so that in rotating alternate blades move the 
water upwards and downwards. 

*) The motor consists of a box VY; at a distance of 3 of the circumference two 
parallel tubes 6 and ¢ are fixed. Above these tubes a horizontal plate is fastened to 
the axis, provided with vertical blades at angles of 45° with the radius, so that they 
are placed crossly before ¢ and straight before 4. 

8) To facilitate taking the apparatus to pieces the axes Q and 2 have been cut 
through; and the parts are fixed to the connecting tube by means of pins d. 

*) Gouy, Journ. de Phys, (8) 6, p. 479, 1897. 

°) Gumuicu, Ueber einen Thermoregulator fiir ein weites Temperaturgebiet. Zeitschr, 
fir Instr. 1898, 
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produced in the supply of gas. As E. Bose 2) has also demonstrated, the 
chief requirement for this is a large volume with an extensive surface 
and well conducting walls, while the liquid must have a large 
coefficient of expansion «, small coefficient of compressibility 2 and a 
small specific heat and must be forced up in a rather narrow tube. As 
an additional requirement might be mentioned the regulation of the 
exterior pressure of gas by means of a manostate, as used by Smits) or 
by Travuse and Princussonn ®) but as for my apparatus the regulation 
of the gas supply was sufficient, I could neglect this. 

The liquid used by me was xylene; Bose advises the use of 


chloroform, for which = 0.064, specific heat = 0.235; xylene 


however is less dangerous, while sls = 0.075, and is in that respect 
(a4 


almost as advantageous. The xylene is enclosed in a copper thin- 
walled spiral A, consisting of 3 layers each of 6 turns; the whole 
length is 12.5 meter, so that the total surface amounts to about 
1950 c.m*% and the volume to about 240 c.c. 

For 1 degree increase of temperature the volume will increase by 
0.235 c.c. and this causes in a tube of 2.5 m.m. bore, such as 
used by me, a displacement of 47 m.m.*). By means of the xylene 
a mercury column must be forced up, which will produce the regn- 
lation of the gas. As the mercury may not come into contact with 
the copper we have soldered on to the end of the spiral 7 (see the 
fig. to the left) a flanged tube 7, provided with a screw thread and 
with a groove of 2 m.m. depth into which the glass tube & fits 
easily. The rest of the groove is filled with some cork rings. Round 
the glass tube, ground flat at the end, I have sealed a long flanged- 
tube J with a smooth rim and over this a loose nut m fits into the 
screw thread of the tube 7. If the nut is screwed up the glass tube 
compresses the cork packing and the closure is perfectly tight, and 
the xylene does not wet the sealing-wax. Unto the glass tube & is 
sealed the reservoir » and to this a narrow bent glass tube and 
reservoir 0 while above this the narrow tube p of 2.5 m.m. bore 
projects beyond the heating bath and there joins the wide tube g. 


1) Boss, Leistungsfahigkeit und Konstruktionsprinzipien von Prazisionsthermostaten 
mit selbstthitiger Reguliering. Mech.-Zeit, 1899, 

2) Smits, Manostat. Zeitschr. fiir phys. Chem. 33, p. 39, 1900. 

3) TRAUBE und PINCUSSOHN, Ein einfacher Thermostat und Druckregulator. Mech. 


Zeit. 1897. 
4) If the temperature remains constant displacement of 1 m.m. is brought about 


by a variation of 22 c,m. of mercury pressure. : 


Proceedings Royal Acad. Amsterdam. Vol. IV. 
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At the lowest temperature that we can expect!) the mercury 
stands at the:lower end of the reservoir o and at the upper end of 
the reservoir »; at the highest temperature*) the mercury must 
remain in the lower end of the reservoir x. It may be easily seen 
on the plate how the regulator controls the flame. The narrow glass 
tube ¢ is drawn out at its lower end until the bore is less than 2 m. m., 
then it is ground flat and after this ground at a slant, so that we 
obtain a lengthened opening. This end of the tube ¢ is placed at 
the narrow opening of the tube p; a slight increase of temperature 
is sufficient to diminish the supply of gas perceptibly but gradually. 

In order to fill the regulator the tube g was closed at its higher 
end by means of an india-rubber stopper and carefully exhausted 
through the side-tube 7 ending in a point which was broken off under 
xylene. The india-rubber stopper is removed, the spiral is immersed 
in a bath of over 25° C. and mercury is poured into it. The 
xylene bubbles through the mercury and is removed; then the bath 
is slowly cooled to the desired temperature, in my case 20° C., 
taking care that always sufficient mercury remains; by means of a 
narrow glass tube as siphon, small quantities of mercury may be 
removed for adjustment to different temperatures. 

This regulator would also be insufficient, if the regulating flame 
had to be used to heat all the water streaming through as in the 
case of VAN ELpIK; its only purpose however is to serve as a regu- 
lating flame, while a constant flame » must warm the water to a 
little below the temperature desired. In order to avoid heating of the 
mixing bath from the side it is protected by an asbestos plate <. 


§ 4. Use and results. If we want to set the apparatus working, 
the clip w is kept closed, the stirring apparatus are put in motion 
and we begin to slowly heat the heating bath. Then boiling water 
must slowly be poured through the open window 0 into the mixing 
bath, until the desired temperature is reached. When this tempera- 
ture is almost reached in the heating bath, the dip w is opened. 
First the constant flame is regulated so, that it can heat the water 
to almost the desired temperature and then it is somewhat diminished: 
this difference must be supplied by the regulating flame, which 
even while burning at its highest must be much smaller than the 
constant flame and may never be extinguished. 


*) In the Phys. Lab. at Leiden rooms, when necessary, can be heated night and day ; 
the lowest temperature may therefore be kept higher than 0° C, 
?) Supposed to be 25° C. the isotherm is determined at 20° C, 


Ill A waterbath of constant ordinary temperature. 


J. C. SCHALKWIJK. Precise Isothermals. 
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It is obvious that changes in the temperature of the room may have 
a considerable influence on the constancy of the temperature in the 
observing bath: although I could not notice in the heating bath a 
variation of 0.1 deg., it sometimes happened with a great change in 
the temperature of the room that the temperature in the observing bath 
changed some hundredths of a degree. Therefore it is desirable to 
keep the temperature of the room as constant as possible. 

The results obtained with the apparatus described were quite 
satisfactory ; although under some circumstances we could observe 
variations of almost 0.1 deg. C. in the heating bath, they were not 
perceptible in the observing bath. 

Here follow some readings made during my observations. In the 
first place I give an instance of the adjustment for a case when 
sufficient care had not been taken in the regulation of the constant 
flame, so that the regulating flame was sometimes extinguished. 
This happened on July 7. 


3.59 
19°. 765 


7 July | time 2.29 2.47 3.09 | 3.24 3.44 


temp. | 19°.75 


19°.775 | 190.81 pore: 19°.80 


The accuracy of adjustment is insufficient for my purpose. But 
if the required precautions are taken, the temperature is accurately 
maintained to 0.01 deg. C. as appears from the following observa- 
tions on two days: 


25 Aug. time 2.48 3.09 3.28 3.48 4.07 4 26 
temp- JOO. 7 Seep oos 78. | 19%, 78° e199 FS" | 19878 P1987 8F | 

27 Aug. time 2.44 2.56 3.07 3.22 3,36 3.48 
temp. T9SE7 9 TP199R 782 | NOOR Som Oo 7. Semn elo or OOM m moon Oo. 


Physics. — J. C. ScoatxkwiuxK: “Precise Isothermals. IV. The 
calibration of piézometertubes.” (Communication N°. 70 (224 
continuation) from the Physical Laboratory at Leiden, by 
Prof. H. KAMERLINGH ONNES). 

In this paper the method for the calibration of piézometer tubes, 
mentioned in Communication N°. 50 is described more in detail ’). 


1) AmaGaT mentions only that he calibrated carefully, but not how and to what 
degree of accuracy; a source of uncertainty in the calibrations of ReGNAuLT is men- 
tioned and corrected by Lepuc, who also employed constant temperature and consi- 
dered the volume of the meniscus in the calibration of his bulbs; Bunsxn calibrated 


by admitting small measured quantities of mercury. 
3% 
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The piézometer tube which has been exhausted by means of the 
mercury pump, hand has been sealed off at the cock-piece fastened 
to the sealing capillary and filled in a sloping position by breaking 
off that point under mercury, is carefully centred and placed verti- 
cally in a reversed position in the water jacket (comp. Communica- 
tion N°. 67. § 1). The positions of the meniscus with regard to 
the divisions are read by a cathetometer. The marks are made on 


—_—$— 


Mark. | ils ie Difference. 
2 57 .666 57.662 —0.004 
.8 57.270 57.271 +0.001 
9 53.599 53.601 +¢.002 
.0 41.582 41.585 +0 .003 
.2 35.369 35.370 +0.001 
adh 34.868 34.868 0.000 
ail 25.550 25.550 0.000 
4 25.2538 25.255 +0.002 
6 20.106 
al 12.729 12.728 —0.001 
a) 12.534 12.533 —0.001 
48.8 6.130 6.131 +0.001 
49.3 | 5.628 5.6380 +0.002 | 
52.3 2.665 2.665 0.000 | 


the side so that the middle of the groove can be read in the same 
way as inthe experiments (comp. Communication N°. 67, § 2). The 
distances between the marks are measured outside the bath. For the cali- 
bration we chose those marks at which (according to preliminary 
measurements) the adjustments would be made during the obser- 
vations. 

The principal point is the accuracy with which the distances 
between the marks can be determined. The preceding table gives 
two independent series of readings for the tube JA (corrected for 
the temperature 1) and for the reading of the level). 

In order to read the mercury menisci very accurately a black 


*) The lengths and all following measures have been given for 20° C. 
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paper was fastened behind the back window in the water-jacket a 


little above the meniscus. Here follows a reading on February 
2nd 1.900. 


Cathetometer— Position of Cc tea 
reading. level. ee Sade 


Mark 1.8 (U — tube) 94,217 | + 2.25 94.218 (2.385) 
Meniscus (top.) 94.230 + 2.2 94.231 (2.35) 
Meniscus (level) 94.117 + 2.35 | 94.117 (2.35) 
Thermometer. ty | ty | ts 
Reading. 8.11 | 8.08 | 8.04 
Corrected. 8.04 | 8.03 | 8.00 


After the reading the mercury is drawn off through the cock at 
the lower end; to prevent the cock from being heated too much 
by the hand in doing so, we used paper as a means of insulation; 
to take care that the mercury should break off each time in the 
same way, the surface of the mercury was just brought into contact 
with the point and then taken away again. 

The mercury was weighed on a balance which for 1 mg. 
moves over about 2 graduations and of which the ratio of the arms 
had been determined to within !/ 000,000; the corrections of the weights 
were certain to within 4/100,000 by means of repeated determinations. 
The correction for weighing in the air has been applied. 

The knowledge of the quantities of mercury drawn off each time 
is however by itself not sufficient to give the contents between the 
two menisci observed; for after each measurement the apparatus 
had to stand a long time while the water was being stirred, 
before we could expect that the mercury in the piezometer tube had 
assumed the temperature of the thermometers; in consequence the 
temperature sometimes showed important differences, especially in 
measurements made on different days ?). 

And so for each reading we must apply the correction for 
temperature to the entire quantity of mercury from the cock to the 


1) In one instance even the temperature on February 16th was 7°.24 C. and on 
February 20th 9°78 C. Owing to the small coefficient of expansion of the mercury 
it was not necessary to use the apparatus for the regular current of water of constant 


temperature. 
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given mark; for this I have taken «@ = 0,0001814; to determine 
the volume I took the specific gravity s = 13,5953 and to 
reduce the volume of the glass tube to 20° C. a = 0,0000277, 
according to a determination with a similar reservoir after the method 
of the weight thermometer. The following table gives a determination 
of the volume from the cock to the different marks for one tube 
(1 A); in this table a, 5, and c refer to the calibration of the U- 
tube fastened to the large reservoir, d to the volume of the large 
reservoir, m to the volume of the small reservoir and x to the cock- 
piece sealed on to the tube before the calibration. 


3 Drawn off | Mercury Mean} Density | Volumes | 1 o-ume of 
: in the tube. | temp.| mercury. | mercury. tee 
E mercury. | in the p | y | y } at 20° C. 
a 84834 2515,202 | 8.05 | 18,5755 : 185.278 185.333 
b 13,0174 2506,718 8.03 55 184.650 184.707 
c 17,1082 24.93,701 8.07 54 183 .692 183.749 
d 1793,582 2476,593 7.65 65 182.418 182.477 
e 24,9947 683,011 7.78 61 50.310 50.326 
af. 81,9635 658,016 7.99 56 48 .470 48 .485 
g 42,3604 576,053 8.59 41 42.437 42.450 
h 67,8204 533,692 8.62 41 39.317 39.328 
i 36,524? 465,872 8.68 39 34 321 34.331 
j 51,1628 499,348 8.71 39 31.630 31.640 
k 45,4437 378,185 8.79 37 27.862 97.870 
I 24,333! 332,741 8.17 51 24.511 24.518 
m 254,968 308,408 8.70 39 22.721 22.727 
n 53,440 53,440 8 


57 | 42 3.937 | 3.938 

In order to obtain the volume of the two menisci, we avail our- 
selves of the bore of the tube, as it is found approximately by 
equalising the menisci. This approximate bore is given in the follo- 
wing table. (For the distances between the marks compare the table 
referring to them on p. 36). 

From the table in Communication N°. 67, § 9, we can easily 
derive another which gives the volume of the meniscus expressed 
by its height and the bore of the tube. And so we can put down 
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rr ST eee 
| ; pe Distance of | Menisc. lore | Distance of |Approximate!) Approximate 
4 | the marks. | below mar nee | = eg mean bore. 
s 3. e levels. 
3 a ae ee Fe eee ae i a es 
b 1.8 1.297 0.101 1.243 0.626 0.504 
c 3.7 1.885 0.103 1.887 0.958 0.507 
d 6.2 2.511 0.109 2.517 1.272 0.506 
e | —2.8 0.200 
f 0.9 3.671 0.154 3.625 1.841 0.508 
7] 13.0 12.020 0.138 12.004: 6.035 0.503 
h 19.2 6.216 0.141 6.219 3.122 0.502 
4 29.1 9.823 0 207 9.889 4.997 0.505 
34.6 5.446 OPTS 5.354 2.691 0.503 
& | 49.1 7.380 0.151 7.416 3.770 0.508 
Z| 48.8 6.600 0.127 6.576 3.352 0.510 
m | 52.3 3.467 0.187 3.527 1.791 0.508 


the volume of the tube as far as the level of the meniscus and 
derive from this a more accurate mean bore, which can serve for 
the volume between the meniscus level and the mark near it. 

Now we can determine the exact volume of the tube after it is 
sealed off, from the point of the capillary. For this we give the 
volume up to a given place at the beginning of the capillary ; these 
numbers have a constant value; in order to derive from them the 
total volume, we must each time add the volume of the closing 
capillary, which becomes smaller by being opened and sealed again 
when it is necessary to clean and fill with another gas. 

This capillary is too short and too narrow to be calibrated in 
the way described. The cock-piece was placed in a large basin filled 
with water, so that only the fine capillary projected beyond it and 
after long stirring the temperature and the height of the mercury 
were read. Then the temperature was raised a few degrees and the 
same thing was repeated. These are the results for the tube J A men- 
tioned above, at two different measurements, for which different 


cock-pieces were used. 


1) This column gives the differences of the column volume of corresp.glass at 20° C.”” 
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Peo. eee een eee Se 


[ z 

af | Increase . | 
| E ae Mercury temp. Expansion. Length Bore. 

aS 
eal | | | 
| n | 3.937 | 38°.07 | 0.001885 1.55 0.0012? | 
| 0 | 3.958 pkeurat 0.001674 1.40 | 0.0012 


As during the calibration discussed, the mercury was standing in 
the capillary at 1.6 c.m. distance from the reservoir, we must sub- 
tract from all volumes found 3.938 + 1.6 X 0.0012! = 3.940 c.c. 
Then we find: 


: Height | Volume |Exact Volume 5 ae fromlevel| tube from 
@ |meniscus./meniscus.| to level. & to capillary to 
= A mark, mark. 
a | 0.101 0.030 185.303 | 0.079 | 181.442 
b 0.114 | 0.035 184.672 0.631 0.5075 0.051 | 180.783 
c 0.109 | 0.0383 183.716 0.956 0.5067 0.052 | 179.828 
d 0.100 | 0.029 182.447 1.269 0.5041 0.055 | 178.562 
e 0.143 | 0.047 50.279 0.101 46 440 
if 0.105 0.031 48.454 1.824 0.5033 0.078 44.592 
I 0.120 | 90.087 42.413 6.041 0.5032 0.069 38,542 
h 0.116 | 0.035 39.293 3.120 0.5017 0.071 35.424 
t 0.115 | 0.035 34.296 4.997 0.5053 0.104 30.460 
f 0.130 | 0.041 31.598 2.698 0.5039 0.058 27.716 
k 0.092 | 0.027 27 .843 3.755 0.5064 0.077 23.980 
if 0.087 | 0.025 24.493 3.350 0.5094 0.065 20.618 
m | 0.108 | 0.033 22.695 1.798 0.5100 0.095 18.850 
tt 3.938 


Correction for the closing capillary 0.002. 


og ep 


For each tube a calibration curve can be drawn, belonging to 
one or more calibrations. In order to keep always the same accuracy 
of representation, | have drawn as abscissa a length and as ordinate 
a mean bore, namely those which we should get if the reservoirs 
were replaced by tubes of the same mean bore as the tube consi- 
dered; the “reduced”? length drawn is then the distance from the 
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division to the end of that imaginary tube and the mean “bore” 
is the volume divided by the reduced length. The best way to 


judge of the accuracy attained is by comparing the two calibrations 
I and II of tube JA: 


E Distance | Reduced de 7 Aig Heal deere 8 E | Difference. | 
z Mark —| bore. bore P S) as 
E marks. | length. IL L a 38 L iL | 
0.3 358 .422 181.510 0.50650 | 0.50650 |0.00000 0, 0000 
a 0.5 | 0.189 | 358.233 | 181.442 0.50649 0.50649 0 
b |} 1.8 | 1.297 | 356.936 | 180.783 0.50649 0.50649 0 
c 3.7 | 1.884 | 355.052 | 179.828 0.50649 0.50649 0 
4.0 | 0.299 | 354.7538 179.682 0.50650 | 0.50649 — 1 
5.9 | 1.908 | 352.845 178.719 0.50651 | 0.50650 — 1 
d 6.2 | 0.3803 | 352.542 1178.562 0.50650 0.50650 0 
—3.2 92.304 46 . 644 0.50533 | 0.50530 = 3 
e |—2.8 | 0.395 | 91.909] 46.440 0.50528 0.50531;/+ 8 
af 0.9 3.670 | 88.239] 44.592] 44.596 | 0.50535 | 0:50540 | 0.50537 om 2} — 3 
g | 18.0 | 12.016 | 76.223] 38.542 0.50564 0.50567;-++ 3 
hk | 19.2 6.214 | 70.009} 35,424 0.50599 0.50605 | + 6 
19.7 | 0.501 | 69.508 35.179 0.50612 | 0.50607 — +5 
¢ | 29.1] 9.319 | 60.189} 30.460 0.50607 0.50612;+ 5 
29.4 | 0,296 | 59.893 30.317 0.60618 | 0.50613 — 6 
34.6 5.150 54.743] 27.716 0.5063 0 0.50630 0 
42.1 | 7.378 | 47.365} 23.980 0.50627 0.50623;— 4 
42.3] 0.195 | 47.170 23.877 0.50619 | 0.50622 + 3 
7 | 48.8 | 6.402 | 40.768] 20.618 0.50575 0.50576;+ 1 
49.3 | 0.502 | 40.266 20.363 0.50572 | 0.50570 — 2 
m | 52°38] 2.964 | 37.302} 18.850 0.50533 0.50533 0 


The mean deviation for the total volume employed in the norma] volume 


amounts to 


1 
350,000’ 


for the stem of the manometer tube to 


1 . 
17000’ 


this satisfactory result must be ascribed to the calculation of the 
volume of the meniscus and the use of the waterbath. (See proceedings 
June 24 1899, Comm. N°. 50, plate II, fig. 4). 
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Chemistry. — Dr. A. Smits and L. K. Woxrr: “On the repelling 
of the ionisation of solutions of Na OH, Naz COs and Na HCO; 
by addition of NaCl.” (Communicated by “Prof*HoOW SBAK- 
HUIS ROOZEBOOM). 


In an article entitled: ,Globulin als Alkali-eiweis-verbindung”’ ?) 
SrarKE has developed a theory based on some chemical phenomena 
noticed by him, which are so utterly in contradiction with the 
teachings of physical chemistry, that we found it very desirable to 
repeat his experiments and trace the cause of these singular results. 


1. Srarxke found, that, when he added 1 c.c. of a 0.15 percent 
solution of NaOH to 25 c.c. of a 15 per cent solution of NaCl 
and the same amount to 25 c.c. of distilled water, mixtures were 
obtained of a different degree of alkalinity, the NaCl solution 
having always the strongest alkaline reaction. 

These experiments were repeated using instead of NaCl, solutions 
of Na,CO3 and NaHCO;; the result, however, was exactly the same. 

From this, the conclusion was drawn that, contrary to theory, 
the alkaline reaction of a solution of NaOH perceptibly increases 
instead of decreasing on adding a salt with a homonymous ion. 

Another phenomenon observed by STARKE appeared to confirm 
this. 


2. He found namely that the solubility of globulin in a solution of 
Na OH is increased by addition of NaCl. Addition of NaCl, there- 
fore, appeared to have the same effect as addition of more Na OH. 


3. Another experiment which strengthened him in the conviction 
that theory utterly deserted us here was the following: Whilst con- 
vineing himself that NaCl may be precipitated from its concentrated 
solutions by adding a strong solution of HCl, he did not find it 


possible to cause a precipitation by adding a strong solution of 
Na OH. 


4. On repeating the experiments (1) we found that on using 
water, which is not free from carbon dioxide, we noticed the same 
thing as observed by STARKE. Before proceeding further we may 
state that STARKE in his experiments always used red litmus paper 
to judge which solution was the most alkaline, whereas we have 


1) Zeitschr. f Biologie B. XXII, 8. 419 (1900). 
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used the colorimetric method with litmus and phenolphthalein as 
indicators. 

As already stated, we got by a more accurate method the same 
surprising result as STaARKE. When, however, we used instead of 
water containing carbon dioxide water, which was absolutely free 
from the same (obtained by passing air free from carbon dioxide 
for some hours through distilled water) we obtained just the opposite 
result and the NaOH solution always had a stronger alkaline 
reaction than the NaOH—Na Cl solution, which agrees with the 
theory which requires, that the ionisation of the NaOH solution be 
repelled by addition of Na Cl. 


5. The explanation of the result obtained by STARKE is now as 
follows: 

On dissolving NaCl in distilled water a portion of the dissolved 
carbon dioxide is expelled, because the solubility of carbon dioxide 
in water is greater than its solubility in a solution of NaCl. 
Distilled water has, therefore, a stronger acid reaction than a solution 
of neutral NaCl!) in this same water and this stronger acid reaction 
of the water is so predominant that in STaRKk’s experiment it 
exceeded the decrease of the ionisation caused by addition of Na Cl 
and thus caused that perplexing result. 


6. After obtaining the above result, we have tried to estimate 
the CO, in water and solution of salt colorimetrically by adding 
baryta water. Here we observed the peculiar phenomenon that, 
while the water became distinctly opalescent, this did not happen 
with the 15 percent solution of NaCl. Another experiment where 
we started from 100 cc. of water containing CO, to which was added 
100 cc. of a 15 percent solution of NaCl and then baryta water 
gave the same result; no opalescence was observed and it was not 
until the solution had been diluted many times with water con- 
taining COs, that barium hydroxide caused a turbidity. A colorimetric 
estimation was, therefore, not possible in this manner. 

The explanation of this phenomenon must be found in the reversi- 


bility of the reaction 


1) It is plain that, if we want to find out the reaction of a salt, this should be 
dissolved in water absolutely free from carbon dioxide. We experienced the fact 
that NaCl, which was thought to be neutral on account of its neutral reaction in 
distilled water showed a decided alkaline reaction when dissolved in water free from 


carbon dioxide, 


(243%) 
Ba CO; + 2. Na Cl S Ba Cl, + Nag CO 


which in our case, where a small quantity of Ba CO, could react 
with a very large excess of Na Cl, practically took place only from 
the left to the right. 


7. Being thus obliged to abandon this method, we have taken 
another course. : 

A current of air free from carbon dioxide was first passed through 
a washbottle containing 300 cc. of distilled water and then through 
a little washbottle filled with baryta water; the current of air being 
thus again freed from carbon dioxide was passed through a wash- 
bottle containing 300 cc. of a 15 percent solution of NaCl and 
then finally through a small washbottle containing baryta water. 
If now a piece of black paper was put underneath the bottles 
containing the baryta it was plainly noticed, that, after 5 minutes 
the first bottle contained already more Ba CO; than the second one, 
which difference was maintained even after passing the gas for 
several hours, thus freeing the water and the solution completely 
from carbon dioxide. 

In this manner we had succeeded after all in demonstrating that 
the 15 percent solution of NaCl contained less dissolved carbon 
dioxide than the distilled water from which it had been prepared. 
On dissolving NaCl in water some of the CO, must, therefore, have 
been expelled. 


8. As regards experiment 3 we may state that STARKE has made 
another mistake. NaCl may be precipitated from a concentrated 
solution by addition of either H Cl or NaOH. The solution of the 
latter if used for this purpose should, however, be much more con- 
centrated than the HCl solution. There exists therefore, only a 
quantitative difference which may be explained by the difference in 
the degree of dissociation of equally concentrated solutions of H Cl 
and Na OH. 


From the foregoing we see how, in this subtile question, SrarKE 
has wandered from the right path through not sufficiently criticising 
his own results, and has arrived at totally wrong conclusions. His 
theory being based on erroneous principles must, therefore, be entirely 
rejected. 


Amsterdam, Chem. Lab. University, May 1901. 
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Physiology of Plants. — Professor BelsertncK presents a paper 
on: ,Photobacteria as a Reactive in the Investigation of 
the Chlorophyll-function.” 


If in a mortar leaves of some neutrally reacting plant, e. g. of 
white clover are crushed, diluted with destilled water, and filtered, 
a green filtrate is obtained, in which are found that portion of the 
living protoplasm which is soluble in water, and many chlorophyll- 
granules which give the filtrate a green colour. 

If this green liquid is mixed with a culture of phosphorescent 
bacteria in fish-broth with 3 pCt common salt, or with sea-water !) 
rendered phosphorescent by a ,luminous bouillon”, and if this mix- 
ture is filled into a test-tube or stoppered bottle, the liquid becomes dark 
as soon as the oxygen has been used by the physiological processes 
of the phosphorescent bacteria and of the living protoplasm of the 
clover-leaves in the filtrate. 

If the dark liquid is exposed to light, it is evident that the chlorophyll 
and the living protoplasm have not become inactive by the said 
treatment, for, by production of oxygen, they again cause the luminosity 
of the bacteria. Jf the plant-juice is fresh and the bottle is placed for 
a minute or longer in the full sun, then so much oxygen is formed, 
that the bacteria, transferred to the dark can continue phosphorescing 
for some minutes. 

This experiment is of an extreme sensibility, for even the lighting 
of a match is sufficient, after part of a second already, to produce 
a distinct phosphorescence which, of course, can only be observed when 
by remaining long enough in the dark, the eye has become sensible 
to feeble light. 

If the liquid is left to stand for some hours, either as such or 
after mixing with the phosphorescent culture, the power of decom- 
posing carbonic acid gets quite lost. Evidently the presence of 
living protoplasm is necessary for it. Concequently, FRIEDEL’s*) 
experiment, wherein clear, filtered juice of squeezed spinage-leaves, 
mixed with powdered leaves of the plant, dried at 100° C., causes 
decomposition of carbonic acid, does not prove, as FRizpEL thinks, 
that the function of chlorophyll reposes on the action of enzymes, 
but on the fact, that the portion of the protoplasm concerned in the 


1) By vsea-water’”’ is meant tap-water with 3 pCt. Cl Na. 
2) J. FRIEpeE., Assimilation chlorophyllienne réalisée en dehors de lorganisme 
vivant. Comptes rendus T. 132, pag. 1138, 6 Mai 1901. 
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process, occurs in the liquid state and is not solid, — hence, a 
new argument’ for the more and more prevailing opinion, that the 
living protoplasm is, if not quite, at least partly liquid. That the 
juice can be precipitated with alcohol, without the precipitate becoming 
inactive, proves nothing for the enzyme-hypothesis, as in many other 
cases the living protoplasm is proof against the action of alcohol. 

If it be thought desirable to use the name of ,protoplasm” only 
for the mixture of the living matter such as it occurs in the cell, 
and to connect with that term the idea of a special structure, I can quite 
well share this view, and will allow that, in this case, the decomposition 
of the carbonic acid is brought about by something else but “the prot- 
oplasm’”’, namely by a portion of it. To this portion, or rather, 
to this particular constituent of the protoplasm, the name of “oxy- 
biophores” or “oxy-pangens” might be given, in accordance with 
the theory of biophores or pangenesis. With what has always been 
understood by enzymes, the properties of the biophores do not coincide 
but, of course, they do with those of the protoplasm itself). 


With crushed algae I could also perform the above experiment, 
but the secretion of oxygen was much slighter than with the sap 
of the examined land-plants. 

On the other hand, algae which have not been crushed, whether 
enclosed in a mixture of culture-gelatin and luminous bacteria, or 
simply in sea water rendered luminous by phosphorescent bouillon, 
are very well fit to study the secretion of oxygen in the light 
and its relation to the colour of the light. 

Some years hence, Prof. KAMERLINGH ONNES, at Leiden, had the 
kindness to enable me to make an investigation thereabout in his 
laboratory. Our experiment was conducted as follows. 

Between two glass-plates was enclosed fish-bouillon-gelatin diluted 
with sea-water, and thus containing 3 pCt. Cl Na, which by a great 
number of phosphorescent bacteria (Photobacter phosphorescens), mixed 
with it, was highly luminous at sufficient access of oxygen. In the 
middle of the gelatin I had placed, before the solidification, a broad 
stripe of a sea-Ulva. 

In the dark the gelatin quickly loses its luminosity, the glass- 
plates rendering access of air impossible. When exposed to the 
light, the Ulva produces oxygen through the decomposition of 


*) This observation holds also good with regard to BucuNer’s, alcohol-enzyme”, of 
which the active agent consists In valcohol-biophores” 
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carbonic acid, and a local spot of light appears, which may be 
caused to come and to vanish at will as often as desired. 

This apparatus was set up in a simple camera and could be 
locally illumined by withdrawing a slide. When the slide was 
closed the camera was quite dark, by which the eye of the observer 
became sensible to the light. Prof. OnNEs himself supplied spectral 
colours of known refrangebility, taken from the spectrum of an 
electric arc-light, and projected them on the Ulva in the gelatin. 
By me was then observed what coloured lights were well, and what 
were not able to cause the decomposition of carbonic acid. The 
result was the following: Only red light decomposes carbonic acid, 
for only in it the phosphorescent bacteria emit a strong light; the 
maximum of decomposition was found near the chief absorption- 
band of the chlorophyll-pigment, situated between B and C, and this 
maximum coincides about with C itself, certainly it was somewhat 
out of the middle of B—C. Decomposition of carbonic acid in 
other coloured lights could not be detected. 

If the Chlorophycee was replaced by a Rhodophycee, which I 
determined as Porphyra vulgaris, and which, like the Ulva, is common 
on the stone piers at Scheveningen, the process was nearly the 
same, but with this difference that the maximum of decomposition 
does not coincide with C but lies quite in the orange. 

As the chromatophores of Porphyra, besides the chlorophyll- 
pigment, contain a red pigment soluble in water, and of which two 
chief absorption-bands are situated in the yellow, it is obvious that 
the maximum of carbonic-acid decomposition is in this case deter- 
mined by the co-operation of the coloured rays which both pigments 
by preference absorb. 

Our results, accordingly, correspond in the main point with those 
obtained by Prof. EN@ELMANN'), by his method based on the motion 
of bacteria, with this difference that the production of oxygen in 
two other absorption-bands, situated in the blue, as described by 
him, could not be observed by us. 


In opposition to the sea-algae and likewise to the crushed leaves of 
landplants, whole leaves of the latter, immersed in luminous fish- 
bouillon, or in gelatin mixed with phosphorescent bacteria, do not 
distinctly, or only for a very short time, produce oxygen, when 
they are illumined after being freed from the air enclosed in their 
tissues. 


') Botanische Zeitung. 1883 pag. 1, 1884 pag. 81. 
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In the following way, however, the experiments with them went 
very satisfactorily. 

Instead of enclosing the leaf i the strongly phosphorescent gelatin 
it is simply laid on the surface, and firmly pressed to it by means 
of a solid glass-plate. 

Kept in the dark, after some time all the oxygen originally enclosed 
in the tissues of the leaf is utilised by the phosphorescent bacteria 
and everything under the glass-plate grows dark. If now the leaf 
is illumined, oxygen is formed, and when transferred to the dark, 
the bacteria will be seen to continue emitting light for some time }). 

These experiments confirm the results obtained by Sraut 2), which 
demonstrate that the stomata are the ways by which the gases 
enter and leave the leaf. For when suitable leaves are selected 
with about an equal number of stomata on both surfaces, and examined 
after our method, it appears to be all the same, whether the leaf 
is pressed with its under or upper side against the gelatin, in 
both cases a luminous spot of the shape of the leaf appears, after 
illumination. If, on the other hand, the stomata are only, or for the 
greater part, at the under surface, and the leaf is pressed with its 
upper surface on the gelatin, thus with its underside against the 
glass-plate, then the oxygen accumulates between the latter and 
the leaf, and does not, or only partly pass through the lamina but, 
reaching the gelatin along the margin of the leaf, a luminous line 
following this margin is produced. 

If such a leaf is illumined after being pressed with its wnder 
surface on the gelatin, the oxygen issuing from the stomata directly 
comes into contact with the gelatin, and a luminous spot appears 
shaped like the leaf. 

In performing this experiment it is advisable to cut one and the 
same leave into two halves and press at once both parts on the 
gelatin, one with the upper- the other with the underside. 

The process can, however, become very complicated by the closing 
of the stomata, which are extremely sensitive to the contact of the 
salt-containing culture-gelatin, and evidently also to the absence of 
oxygen in their surrounding, when kept in the dark. 

The fact that nyctitropic leaves evaporate the most vigorously 


1) For the right performance of this experiment some practice is required as the 
layers of air, adhering to the leaves, and which are greatly different at the upper and 
under surface, influence largely on the course of the process. 

*) Botan. Zeitung, 1894 pag. 117, 1897 pag. 71. 
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at that side, which is covered during the night, has been confirmed 
by the photobacteria-method respecting the secretion of oxygen. So, 
the clover-leaf closes at night by putting the upper surfaces of the 
leaflets against one another: hence these surfaces must exhibit a 
more energetic secretion of water-vapour, and in the light, of 
oxygen, then the under surfaces, which has been confirmed by the 
experiment. 

For Robinia pseud-acacia, where at night the under surfaces cover 
each other, the most vigorous secretion of oxygen is to be expected 
in the light from the underside, which is likewise confirmed by the 
experiment. But with Robinia the difference is less considerable than 
with clover. 


Physics. — Mr. Frep. Scuun on: “Plane waves of light in an 
homogeneous, electrically and magnetically anisotropic dielectric.” 
(First part). 


1. If P, Q and & are the components of the electric force &, 
and f, g and h the components of the electric induction D (47 times 
the dielectric displacement) both expressed in electric units, then we 
have, in the case of an electrically anisotropic medium, the relations: 


P= hee f + keyg + hazh y oe 2 «es (I) 
Q = hye f + hy g + hyeh » © 6 © 6 « s (2) 
R= hey ft keyg thet». 6 6 + «© + (8) 


in which kay = hyo, Kez = hex hyz = key. The electric (potential) 


energy per unit volume is: 


ij ap tal ey gee ag Ape Waele gees eee) 
8m 


The surface: 
Keg 0® + ktyy y? + kez 2? 4D hyz ye + 2 hys te 4 2 hgy ay = 1 


is an ellipsoid (with O as centre), because Ue > 9, if f, g and h are 

not all zero. I shall call this the clectric ellipsoid. If D is a radius 
1 a 

vector of this ellipsoid, then Ue = pss € is then normal to the 

diametral plane conjugate to D, which we shall call the electrically 


conjugate diametral plane. The radius vector 7, of this ellipsoid 


has the following meaning: ‘ 


Proceedings Royal Acad. Ainsterdam. Vol. IV. 
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1 _. € cos (D E) 
= D ’ 


mex 
if D is in the direction of this radius vector, as is indicated by the 
index D of r,. If an electric induction in the direction I does not 
require a component of electric force in the direction II, then I and 
II are conjugate diameters of the electric ellipsoid, or brieily electrically 
conjugate diameters; we may also say that an electric induction in 
the direction II does not require a component of electric force in 
the direction I. 


2. If we solve f, g and % from the equations (1), (2) and (3), 
we find: 


fShEP ASE VOPR AO toe) 
g = hyo 12 + kyy Q a ky ies e . . ° . ° (7) 


VU PI OU Dee wee erat te ame) 
where kay = ky, Kzg = Maz, yz = h'zy. I shall call the surface: 
Rag @® 4 Ky y® Bez 2% + 2 ys ye + 2 Bex 20 2 Bay ty = 1 


the reciprocal electric cllipsoid. Its axes have the same direction 
as those of the electric ellipsoid, but the axes of the one are the 
reciprocal values of the axes of the other. If € is a radius vector 


: nie 1 
of the reciprocal electric ellipsoid, then U, = ae and D is normal 
7 
to the diametral plane that is conjugate to the direction of &. 


The radius vector 7’, of the reciprocal electric ellipsoid is: 


1 D cos (D €E) 
aCe ae & re ee es es (eS 
°€ 


if € fails in the direction of that radius vector. If the directions 
I’ and Il are conjugate diameters of the reciprocal electric ellipsoid, 
then an electric force in one direction does not produce an electric 
induction in the other direction. 


3. We take the medium as not permanently magnetizable. If 
a, (7, y are the components of the magnetic force $, and a, 6, c those 
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of the magnetic induction %, both expressed in magnetic units, then 
for a medium that is magnetically anisotropic: 


a= Max @ + May b -L Maz ¢ ge ° ° . e . (10) 
B= Myx @ + ly b + peyz ¢ Need tig = et oe te tel Leh) 
Y = Hex 4 + Mayb+ une, oe came ee eee trated O10) 


es May = Myx) Max = Mexy Myz = May. Hence, by solving a, d 
and ¢: 


Ce aay 38 Aa ve «ss (18) 

DS Myo @ HP My BA yey + + 6 «© (1A) 

C= Mlrzy © flay B+ Mize « © « « (15) 
Where fry = Wyxy Mrz = Mary f'y2 = ty. The magnetic (kinetic) 
energy Um is per unit volume: 


1 
0 ae ot. Ui ey) on em con nad OS) 


I call further the ellipsoid: 
fare 0 plyy Yy® + faz 2® 2 Myz y2 +2 Man 2 + 2 My ey = 1 
the magnetic ellipsoid, and 
kez ® fly y? Maz 29 4 2 My ye 4-2 flee et 4 2 Mlry vy = 1 


the reciprocal magnetic ellipsoid. Everything that has been said 
above of the electric ellipsoid, holds also good, if we substitute 
»maguetic” for ,electric”. If 7 and r', are again the radii vectores 
of the two magnetic ellipsoids, than 


1 fos (B H) 


) rs (17) 
Mog 25) 
i} %B cos (B H) 
eee ae (18) 
D 


if in the first case S falls in the direction of 7m, and in the second 
§ in the direction of rim. 
The principal axes of the two electric ellipsoids will be called 


electric principal axes, and those of the two magnetic ellipsoids, 
4% 
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magnetic principal axes; we shall suppose the direction of the two 
sets of principal axes a be perfectly eriiteaty, with respect to 
each other. 


4. In the case of a non-conductive medium, the equations of the 
electromagnetic field become, if a direct system of axes is used: 


= (Z- or cen ge ag me 
 — (es er), . (20) 
a=. (2-8). a 
ee 
Satie) © 
—f=0(8-5).. Peer eh 
4S ae oe dia Rea 


where v represents the ratio of the magnetic and electric units of 
electricity. From equations (19), (20) and (21) one deduces 


a(se rs +2 245) =0 


Let us suppose the medium to be uncharged, then: 


of , og , oh 
PS EEM a) Tt eae ee NS a on TAY 
dx dy de oe 
If the medium is charged, this makes only this difference that 
we have a superposition of a variable field and a static field. 


5. Let us now investigate whether a plane polarized wave of 
light can satisfy equations (19) to (26). For this we substitute: 


=£oF =" or Sti 
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where /, m and n represent the direction-cosines of the normal 
to the wave-front, while t is the time and s the normal velocity of 
propagation. fy, g, etc. are all constants. 

If the substitution is carried out, we find: 


f=—(nB —my), fide HERD) 
g=—(ly —na), . sidzubuce bestwaay(2e) 
h=—(ma—IA), . sdainyite sath; $29) 
—a=—(nQ—mR). Sent pyar. Ord. (80) 
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The last two equations are a direct consequence of the preceding 
formulae. Equations (27) to (32) may also be written as follows: 
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Sa Ulett 
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where sin is the symbol for the sine-product. This is the “vector 
product” of two vectors; it is itself a vector normal to the plane 
through the two vectors and equal to the area of the parallelogram 
described on the two vectors; the product is drawn in such a direction, 
that if the two vectors are viewed from the extremity of that product, 
the rotation of the first-mentioned vector to the second-mentioned one 
(by an angle smaller than 180°) is seen as the motion of the hands 
of a clock. As to 1,, it represents the unit vector in the direction 
of the positive normal to the wave-front. 


6. We see from (35) and (36) that % and D are both in the 
wave-front; that % is normal to €, so that % and ® are elec- 
trically conjugate; further D is normal to §, so that B and D are 
also magnetically conjugate. I call S and D doubly conjugate. In the 
same way © and & are reciprocally electric and reciprocally magnetic 
conjugates or doubly reciprocal conjugates. If the wave-front is given, 
we find the directions of 8 and ® as the common conjugate diameters 
of its sections with the electric and the magnetic ellipsoid, the wave- 
front being supposed to pass through O. In general only one such 
a set is possible, of which either diameter can represent the electric 
induction. If the direction of the electric induction % is given, but 
not the wave front, we find the direction of D as the intersection 
of the plane which is electrically conjugate and that which is mag- 
netically conjugate to %. The direction of D and the wave-front will 
be determined in this way if the two planes do not coincide. These 
planes coincide only if 3 falls in the direction of one of the common 
set of three conjugate diameters of the clectric and the magnetic 
ellipsoid. We shall call these three directions the principal directions, 
which we indicate by 1, 2 and 3. The same holds if D is given 
and we want to determine %. A principal direction may be defined 
as follows: if D and & fall in the same direction and at the same 
time € and § have the same direction, then the direction of D and 
% is called a principal direction; the direction of € and will be 
called the corresponding reciprocal principal direction, and we shall 
indicate it by the same number, but distinguish it by an accent. 

If now & falls along a principal direction, D is indefinite in the 
plane of the two others. We shall only discuss the general case that 
the three principal directions are perfectly determinate; the more 
special cases are then easily treated. 

The same considerations apply to the vectors © and § with 
respect to the two reciprocal ellipsoids; instead of the wave-front we 
have then to do with the plane through © and ), which we shall 
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call the ray-plane. It is easily seen that the reciprocal principal 
directions are a set of three conjugate diameters of the two reciprocal 
ellipsoids. 

Let the distances in the principal directions from O to the points 
of intersection with the electric ellipsoid be ¢, ¢, and 7 and to the 
pomts of intersection with the magnetic ellipsoid Em, Sm and Mp. 
We use the same symbols but distinguished by accents, for the dis- 
tances along the reciprocal principal directions, cut off by the reci- 
procal ellipsoids. 


é 
Let us now put geet tbe anda bz and let us take 
Em m Nm 


b) > bg > bs. If b;, bg and bz all differ, which we shali assume, 
then the electric and the magnetic ellipsoid have only one set of 
three conjugate diameters. 


LAGE 
Now U. = meee if D is a radius vector of the electric ellipsoid, 
so that é #ecos (1, 1')=1 and in the same way én én cos (1, 1’) = 1. 
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Therefore é &e = &m én and ----==— and likewise == =—, -~=-—- 
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So, if the ’s are all different, it is also seen that the reciprocal ellip- 
soids have only one set of three conjugate diameters. 

We have seen that, for a given wave-front, 3 and D are found as 
common conjugate diameters of the sections of the wave-front with 
the electric and the magnetic ellipsoid. These directions are always 
determinate, except when the two sections are similar and have 0 as 
centre of similitude. If this be the case, we shall call the section a 
section of similitude; there are two of these sections, both passing 
through the principal direction 2, which we shall call the middle 
principal direction, and their position is such that the planes through 
2 and 1 and through 2 and 3 are diametral planes for both, resp 
with 3 and 1 as direction of chords. If the wave-front is such a 
section of similitude, we can choose D arbitrarily, but then D is 
determined, being doubly conjugate to &. 

The same thing holds good for © and # in the ray-plane; 
if this is a section of similitude of the two reciprocal ellipsoids, passing 
through the middle reciprocal principal direction 2', then € en 
are indeterminate in the plane; however, if once is given, the other 
may be found. 

It is easy to find: 

A principal direction is normal to the plane of the two not cor- 
responding reciprocal principal directions and vice versa. 
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tf D or B lie in a plane through two principal directions, then 
© or lie in a plane through the two corresponding reciprocal 
principal directions. ; 

In order to facilitate somewhat what precedes a transformation 
of affinity may be applied, in which O remains fixed and the 
magnetic ellipsoid is transformed to a sphere with radius=1, a 
transformation which we shall lateron apply frequently. If we take 
the magnetic principal axes as coordinate-axes, the transformation is 
represented by the formulae: 


Pi SS deg aay ‘2 fly PB res VATE: ir (37) 


if 2% + wy y? + 22 =1 is the equation of the magnetic ellipsoid 
on its axes. By this transformation the electric ellipsoid becomes 
an ellipsoid with 4), b, and 63 as axes. Now we transform also the 
wave-front and the electric and magnetic induction (but not the 
electric and magnetic force). Now, in the transformation the relation 
of conjugate diameters is preserved, so that the magnetically conjugate 
diameters pass into mutually perpendicular lines. So the three prin- 
cipal directions pass into the axes of the transformed electric ellipsoid, 
and the section of similitude into a circular section of the transformed 
electric ellipsoid. 


7. The normal to the wave-front being perpendicular to the 
electric and the maynetic induction, we have: 


l SU n 1 
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If this is substituted in equation (27), we find: 
VU Uv 
A ser RO Siesta eRe cre POT ae 
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We find the same, if we substitute in (28) and (29), but if we 
substitute in (30), (81) or (32), we find: | 


v y (0) 
A=—(fP+gQ+hR)=—.87 U,. 


re 
If U is the total energy per unit volume, we find: 


aasbftey=fPtgQthRoe=4a == 8 nC 8 erlian (38) 
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Expressed physically, the relation between the amplitudes of the 
electric and the magnetic vibrations is such that at any moment 
U, = Un. Expressed geometrically this is: If the extremity of D 
lies on the electric ellipsoid, the extremity of % lies on the magnetic 
ellipsoid. We may add that the extremities of € and § will lie on 
the two reciprocal ellipsoids. 

So we have found: 


c—hb 

I= — ee  argnet. 83) 
s ha—fe 

LS ao 4, (40) 
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which we may also write: 


AO a (BD ee eee ae) 


Fs as F) Ply 
From this we derive: 


ed 4” U 
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and so according to (38): 


A pel SAY €) . BH cos (BH) _ v Ecos (DE) H cos (BH) 
is H? g D? sin? (BD) ~ sin? (dB D) D ¥B 


and by (5) and (17): 


Vv 
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According to this equation the normal velocity s is equal to », 
divided by the area of the parallelogram on the radii vectores a 
the electric and magnetic ellipsoids, resp. in the direction of the 
electric and magnetic induction. 

If the directions in the wave-front, along which the electric and 
magnetic induction can fall are I and II, then we get: 
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if the electric induction falls along I, and: 


Vv 
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‘ Oye ut : 8 Teyy Tm 
if the magnetic induction falls along I, so that a ales 
82 Tey TmII 
The two values s, and sg are the same if vey : tmy =eqq ¢ ‘mr , 
i.e. if the wave-front is a section of similitude, and S and D are 


therefore indeterminate in it. 


8. We shall now derive an equation which we shall use in order 
to determine the wave-surface. We apply the before-mentioned 
transformation, which if we take the axes of the magnetic ellipsoid 
as axes of the coordinates, is represented by (37). We distinguish 
by accents the transformed quantities, so that we get: 


ip ae 7 = OV las i WAY TER 
=O tas b= bY My, C= 0. 
The equation: 
le + my+nz=s 


represents a plane parallel to the wave-front at a distance s from 
O. This plane is changed by the transformation into: 


al y'm z'n 
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8; 


or 
al tym +2n=s', 


where U m' and »' are the direction-cosines of the normal, and 
s’ the distance from O to the transformed plane. In this: 


l 
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where: 
12 m=  n2 


Ma My Me! 


If in equations (27)—(32) only the electric and the magnetic 
induction is introduced, they become: 


v 
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The electric ellipsoid changes by the transformation into: 
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or 
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where a;,—=-—— etc. If in the 6 above equations we introduce 


4 
quantities that are distinguished by accents, we find: 
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! 
where eae From these equations everything has disap- 
peared that depended on the special choice of axes of the coordinates; 
they are therefore of general application, and they will still hold if 
we choose the axes of the transformed electric ellipsoid as axes of — 
the coordinates by which the equation of the ellipsoid becomes : 


az v'® + ayy® 4+ a,2%=1. The last three equations become then: 
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If we eliminate a’, b' and c’, we find: 
f' (aq v% — 8") So? Van f' + ay m'g' +a, n'h'), . ~ (50) 
g! (ay v® — 8") = v2 m! (ay Uf) + aymg'+a,n'h’), . . (51) 


hi (az v® — 9") =v? a! (an I f' + aym'g +az:n'h'). . . (52) 
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Multiplying (50) by rE (51) by ere and (52) 
by —— and adding them, we find: 
azv* — 
[2 m2 n'2 
== Onten (53) 
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This is a quadratic equation in s", which, with given J’, m/ and n’, 
furnishes 2 values for s” and so also for s’. 

It is easy to deduce the equation of the wave-surface in tangential 
coordinates from this equation. We first seck the transformed wave- 
surface. Let 0 = A'e'+ B'y'4 Cz'+1 be a tangent plane to the 
transformed wave-surface; we consider A’, B’ and C’ as the coordi- 
nates of that plane. The direction-cosines JU’, m' and n' and the 
distance s' to O are for that plane: 


where 7? = A” + B® + C®. Tf this is substituted in equation (53), 
taking into account that s'= s"\/jz uy uz, We find: 
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aa 
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= 0. 


If we now direct our attention to the wave-surface itself, we 
find easily, the coordinates of a plane being the reciprocal value of 
the portions cut off from the axes with inverse sign, that if we choose 
the principal directions as axes of the coordinates: 


Aa eae BD aC BS Cs AeA, 


2 2 
aaa, a, = | . Since 

ore ne 
Mla @ + ty y2 + wz2?=1 is the equation of the magnetic ellipsoid 
on the axes, Vfx My &z is the inverse value of the product of the 
axes or of the volume of a parallelopiped on three conjugate dia- 
meters; if we take for these diameters the principal directions, we 

Ba) 7 tees 1 

et oe Cae ? 
on the principal directions, the sides of which are all 1. The 
tangential equation of the wave-surface changes therefore, after 


removing the fractions, into : 


1 om 
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, where w is the volume of a parallelopiped 
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As was to be expected this equation is symmetrical in the 
electric and the magnetic quantities, though the deduction was 
asymmetrical. 


9. It is now possible to deduce the equation in the coordinates | 
of a point from this equation in tangential coordinates, but in order 
to find at the same time some properties of the radius vector of the 
wave-surface, — which we shall call ray of light, I take the following 
course. We first determine the transformed wave-surface. Let 
A, « and v be the direction cosines of the ray of light and @ 
the radius vector of the wave-surface, which we call the velocity 
of the rays; we take the same symbols for the transformed surface, 
but distinguished by accents. 


If. further o° = ss then: 
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If now U, m', x’ and s” are made to change a little, so that 
equations (53) and 1? +m? +n? = 1 continue to be satisfied, then 
M', , v' and g", do not change, being the coordinates of a point 
of the envelope, so that: 
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After multiplying the 24 equation by A and the 3° by B, 
we can add them to the first equation, and then we conclude to: 
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From these equations and from (53) and (55) we have to eliminate 
A, B, l', m',n' and s". We can eliminate A and & by substituting 


1', «’ and v' from (a), (7) and (7) in (¢) and (55). 
We find: 


gl! 


A=-—, 
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If we substitute this in (@), (7) and (y), we find: 
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If we multiply (56) by 
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(58) by Ere and add, we find after some reduction; 
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This is again a quadratic equation in g", so that for every 
direction of the ray radius there are two velocities of ray. The 
wave-surface consists therefore of 2 sheets, which both enclose 0. 

From these last equations we can easily find the equation of the 
wave-surface in coordinates of points. In order to find those of the 


i 
. x 

transformed wave-surface, we have only to substitute 4’=—, 
Meade aS 1 Sgt! ee 
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If 7, y and z are the coordinates of a point of the wave-surface 
with the principal directions as axes of the coordinates, we find easily : 
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The equation of the wave-surface becomes then: 
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This is the same equation as the equation in tangential coordinates 
except that the quantities &, Se, Ney &m) Sm, Nm) » and w are replaced 
by their inverse values. The surface must therefore be dualistic 
with itself. From every property which is invariant with respect 
to transformations of affinity, a dualistic one may be deduced, by 
replacing a point by a plane with the same coordinates and vice 
versa, replacing at the same time € Se, Ne, my Sms Ym, v and w by 
their reciprocal values. 

The wave-surface is of the 4t degree and of the 4 class with 
the coordinate planes as diametral planes, with the opposite axis 
of coordinates as direction of chords. 

Every line through O intersects the wave-surface on either side 
of O in two real points, while parallel to a definite plane on either 
side of O two real tangent planes may be drawn. 
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Bacteriology. — Prof. Pace presents a paper from Mr. Augx. 
KLEIN on: “Bacteriologic Researches of Human Faeces.” 
(1st Part). 


In the estimation of quantitative bacteriologic relations in faeces, 
attention should be paid to the very irregular and unequal distri- 
bution of the lower organisms in this substance; in a great number 
of places they are accumulated in enormous masses, in other portions 
of the same faeces they are relatively scarce. In these researches 
two expedients were used in order to neutralize this irregularity, 
namely : 


1. by examining at each time a relatively great quantity of faeces; 
this offering more probability that the various unequalities are 
proportionately represented than smaller volumes. In these researches 
10 grs. (on the average thus 1/,; part of the total quantity of faeces 
deposed in 24 hours by a full-grown person) was fixed as mini- 
mum; and 


2. by making an extremely fine and equal emulsion in sterilized 
water of the faeces destined for the estimation. This emulsion was 
thus prepared: the weighed faeces were for a fairly long time rubbed 
fine in a sterilized mortar and in sterilized water (mostly 100 cM®), 
by means of a sterilized pestle; when thus the substance was properly 
mixed, a certain quantity (10 cM*) was withdrawn from the mortar 
and thoroughly shaken for some time in a flask with a great 
number of small porcelain balls, under continual addition of known 
quantities of sterilized water. 

Of such an emulsion was then determined: 


a. by the culture-method the number of germs fitted for develop- 
ment, and 

b. by the microscopic counting-method the total number of bacteria 
present; for both, plates and counting-preparations, was always used 
the same platinum loop. 

Since the first publication!) of the microscopic counting-method 
I have made some modifications in the method, which are not devoid 
of importance for its practical application. 


1) Avex. Kirin. Eine neue mikroskopische Zahlungsmethode der Bacterién. Central- 


blatt fiir Bact. und Par., 1 Abth., 1900, Bd XXVII, S. 834. D 
9) 


Proceedings Royal Acad. Amsterdam, Vol LV. 
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Already before') I called attention to the fact, that preparations, 
colored after the moist way, are liable to lose their pigment through 
decoloring agents. In the counting-preparations also, this difficulty 
is met with, and, as Dr. F. ). Henewerrn points out), a slight 
acid reaction of the preparations or of the Canada balsam can already 
call forth a rather prompt decoloration. By using a somewhat con- 
centrated, neutrally reacting solution of xylol-Canada balsam, the 
decoloring can be sufficiently prevented during the time of the counting. 

I have now found that this decoloration should be attributed 
to the detaching from the cover-glass of the whole preparation, 
which the non-removed pigment has rendered consistent; the xylol- 
Canada balsam, beginning at the periphery of the cover-glass, enters 
between it and the preparation, and, in so doing detaches the latter 
from the glass. Hence, viscous Canada balsam has a less prejudicial 
effect than a thinly liquid solution; acids too, further this softening- 
process, so that hereby the influence on the decoloring of the prepa- 
rations is sufficiently explained. The decoloration can be wholly 
prevented by making the substance adhere more firmly to the 
cover-glass by means of some viscous matter; I commonly use 
therefore a clarified 4—5 °/) solution of gelatin in water. Before 
using, the solution is melted and a very small loopful of the 
liquid gelatin is deposed on the cover-glass; the colored bacteria- 
emulsion is mixed on the cover-glass with the gelatin-solution 
and spread over the glass. After drying the preparation is not 
flamed, but directly enclosed in xylol-Canada balsam ; the consistency 
or the reaction of the balsam has no more any influence: the prepa- 
rations remain colored for weeks. 

A second modification refers to the choice of the optic fields 
which are to be counted. To this end are beforehand marked on 
a scheme of millimeter paper the places of the preparation to 
be counted; the centre of the cover-glass serves as fixed point. The 
optic fields (they are numbered from 1 to 50) are chosen in sucha 
succession that they may casily be reached one after another by 
means of a movable object-stage, whilst the respective distances of 
the optic fields are taken in such a way that for example, 1 c.m. 
on the scheme corresponds with 1 m.m. displacing of the stage. 


1) Auex. Kusry, Eine einfache Methode zur Sporenfirbung. Centralbltt. fiir Bact. 
und Par., le Abth., 1899, Bd XXV, S. 376. 

2) F, H. Henewerru, De microscopische telmethode der bacterién van ALEX. KLEIN 
en eenige van hare toepassingen. Diss. Amsterdam 1900. Die mikroskopische Zihlungs- 
methode der Bacterién von ALex. KLEIN und einige Anwendungen derselben. Archiv 
fiir Hygiene, Bd XXXIX, 1901, S. 321—389, 
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The scheme is pasted on eard-board and for each counting covered 
with tracing-paper, whereon of each field the number of the counted 
organisms is recorded; in this way the same schemo-table can be used 
every time again (provided the cover-glasses be of the same size). 

The preparation is set in on the centre of the cover-glass; the 
position of the two verniers of the object-stage is marked on the 
tracing-paper, so that this point can always be found back; around 
it the several fields are grouped. 

When human faeces are treated in this way, there mostly appears 
to exist a great disproportion between the number of bacteria which 
can be counted microscopically, and that which can be grown on 
some fitted medium; this disproportion is so great that it is obvious 
even in the ordinary staining-method after Kocu, although numerous 
organisms are then washed away. Accordingly, some investigators as 
Bucuner, Kuist, Eperye, and others, drew attention to this fact. As 
however, no exact method was known to microscopically determine 
the number of bacteria, and thus, partly no quantitative estimations 
were made, partly imperfect methods could only be worked with 
the importance of the fact was not acknowledged, still less tried 
to explain it. 

When applying the microscopic counting-method and the culture- 
method to alkalin gelatin at 22° C., the differences often prove 
exceedingly great; to give a few instances: in 1 mgr. of faeces, 
were counted microscopically 74.959000 bacteria, found by the 
culture-method 356; 24 instance: microscopic counting 165.614000, 
cultivated 9900; etc. 

At first view it might be presumed that the greater part of the 
enormous number of organisms, which are seen microscopically, 
are in the same condition as the few cultivable bacteria, i.e. also 
living and fitted for development, but that the difference might 
be quite, or at least greatly explained by the distribution in 
clumps of the faeces-bacteria, each clump producing but one single 
colony, whilst in the counting-method each organism is reckoned 
separately. It is in fact very troublesome to make a good emul- 
sion of faeces, wherein the bacteria are equally distributed, but 
if following the above method, it nearly always succeeds, which 
may directly be controlled from the microscopic preparation. Also 
the excessively great differences which are found, likewise a priori 
contradict this view. In order, however, completely to exclude 
this possibility, a series of determinations was made, where in the 
microscopic preparation not only each organism was counted, but 


moreover in each counted field the number (reduced number) was 
5 
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determined in such a way, that each clump of bacteria, and all 
lower organisms, too, found within a field of 15 microns square, 
were recorded as one single individual. . 
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From this Table is seen that, by the second way of counting, 
the total number of microscopically found bacteria, as might well 
be expected, decreases, in n°. 2 with 29°/, as minimum, in n°, 4 
with 57°/, as maximum. In spite of this diminution the microscopic 
numbers remain far superior to those of the colonies (grown at 
22° ©. on alk. gelatin), which is clearly demonstrated by the two 
last columns, where for both cases of microscopic counting are stated 
the so-called “proportional numbers” (denoting the number of times 
that the microscopic counting method indicates more organisms 
than Kocu’s plate-method). If thus it cannot be denied that the 
conglomeration and respective distance of the lower organisms must 
diminish the number of colonies on the plates, — on the average 
with 38,6 °/), a number fairly corresponding with the value (40,2°/,) 
found by Dr. HEHEWERTH”) in the use of pure cultures, — still 


1) The faeces of this Table, as also those of all the following investigations, are 
derived from different healthy, full-grown individuals, nourished with mixed food, where 
no further attention was paid to the nearer nature of the nutrition; the faeces were 
examined as fresh as possible, mostly within 2—3 hours after the deposing. 


) L. c. S, 840, 
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the grouping of the lower organisms seems unable to level the 
differences between counting- and culture-method, 

To explain this there are but two possibilities, Ls*the greater 
number of lower organisms occurring in human faeces cannot develop 
under the given conditions (alkalin gelatin at 22° C.), or 2n¢ the 
excessive majority of the microscopically visible bacteria have died, 
or at least, are so much attenuated in their vital functions as no more 
to be fitted for multiplication. 

In order to test the former explanation on the experiment, the 
bacteria of the faeces were allowed to multiply under various ex- 
ternal circumstances, whose influence on the development of other 
bacteria-species is commonly known; among these are: a. the nature 
of the nutrients, b. the reaction of the medium; ¢. the absence or 
presence of free oxygen, and d. the temperature of growth. 
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From Table II we see that colonies, developing on alkalin gelatin 


and acid malt gelatin at 22° C, on 1/, pCt. glycose-gelatin under 
anaérobic relations, and on agar-agar at 37° C., are different in 


1) Atex. Kusrin, Ein Apparat zur bequemen Herstellung von anaéroben Platten- 


culturen. Centralbltt. fiir Bact. u. Paras. le Abth. Bd. XXIV, 1898, s. 967. 
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number, and that in the several samples of faeces, under some or 
other circumstances, a greater or smaller number of bacteria may 
be produced; alkalin gelatin at 22° C. yields*in general the greatest 
number of colonies, or at least very near to it, so that the thereby 
found estimations are also for the future used as criterion for the 
proportional numbers. The differences in the numbers of cultivable 
organisms prove, however, relatively slight under the given relations, 
and very certainly are reduced to nothing when opposed to the 
great number stated by the microscopic counting-method. We should 
accordingly conclude, that the applied external conditions are not 
able even partly to level the great difference between counting- and 
culture-method. If nevertheless we would maintain this view in 
order to explain the influence of nutriment and other external 
conditions, we should be obliged to admit that the greater part of 
bacteria occurring in human faeces, can only develop on very special 
media and in relations quite unknown as yet. For a few microscopic- 
ally perceptible organisms — some finer spirillum- and comma-shaped 
species — this possibility must be allowed; these forms are however 
rarely met with in the preparations, so that they can well be 
neglected, and most certainly they can by no means compensate the 
lack of cultivable organisms. 

The percentage of solid matter in the faeces is in no observable 
relation to the proportional numbers, in other words, the number 
of cultivable bacteria in human faeces does not depend on the 
amount of water (or state of dessication) of the faeces; the propor- 
tional numbers themselves have in the examined faeces most diverg- 
ing values. 

Table III gives a survey of a mean, a maximum and a mini- 


mum number, estimated from the 14 determinations of Table I and 
Table II. 
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The mean number of organisms cultivable on our ordinary nu- 
trient media thus amounts to only 1.1 pCt. of the total number of 
bacteria present ; the mean proportional number is 89. 

The whole number of bacteria excreted with the faeces in 24 hours 
by a healthy, full-grown individual, — on the average 8800 mil- 
liards, — is much larger than was hitherto known. GILBERT and 
Dominici!) for instance, note an excretion of 12—15 milliards in 
24 hours; SucKspoRFF*) gives as mean result above 55 milliards, 
as maximum nearly 408 milliards, and as minimum somewhat less 
than 2 milliards; these numbers thus, remain far behind those 
obtained by the microscopic counting-method. This enormous yield 
of bacteria is still better grasped when making a rough calculation 
of the weight of the bacteria excreted in 24 hours, of the percent- 
age of solid substance occupied by the bacteria, and of the quantity 
of nitrogen which they contain; we here assume that 30 milliards 
of bacteria weigh 1 mgr. (NAEGELI), that 15°/) of the bacterium 
consists of solid matter, and that 10°/) of this matter is occupied 
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Whereas, on the average 98,9°/, of the bacteria present in human 
faeces, can under no known circumstances be grown on our artifi- 
cial media, it is obvious that we should now consider the second alter- 
native, alleged before, viz. that these 98,9°/, of the faeces- bacteria have 
died, or are at least so much attenuated, that they can no more 
multiply on our artificial media. Generally it is much more trouble- 
some to state the death than the life of an organism; the existence 
of vital functions is in most cases easily observable, whilst on the 


') Giipert et Domrntct, Semaine médicale 1894. p. 76. 
2) SucxsporFr. Das quantitative Vorkommen von Spaltpilzen im menschlichen 


Darmkanale. Archiv. f. Hygiene Bd. LV. 
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other hand, their absence is difficult to prove. If we could, for in- 
stance, with ‘absolute certainty point out that the 98,9°/) of the 
faeces-bacteria are no more able to propagate; only then we should 
have a right to speak of the death, or at least of an attenuation of 
those organisms. But in order to demonstrate this, we should transfer 
these bacteria to a medium of which we know with the same absolute 
certainty, that these lower organisms, if alive, would easily propagate 
thereon. Now, in the faeces themselves these bacteria are found in 
thousands of milliards, accordingly these faeces must at a special 
stadium in the human intestinal canal, be an extremely favorable 
nutriment for our organisms; it is thus obvious that we should 
observe the behaviour of the bacteria in the same faeces out of the 
human body. 

A larger quantity of faeces was for a longer time placed in the 


TABLE V. Faeces N°. 1, placed at 37° C. 
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thermostat at 37° C.; by keeping the environment sufficiently damp 
the faeces were prevented from drying, which was further con- 
trolled by repeated determinations of solid substance. After different 
periods a certain quantity of the faeces (10 grs. at the least) was 
examined in the ordinary way. | 

We see that the number of bacteria found by microscopic counting 
continually decreases, so that after 7 days already 56 pCt. has 
vanished; but also the cultivable bacteria have diminished in the 
first 5 days, whilst only the seventh day a relatively slight increase 
may be observed. The proportional numbers for the same faeces 
accordingly show important mutations (from 23 to 1294), which 
throw some light on the considerable variations of these numbers 
for the faeces of Tables I and II. 
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In Table VI the results of a second sample of faeces are recorded. 


TABLE VI. Faeces NY 2, placed at 37° ©. 
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Here again a strong decrease (after 8 days with 73 pCt.) of the 
total number of present bacteria, and also no increase of cultivable 
organisms (after 8 days there are as many as at first). 

It appears thus that in the faeces circumstances occurred, which 
counter-acted the propagation also of the cultivable, consequently of the 
certainly living organisms; about the being, or not being fitted for 
increase of the non-cultivable bacteria, these experiments could accord- 
ingly not teach us anything. We should hence try to improve the 
conditions of increase for the bacteria in the faeces. 

Starting from the supposition, that perhaps a special substance 
(or substances) in the faeces caused the death of the cultivable and 
decidedly living bacteria, or at least prevented their propagation, it 
might be expected that dilution of the faeces would also attenuate 
this anti-bacterial influence; this expectation has been completely 
realized. In Tabel VII a third sample of faeces is referred to, 
treated in quite the same way; even after 112 days the number of 
bacteria cultivable on alkalin gelatin is not increased; this number 
continues mutating from the beginning to the end, between 322 and 
743 on 1 mgr. of faeces, which mutations may be reckoned to fall 
quite within the limits of the errors of the method. The total number 
of bacteria has again regularly diminished and, after 112 days amounts 
to only 5 pCt. of the primitive number. 

Quite different, however, is the process in the dilute faeces (Table 
VIII); the faeces-emulsion, diluted with 100 cm*. water, obtained 
in the ,direct examination” (Table VII) was likewise placed at 


(74) 


TABLE VII. Faeces N°. 3, placed at 37° C. 
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body-temperature and examined after different periods; the results 
are again calculated on 1 mgr. of the primitive faeces. 


TABLE VIII. 


Dilute Faeces N°. 3, placed at 37° C. 
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Here we directly see an increase of the cultivable organisms 
on alk. gelatin), and after 4 days a proportional number is reached 
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already nearly corresponding with that of pure cultures (1/3): the 
anti-bacterial effect of the faeces is thus sufficiently removed by the 
dilution. Besides, something else appears from this Table; after 4 
days the number of cultivable organisms has increased with beyond 
30 millions, but the number of bacteria, found by microscopic count- 
ing, too, is in that time augmented with more than 30 millions. 
We may therefrom deduce that only the cultivable organisms have 
multiplied and that the greater majority of microscopically countable 
bacteria was no more able of propagation. 

Not all faeces, however, display a distinct anti-bacterial action, 
and in Table IX an investigation is referred to, where, directly in the 
faeces themselves, an increase of the cultivable bacteria could be 
observed. 


TABEL IX. Faeces N° 4, placed at 37° C. 
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In these faeces, too, we find the preceding experiment confirmed. 
After one day the number of cultivable organisms bas increased 
with more than 9 millions, the total number shows the same rising. 
If all the 17 millions, thus also the large number of non-cultivable 
ones, had come to multiplication, we should have found, after 1 day, 
a much greater total number than is now the case; where the 
increase of the total number is again in accordance with that of 
the cultivable number, only the cultivable ones can have propagated. 

The same faeces diluted (Table X) demonstrate the corresponding 
fact; after 3 days the number of cultivable organisms has increased 
with 21 millions, the total number with 20 millions. A slight 
anti-bacterial action appears neither to lack in these faeces: in the 
dilute faeces the number of cultivable bacteria has increased after 


3 days more than in the non-dilute 
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TABLE X. Dilute Faeces Ne 4, placed at 37° C. 
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In accordance with all these researches we may conclude, that 
by far the majority (on the average nearly 99°/,) of the thousands 
of miiliards of microscopically countable bacteria, excreted in 24 hours 
with the faeces, by a healthy, full-grown individual, are no more able 
to multiply; hence, these bacteria must be either dead, or at least 
so much attenuated that they can no more perform this important 
vital function. 

Between these two alternatives it is not difficult to make a 
choice. We see namely (Tables V, VI and VII), that the total 
number of bacteria in the faeces, kept at body-temperature, decreases 
regularly with great rapidity, which can only be explained by the 
decomposing and vanishing of dead organisms; in fact, in these 
faeces, too, the number of bacteria showing post-mortal alterations 
is seen steadily to increase. !) 

There is no risk in venturing to assume, that the same circum- 
stances, which in most faeces out of the human body cause the 
number of living bacteria to decrease, respectively prevent their 
multiplication, that these same circumstances also have their part in 
the death of that enormous number in the faeces, whilst these are 
still enclosed in the intestinal canal; future researches will have 
to throw more light on this point. 

The results of the foregoing researches are in brief as follows: 

1st By a healthy, full-grown individual are excreted in 24 hours 
with the faeces a much greater number of bacteria than was hitherto 
known (on the average 8800 milliards, occupying 0,31 pCt. of the 
solid substance of the faeces) 

2nd By far the greater majority of these bacteria have died (on 
the average nearly 99 pCt.), only a small percentage are living (on 
the average above 1 pCt.). 

34 In most faeces anti-bacterial actions may be observed, which, 
out of the human body, at 37° C., often diminish the number of 
living germs, or at least prevent their (vigorous) increase. 


1) This, and numerous other microscopic observations cannot be entered upon here. 
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Chemistry. — Dr. C. Prey: “Synthesis of trioxybutyric acid 
(erythric acid)”. (Communicated by Prof. C. A. Lory 
DE Bruyy). 


The synthesis of erythric- or trioxybutyrie acid 
CH,OH CILOH CHOI COOH 


from a substance with three C-atoms 

(or more correctly, that of ove or more of its four possible isomers) 
obtained by oxidation of erythrite, had not as yet been accomplished. 
Its realisation would not only be interesting in itself but also extend 
our knowledge of the sugars with four atoms of carbon. Then if one 
or more trioxybutyric acids should have become readily accessible, 
the transition to the corresponding tetroses could present but few 
difficulties. 

The starting point in Dr. PRey’s research was acroldehyde (acrolein). 
In different ways it could be attempted to realize the synthesis of 
trioxybutyric acid by means of this substance of which about 35 
Kilos were used in the investigation. 

First of all the acroldehyde was converted into the dibromide, the 
latter treated with nascent HON and the nitrile thus obtained treated 
with strong hydrochloric acid. It appeared that the dibromonitrile is 
very unstable and very readily eliminates HCN ; the numerous exper- 
iments made with this nitrile did certainly lead to the formation 
of the dibromo-amide: CH,Br.CHBr.CHOH . CONH,, but the yield 
was so small that the object could not be satisfactorily gained in 
this way. 

Therefore, Dr. PREY now used the method which had been applied 
by VAN DER SLEEN 1). From the acroldehyde was first prepared the 
nitrile of a-hydroxybutenoic acid: CH,:CH.CHOH CN and this was 
then converted by concentrated hydrochloric acid into the amide”) and 
from the latter the dihalogen derivatives CH, X CH X CHOH. CONH, 
were obtained. Besides the well defined crystals of the dibromo-amide 
already known by VAN DER SLEEN, Dr. Prey prepared the crystal- 
line dichloro- and diiodo derivatives. The first is formed by acting 
on the amide with one mol. of chlorine dissolved in carbontetra- 
chloride ; a simultaneously occurring substitution diminishes the yield. 
The diiodo derivative is formed quantitatively and very rapidly 


1) See following article. 
2) From 2.8 Kg. acroldehyde + 250 grs. of amide. 
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under the influence of sunlight; in the dark the addition takes place 
very slowly and almost imperceptibly. 

Dr. Prey has tried in many ways, with sacrifice of much time 
but in vain, to prepare trioxybutyric acid from the dihalogen com- 
pounds starting with the dibromo-derivative. The replacement of the 
two Br (or I) atoms by hydroxyl or by the residues of acetic or 
benzoic acid did not succeed; this is caused by the great unstability 
of the halogen derivatives which very readily lose HBr (or HI) and 
often break up with evolution of carbondioxide. 

Some experiments with the benzoylester of the dibromo-amide 


O CO CoH; 
/ 
CH,Br CHBr CH — CONT, 


which was prepared by direct action of benzoyl-chloride did not lead 
to any result. These efforts will however be repeated in different 
directions. 

The synthesis of trioxybutyric acid finally succceded by treating the 
amide with an alkaline-solution of potassium permanganate, which 
converted the 


CH, = CH—CHOH—CONH, 
directly into 
CH,OH — CHOH—CHOH COOH, 


which was isolated in the form of the brucinesalt; from the latter 
the crystallised lactone!) was obtained. 

The yield, however, is but very small. 

It appears from the study of Drs. vAN DER SLEEN?) and Prey 
that an unsaturated oxyacid, such as a-hydroxybutenoic acid, 


CH, CH.CHOH . COOH, 


is a very unstable substance capable of decomposing and breaking 
up in various directions. 
The investigation of this substance will be continued. 


1) Rurr. Ber. 32 3678. 
2) See following article. 
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Chemistry. — Mr. G. VAN per Sten: “Oa a-hydroxybutenoic acid 
(vinylglycollic acid) and its decompositions”. (Communicated 
by Prof. Lopry bE Bruyy). 


The investigation of vinylglycollic acid CII, : CH . CH (OI) COOH, 
commenced in 1885 by Losry pe Bruyn?) has been again taken 
up?) in 1898; the various preparations were then obtained in large 
quantities. 600 grams of acroldehyde (acrolein) could be easily prepa- 
red in one day and converted by addition of HCN into the nitrile 
of «-hydroxybutenvic acid CH,: CH .CH (OH) CN. 

This substance, when pure, forms a colourless liquid b. p. (93—94° at 
16—17 mm.), and when freshly distilled it is free from HCN. It 
does not solidify at a temperature of — 70° to — 80° and is soluble 
in water in any proportion. By heating with acetic anhydride it was 
converted into the acetate. 

Both the nitrile and its acetate are converted by very careful treatment 
with fuming hydrochloric acid into the amide CH, : CH.CH(OH)CONH,, 
which melts at 80.8°. This pure amide has served as the starting point 
for all further experiments. It may be converted into @-hydroxybu- 
tenoic acid by different means, such as by boiling with normal sul- 
phuric acid or strong aqueous sodiumhydroxide. This acid was also 
obtained in fairly large quantities as a bye-product in the preparation 
of the said amide and purified by distillation in vacuum (125°—130° 
and 12—13 mm.) although not without partial decomposition into 
lactone-like substances. 

The acid crystallises in the form of needles which, however, cannot 
be obtained perfectly anhydrous by distillation; it is exceedingly 
hygroscopic and but sparingly soluble in the ordinary organic solvents. 
The ester of a@-hydroxybutenoic acid was obtained by treating the 
alcoholic solution of the nitrile with HCl: b.p. 173° (at 756.5 mmn.), 
This ester is isomeric with that of aceto-acetic acid but gives no 
reaction with Fe Cls. 

Although the nitrile and the acetate absorb bromine with difficulty 
(they however strongly reduce an alkaline solution of potassium 
permanganate), the dibromide may be readily prepared from the 
amide and the acid. The dibromo-amide does not melt but chars at 
a higher temperature, the dibromo-acid melts at 121—121.5° and 
yields «-hydroxybutyric acid when reduced with sodium amalgam. 
a-Hydroxybutenoic acid is one of the strongest organic acids com- 
posed of C, H and O;; its dissociation-constant was found to be 0.046. 


1) Rec. 4. 221. 
2) Preliminary communication Rec. 18. 302. 
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If we decompose the amide by heating it with strong acids or by 
boiling it with dilute alkalis a small quantity of an isomeric ketonic 
acid is produced which proved to be @-ketobutenoic (propionylformic) 
acid CH 3. CH;.CO COOH. The statements found in the literature 
on the properties of this acid are mostly somewhat incorrect; the 
different authors have, apparently not obtained it in a pure condition, 
or else in too small a quantity and as a liquid. The acid which I 
prepared by decomposing the silver salt with dilute hydrochloric acid 
was purified by distillation in vacuum (b.p. 73°—75° at 15 mm., or 
85° at 21 mm.). The acid is crystallisable, and melts at 31°.5—32°. 

Even when highly diluted, the solution of the acid or of its salts 
yields with phenylhydrazine a compound melting at 143°—144°. 

The ethylester of propionylformic acid was obtained by the action 
of ethyliodide on the silver compound: 66--67° (16 m.m.), m. p. 
of the hydrazone 191°. This ester is also isomeric with that of 
acetoacetic acid but gives no reaction with FeCls. The oxime of 
propionylformie acid Cy H;.C:N (OH) COOH melts with decompo- 
sition at 154°. 

That the ketonic acid really possesses the said constitution 
was proved by the fact that the CO group cannot occupy the 
- or y-position and also by its conversion, by reduction, into 
oxybutyric acid. 

The conversion of a@-hydroxybutenoic acid into propionylformic 
(z-ketobutenoic) acid under the influence of acids is not complete; 
very soon we meet with a state of equilibrium in which the e-hydroxy- 
butenoic acid remains for the greater part unchanged (with small 
quantities of lactone-like substances) !). 

The chief product of the action of alkalis is a new acid which 
was also obtained crystalline and has the composition of two mols. 
of @-hydroxybutenoic acid minus one mol. of water. 

A further investigation showed that to this acid must, probably, 

be assigned the constitution: 
H COOH 


Va 
A 
ee mee 


| COOH 
| A-3-tetrahydro-2-oxyphthalic acid (1,2) 


4 


1) Perhaps a lactone has formed analogous to that recently obtained by Dr. pz Jone 
from pyruvic acid. Rec. 20, 81. 
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From the increase of the boiling point of the solution in acetone 
its average molecular weight was found to be 185, 186 being the 
calculated figure. The equivalent weight was found to be about 97 
by titration with phenolphthalein, theory requiring 93, but the end 
reaction is not very distinct. A Jactone-like compound does not exist 
in the molecule. 

The crystals are monoclinic and may be obtained by the simul- 
taneous use of three solvents: acetone, ether and ligroin. They are 
but little soluble in most of the organic solvents excepting water, 
acetone and alcohol. A methylester could not be obtained, at least 
not for certain; no OH group could be detected by means of 
aceticanhydride or phenylisocyanate. This is caused by the little 
stability of the acid; at the temperature of its melting point 
(142—142.5°) it loses one mol. of CO ; even the aqueous solutions, 
particularly those of its salts, very readily lose CO,. The barium 
salt is very soluble and anhydrous, the zine salt is also very soluble, 
silver solutions are rapidly reduced. 

By the elimination of 1 mol. of CQ, a ketonic acid is formed 
which has, very probably, the constitution : 


orthoketahexahydrobenzoic acid and was obtained by distillation in 
vacuum as a colorless glycerol-like liquid. 

The phenylhydrazine compound melts at 159°. An oxime was 
prepared by warming the dibasic oxyacid with hydroxylamine in 
the presence of Na, CO,; it decomposes at about i L7G 

The solution of the acid gives a violet coloration with Fe Cl3, a 
reaction which agrees with the /2-position of the CO group. 

By further elimination of CO, from this ketonic acid an unsaponi- 
fiable oil is formed, sparingly soluble in water, which probably contains 
cyclohexanone. 
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The investigation of these latter products could not be brought 
to a finish for want of material; moreover, they are only produced 
in small quantities. 

From the foregoing it appears that the action of acids and alkalis 
on unsaturated @-oxyacids does not always take the course indicated 
by Firric. No y-ketonic acid was formed by the action of acid but 
only a small quantity of an «-ketonic acid, although Firric had 
observed the formation of y-ketonic acid from e@-oxypentenoic acid. 
Apparently a shifting of the double bond has taken place in the 
A*’ a-hydroxybutenoic acid, under the influence of acids or alkalis 
causing the formation of intermediate A“ «-hydroxybutenoic acid: 


CH, : CH. CH (OH) COOH — CH; CH: C(OH) COOH 


a change already repeatedly noticed in the case of other acids. 
Such a combination of OH with the double-bonded C-atom is, 
however, not stable and must pass into the isomeric keto-compound. 


CH,.CH = COH — COOH — CH; — CH, — CO — COOH 


By the action of alkalis on phenyl-e-oxycrotonic acid, Firma 
obtained this same change almost quantitatively, whilst in the case 
of a-hydroxybutenoic acid a dibasic acid is formed (probably a 
hydride of oxyphthalic acid), for instance: 


H 
FLU 
H.C = C — C—COOH 
aS 


OH 
— H,0. 


H COOH 
C H, H oe ve Ne 
Sea & COOH i N00 
| 0 or 
a H 
Ho=cH—cPH Ht, 


The formation of the ketonic acid from this latter acid may be 
explained in quite a similar way by assuming that the double bond 
is shifted towards the carbonyl group, CO, being eliminated at the 
same time: 


H COOH 
va 


JA ae 
WA 
G OH 
| 


Sey. 
A compound is then formed with OH attached to a double-bonded 


C-atom which must change directly into a keto-compound : 


Ul COOH 


H, 


A more extensive report of this research will appear later on in 
the , Recueil’. 


(June 26, 1901). 
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(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 


Afdeeling van Zaterdag 29 Juni 1901, Dl. X). 


Contents: “On the results of the observations of the Dutch eclipse-party”. By Dr. E. F. van 
DE SanpDE BakuuyzeEn, p. 85. — “A new class of nitramines”. By Prof. A. P. N- 
Francuimont, p. 88. — “The oxidation of organic nitrogen-compounds and the 
estimation of the carbon and nitrogen therein by the moist process”. By Miss 
E. van AKEN (Communicated by Prof. A. P. N. Francuimoyr), p. 91. —. “An 
apparatus for focussing the projecting-microscope from a Gistance”. By Prof. J. W. 
Motz, p. 95 (with one plate). — “A definite integral containing Bessel’s functions’. 
By Prof. W. Karreyn, p. 102. — “Analytical determination of the ninth point in 
which two curves of degree three, passing through eight given points, intersect each other’. 
By K. Bes (Communicated by Prof. J. CarpinaaL) p. 103. — “Precise Isothermals. 
V. The isothermal of hydrogen at 20° C. up to 60 atmospheres”. By J.C. ScHaLKwisk 
(Communicated by Prof. H. KamerLincH Onnzs) p. 107 (with one plate). — “Expres- 
sion of the equation of state of gases and liquids by means of series”. By Prof. H. 
KAMERLINGH ONNES) p. 125. — “Plane waves of light in an homogeneous, electrically 
and magnetically anisotropic dielectric”. (2nd part). By Frep. Scava (Communicated 
by Prof. H. A. Lorentz) p. 148. — “Vuapour-tensions of mixtures of ether and 
chloroform’. By Pa. Kouxstamm and B M. van Darrszn (Communicated by Prof. 
J. D. van DER Waats) p. 156 (with one plate). 


The following papers were read: 


Astronomy. — Mr. H. G. van pg Sanpge BakHuyzeEn president 
of the committee for the organisation of the observations 
of the solar eclipse being absent, Mr. E. F. vAN DE SANDE 
BAKHUYZEN reads a communication “on the results of the 
observations of the Dutch eclipse-party”’. 


Some days ago letters have been received from India on the 
results of the observations of the Dutch eclipse party at Karang 
Sago, and to our regret we have learned from them that the cir- 
cumstances during the eclipse have been even more unfavourable 


than we had inferred from the telegrams received. 
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The sky has continually been for the greater part overcast by 
alto-cumuli, and only now and then the sun was uncovered during 
some moments. During totality the sun was uninterruptedly behind 
the clouds which only towards the end became thinner. 

This was the cause that, after the considerable dispersion it had 
to undergo in the great spectrograph, the light of the corona was 
too faint to make a perceptible impression on the photographic 
plate, and hence, contrary to what we first inferred from the telegrams, 
the very important observations with this instrument, from which 
we hoped to derive data on the mode of rotation of the corona, 
have entirely failed. 

Some results are obtained with the small spectrograph and with 
the prismatic camera, even though they have suffered much from the 
unfavourable circumstances. The object of these two instruments was 
to obtain images of the whole spectrum of the corona, and of that 
of the ,flash’’ at the beginning and the end of totality. This purpose 
has been attained reasonably well with regard to the second flash 
and perhaps also to some extent with the corona-spectrum. More- 
over the flash has been observed in the visual slit-spectroscope. 

The images of the corona have better succeeded than the spec- 
tral-plates. The 6 plates exposed in the focus of the 40-feet-lens 
are all satisfactory and 3 of them are even good. 

Six photographs have been made with the telescope of 10 inches 
aperture without using the BURCKHALTER-apparatus, of which 3 have 
succeeded. During the three exposures with that apparatus the images 
have been slightly displaced, yet they can partly be used. Of the 
6 photcegraphs made with each of the smaller telescopes and came- 
ra’s, among which DaLLMEYER’s telescope, half can probably be used. 

The latter result may relatively speaking be called satisfactory ; 
the very unfavourable condition of the weather appears among others 
from the fact that on one of the plates exposed in the focus of the 
portrait-lens nothing but clouds are seen and no trace of the corona 
is visible. 

Observations with the polarimeter were made before, during and 
after totality. The observations during the partial phases at a distance 
from the sun equal to the sun’s diameter gaye no polarisation. 
During totality the light near the sun was distinctly partly polarised, 
and this was strongest at some distance from the sun; it may be 
however that the clouds have had a perceptible disturbing influence 
on this result. 

With Prof. JuLius’ apparatus for the measurement of the radia- 
tion of heat observations were made from the moment of the first 
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contact until 3 quarters of an hour after totality. The apparatus 
worked satisfactorily, but the clouds rendered its results very varia- 
ble. Nothing has been obtained by means of the photometer, as the 
intensity of light of the corona weakened by the clouds remained 
below the minimum that could be measured with the apparatus. 
Finally the meteorological and the magnetical observations have partly 
succeeded. Shadow-bands were not observed. 

The totality began a few seconds earlier than was expected; 
but, as had been agreed upon, the observers were warned by a 
signal from the ship of one of the English observing parties, which 
anchored west of the Dutch eclipse station. Also the duration of 
the totality differed from the value predicted, it lasted 6 m. 22 sec. 
i.e. 10 seconds less than according to the Nautical Almanac. During 
the totality it was not very dark, which possibly was partly caused by 
the reflection of light from the clouds. Mercury, Venus, Aldebaran 
and some stars of Perseus were visible. 

The Dutch observers would not have obtained better results if 
they had selected another place on “Sumatra’s West coast” near 
the central line for their observing station. At different points near 
the coast the conditions were almost the same as those at Karang 
Sago, and at Solok, situated at a considerable height on the railway to 
the interior, they were still more unfavourable ; there the phenomenon 
was rendered entirely invisible by thick clouds. 

On the other hand at Fort de Kock also in the interior, but 
near the northern limit of totality, the weather was very bright. 
There the diffraction grating of RowxLanp of the Dutch expedition, 
with which a spectrograph had been constructed, was mounted and 
given in charge of Mr. Kerknor Captain Indian army, who had 
first practised with this instrument at Karang Sago. As has been 
said before, the intention was to study in this way more closely 
the reversing of the FRAuNuHoFeER-lines at the beginning and 
the end of totality, the so-called flash. But unhappily the 
inaccuracy in the prediction of the phenomenon proved fatal in 
this case. While everything had been arranged to photograph one 
long lasting flash the phenomenon appeared to be different: there was a 
double flash interrupted by some moments of real totality. However at 
Fort de Kock a good series of corona-drawings has been made by 
pupils of the trainingschool for native teachers. 

It is much to be regretted that everywhere the weather has been 
so unfavourable to the observations of this very interesting eclipse. 
Otherwise we might have expected that very important results 


would have been obtained. For, to mention only the Dutch expedition, 
6* 
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everything had been very carefully organised, through the mana- 
gement of the East-Indian committee and by the observers them- 
selves who, notwithstanding the short time’at their disposal, had 
succeeded in properly mounting and adjusting all the instruments, 
while, thanks to the collaboration of some officers of the army 
and the assistance of the officers and the men of H. M. S. Sumatra 
sent for the purpose to the road of Painan, there was a sufficient 
number of observers and assistants for each: instrument. 


Chemistry. — Professor A. P. N. FRaANcHIMONT presents a com- 
munication on “A new class of nitramines”’. 


On January 26 1895 I had the honour of communicating to the 
Academy that, acting under my directions, Mr. VAN BREUKELEVEEN 
had prepared a representative of a then unknown class of urea 
derivatives, weo alcohols or wreols. The object was to subject the 
compound (ureo-ethanol) to nitration and in this way to prepare 
a nitramino-alcohol; this, however, did not succeed as ureo-ethanol 
in contact with NO; H at the ordinary temperature at once evolves 
NO and COQ,. 

At that time only nitraminohydrocarbons, nitramides and derivatives 
of nitramino acids were known. A free nitramino acid, nitramino- 
acetic acid has been since prepared by Hantzscu and METCALF. As 
the study of nitramino-alcohols and nitramino-aldehydes still interests 
me very much I have now tried, jointly with Dr. Lustin, to prepare 
a nitramino-alcohol in a different way and this has given us the 
desired result. 

As on the previous occasion, we again started from amino-ethanol 
which was first converted by means of methyl chloro-formate into 
methyl oxethylamino-formate. This substance is, at the ordinary tempera- 
ture, a colourless liquid which cannot be submitted to distillation but is 
decomposed by the action of heat even in vacuo into methyl alcohol 
and the internal ester of oxethylaminoformic acid, which crystallises 
beautifully from benzene, although but little soluble therein. 


OH). NH — CO CH,. NH 
po eestor Sco 
CH;.OH OCH, , dH, 6 


It is a remarkable fact that the ethyl ester of oxethylamino- 
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formic acid, which we have also prepared and obtained as a liquid, 
does not when heated, yield ethyl alcohol or ethylene and water 
but distils unaltered, at least in vacuo. 

The above mentioned internal ester of oxethylaminoformic acid 
had been previously obtained by Gaprizn in a different and less 
expensive manner which we have afterwards imitated. 

Viewed in connection with oxazol, we may call this heterocyclic 
compound: « ketotetrahydro-oxazol, “« keto-oxazolidin or tetrahydro- 
oxazolon. 

It proved to be a better starting point for the preparation of 
nitramino-alcohol than the methyl ester. Poured into real nitric acid 
it at once yields quantitatively a mononitroderivative which is not 
further acted upon by nitric acid, so that it may be evaporated with 
four times its weight of this acid to dryness on the waterbath without 
suffering any decomposition ; the same has been previously stated for 
hydantoine and its derivatives. This mononitroderivative is more 
soluble in hot benzene than the internal ester and crystallises on 
cooling in beautiful, long, lustrous needles which melt at 111°. 

This nitrocompound in which the nitro-group is undoubtedly linked 
to the nitrogen yields on boiling with water quantitatively CO, and 
nitramino-ethanol (oxethylnitramine) the desired nitramino-alcohol, 
according to the equation: 


CH». N—NO, CH,. NH- NO, 


The product which remains dissolved in the water is obtained 
on evaporation as a syrupy liquid. On boiling the aqueous solution 
with mercuric oxide a mercury salt was prepared which is but very 
sparingly soluble in cold water and crystallises in fine needles. A 
silver salt was obtained in beautiful, nacreous plates by heating the 
aqueous solution with silver carbonate. Both salts have been analysed. 
On heating they explode, the mercury salt more violently than 
the silver compound. The mercury salt is not decomposed by boiling 
with water but the silver salt is reduced. We have prepared both 
these salts because there is then no danger that the alcoholic OH- 
group will yield a metallic derivative. Nitramino-ethanol does not 
produce at once a precipitate in a solution of silver nitrate as is the 
case with methylnitramine and also ethylnitramine, thence the pre- 
paration of the silver salt with silver carbonate. 
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Boiled with dilute sulphuric. acid of, say, 5 percent strength, 
nitramino-ethanol yields quantitatively Ne O according to the equation : 


CH,.NH NO, CH, 0H 
CH». OH CH, OH 


Presumably there is also formed some~glycol, but at all events 
no ethylene, no ethylene oxide or aldehyde; but after removal of 
the sulphuric acid the solution gives with copper sulphate and 
potassium hydroxide a dark blue liquid like the polyhydric alcohols. 

We are now engaged in preparing the nearest homologue and 
will then try to state the other properties of the nitramino-alcohols. 

Nitramino-ethanol is perhaps formed from the nitroderivative of 
the internal ester of oxethylaminoformic acid by another process 
which is not so simple but not less important on account of the 
intermediate products. If dry NH; is passed through a cold 1 pCt. 
solution in benzene a white precipitate is formed which to judge 
from its behaviour, is a NHs compound of nitro-ureo-ethanol 
(oxethylnitro-urea). This compound when boiled with absolute 
alcohol, in which it is but little soluble, parts with its NH3, which 
as we know from experience happens in the case of all compounds 
of nitramines with NH3, and on evaporating the solution nitro-ureo- 
ethanol is obtained which is very soluble in water and alcohol and 
very slightly so in benzene and chloroform. From these solutions 
it crystallises in beautiful thin glossy plates which melt at 86°. 
The aqueous solution gives like urea itself immediately a white 
precipitate with mercuric nitrate but not with mercuric chloride or 
silver nitrate unless an alkali is added. 

Nitro-ureo-ethanol which, as has been stated above, I had tried 
in vain to obtain from ureo-ethanol, yields on boiling with barium 
hydroxide NH; and CO ,. Perhaps nitramino-ethanol is formed 
simultaneously according to the equation: 


CH,. N—NO, CH,. NH. NO, 
| nee +H,0= | NH; C0; 
CH,. OH NA, CH». OH 


unless nitrous acid is formed first from the nitro-urea derivative as 
is the case with nitrohydantoine, but no certainty exists on this 
point. 
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Attention must also be called to the acid character of nitro-ureo- 
ethanol which not only yields a compound with NH; but may be 
readily titrated in aqueous solution with potassium hydroxide, using 
phenolphtalein as indicator. It then saturates one mol. of potassium 
hydroxide and consequently behaves, apparently, like a monobasic 
acid, such as nitrohydantoine for instance. If we do not wish to 
assume that the hydrogen of the group CH, is replaceable by metals 
under the influence of the negative group — N ae or in other 
words, that it causes the acid character of the substance, then 
similar substances and also nitrohydantoine, ethylenedinitro-ureine 
etc. would have a structure totally different from that of the nitra- 
mines, which from the manner in which they are prepared have 
one hydrogen atom linked to the nitrogen. When in these substances 
the presence of the group — N—NOH is assumed, instead of 

moOY 
— NHNOz,, nitrohydantoine etc. ought to contain the group 


| 
— CH—N—NOH unless, as has been rendered highly probable in 
the case of nitrohydantoine, the alkali simply forms and eliminates 
one mol. of nitrous acid. Should oxethylnitro-urea prove to be 
better suited than nitrohydantoine to settle this point we will not 
neglect to have this matter further investigated. 


Chemistry. — Professor FRANCHIMONT reads a paper from Miss 
E. van Aken on: “The oxidation of organic nitrogen-com- 
pounds and the estimation of the carbon and nitrogen therein 
by the moist process.” 


The oxidation of organic nitrogen compounds is a subject about 
which a good deal has already been and is still being written. The 
knowledge thereof is also of practical importance as it is applied not 
only to the quantitative determination of the mitrogen but also to 
that of the carbon and nitrogen. The result is that the nitrogen is 
either liberated or converted into ammonia. This does not only depend 
on the nature of the oxidizer and the circumstances under which 
the oxidation takes place, but also, if not in the first place, on the 
chemical structure of the nitrogen compound. Thence it follows that 
none of the methods for the quantitative determination of the nitrogen 
can be applied in every case and even the method of Dumas, which 
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is the best of all, has given in the hands of some workers bad results 
with some substances. The same applies to KseLpaut’s method 
which has now superseded the process of WiLL and VARRENTRAPP, 
but which is still constantly being modified and of which it has 
been proved that it cannot be employed in the case of substances in 
which the nitrogen is combined with oxygen or a second nitrogen atom. 

The great advantages occurring when an organic nitrogen com- 
pounds may be oxidised in such a manner that the carbon and 
nitrogen are estimated in the same portion, have already led to some 
investigations but the methods resulting therefrom are not always 
satisfactory. Those according to which the nitrogen is converted into 
ammonia by the moist process, such as KJELDAHL’s sulphuric acid 
process, do not yield the total carbon as carbon dioxide, so that 
other means have to be resorted to in order to obtain the desired 
result. But neither the electrolytic method of BupDE and ScHoU, 
nor the addition of strong oxidising agents, such as chromic acid, do 
away with the necessity of combining this process with the dry 
method, namely the passing of the gaseous products over red hot 
oxidising substances and the separation of the carbon dioxide from 
sulphur dioxide or sulphuric acid vapour. Even when by this com- 
bination the estimation of the carbon is satisfactory, the nitrogen 
estimation is not always so and particularly not in such cases where 
KJELDAHL’S method does not give good results. Buppr and ScHou 
themselves admit that for cyclic compounds, which have more than 
one nitrogen atom in the ring, their electrolytic method is quite as 
unsuitable as KJELDAHL’s process. This is, however, not quite cor- 
rect, for from the results of former investigators it appears that 
KJELDAHL’s method may give very reliable figures indeed in this 
case. It remains possible, however, that neither the electrolytic 
method nor the use of oxidising agents give good results in cases 
where accurate results are obtained by KJELDAHL’s method, as has 
been proved by Miss van AKeN in the second instance. 

PavuL Fritscw (Lispie’s Annalen 1897, 194, 79) describes a 
method for the determination of carbon and nitrogen in organic 
compounds by the moist process. It is, he says, a combination of 
MESSINGER’S carbon and KrtGErR’s nitrogen process with a slight 
modification and its essential feature is that the substance is placed 
in strong sulphuric acid and potassium dichromate added in small 
portions at the time. The gas evolved is passed by means of a 
current of air through a red hot tube filled with lead chromate and 
copper oxide and the CO, after having been dried is absorbed in a 
potash apparatus and weighed. From the residue, which is supposed 
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to contain the nitrogen in the form of ammonia, the latter is expelled 
by heating with an alkali and estimated by titration. 

His conclusion is that this method gives trustworthy figures for 
the carbon but not always so for the nitrogen; or, as he states a 
little further on, it is only adapted for such substances which, according 
to DaFERT, may be safely analysed by KsELDAHL’s nitrogen process, 
such as amides etc. 

But already the first amide which Miss vAN AKEN analysed in 
this manner, namely wrea, gave wrong figures for the nitrogen; 
only half the theoretical quantity was obtained. This not only 
caused the investigation of other amides but also and particularly 
the application of the process to many other kinds of urea derivatives. 
In the case of those substances which behaved abnormally a nitrogen 
determination was also made by the KsELDAHL method as modified 
by GunwNiNnG, which consists in the simple addition of a certain quan- 
tity of potassium sulphate, just to see in what cases the oxidising 
agent is the cause of the deficiency in nitrogen. A mutual compar- 
ison of those cases where a deficiency of nitrogen is found might 
then perhaps show why one amide gives good and another .one 
bad results. ; 

The selection of the substances was guided by a number of ques- 
tions which at once presented themselves on considering the matter. 

1st. Is the result influenced by the hydrogen atoms of the urea? 
In order to solve this question substances were analysed in which 
they were replaced by methyl-groups namely symetric and asymetric 
dimethylurea, also tetramethylurea. 

All three only yielded half of their nitrogen in the form of ammo- 
nia, consequently behaved exactly like urea itself. Acetylurea in which 
a negative atom-group replaces an /7-atom behaved similarly; the 
H-atoms, therefore, exercise no influence. 

9nd. Ts the result influenced by the oxygen of the urea? To an- 
swer this, thiourea, in which sulphur is substituted for oxygen, 
was analysed but this also yielded but half of the nitrogen as ammo- 
nia. The oxygen therefore, exercises no influence. 

3rd, What about cyclic urea derivatives? Of these rings with five 
and six polyvalent atoms were tested: viz. hydantoine, parabanic acid, 
dimethylparabanic acid, alloxan, allowantin, methy luracil and malon- 
ureid which all yielded half their nitrogen as ammonia. Further, 
dicyclic urea derivatives, combinations of a 5 and a 6 ring namely 
uric acid and caffeine which, strange to say, yielded invariably more, 
although not much more than half the theoretical amount. Finally, 
isocyanuric acid, which may be considered as a cyclic urea deriva- 
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tive with a 6 ring only yielded one-third. Thus while the simple 
cyclic urea derivatives behave like urea the more complex ones 
behave in a different manner. : 

4th, Tg it caused by the relative position of the two nitrogen atoms 
in the urea 1.1 or in other words by their close proximity? To 
throw some light on this problem analyses were made first of all 
of oxamide and symmetric dimethyloramide, in which two nitrogen 
atoms are linked to CO but in the position. 1.2, therefore not to the 
same C-atom. The result was that, although by KsgLDAHL’s method 
all the nitrogen was converted into ammonia, the oxidation process, 
although yielding more than one-half, still showed a considerable 
deficit. Malonamide and succinamide were also investigated. The 
first one with the position 1.3 gave less NH, than obtained by 
KsELDAHL’s method, but the deficit was not nearly so large as in 
the case of oxamide. The second one with the position 1.4 showed 
a somewhat larger deficit. 

It therefore, appears that the relative distance of the N-atoms 
from each other has an influence on the deficit. 

This agrees with the result yielded by an amide of an amino- 
acid, asparagine, which also showed a deficit; also with that of 
guanidine oxalate which yielded only one-third of the theoretical 
quantity. 

5th. Is the phenomenon also noticed in the case of amides of 
other acids than carboxylic acids such as sulphonic acids? Both 
benzenesulphonamide and benzenesulphondimethylamide were analysed 
and each showed a deficit. 

From the results obtained it is evident that the method of FrirscH 
cannot be used for the estimation of nitrogen without due control 
and that he is wrong in his conclusion that it may be employed in 
all cases where good results are obtainable by KJELDAHL’s process; 
this is not the case with all amides and not at all with urea deriva- 
tives. It also appears that, when using KsgLpaHL’s method, an oxi- 
dising agent such as chromic acid may cause a danger of finding 
too little nitrogen. 

Although this phenomenon depends perhaps within certain limits 
on circumstances which it is not always possible to control 
and which will cause the figures obtained to constantly vary, still 
it appears that the structure of the nitrogen compound, namely the 
relative proximity of the N atoms exercises a great influence on the 
same, a proximity which may be greater or smaller in open as well 
as in closed chains and depends on their relative position to each 
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other in the space. This result appears sufficiently important to 
warrant its early publication. 

Undoubtedly there are still other influences which are caused by 
the structure of the nitrogen compounds, but in order to study these 
a great many more substances will have to be tested. The research 
will, therefore, be continued. 


Microscopy. — Prof. J. W. Mout describes: “An apparatus for 
focussing the projecting-microscope from a distance.” 


In the new Botanical Laboratory of the University at Groningen 
the lecture-room is entirely arranged for the purpose of demonstration 
by means of projecting-apparatus. I intend to describe elsewhere 
the principal features of the general arrangements. Here I will 
only mention one special point. An important part of the projecting- 
apparatus is formed by the projecting-microscope, of which the 
magnifying power is 5000 diameters and more. With such highly 
magnified images it 18 of special importance that any part of the 
object can be brought to a sharp focus, which cannot be done by 
a person who is at some distance from the screen, so as to be unable 
to distinguish the finest details. Moreover the demonstrator who 
stands next to the screen must be able during his explanation con- 
tinually to alter the adjustment of the fine motion-screw, for the 
same reason which necessitates this adjustement when working with 
the ordinary microscope. 

If therefore high magnifications are often used in the projection, 
the sharp focussing cannot be left to the assistant at the apparatus, 
as is generally done in projecting photographic images. It is abso- 
lutely necessary that the lecturer himself has a complete control 
over the adjusting apparatus. In the laboratory at Groningen the 
distance between the screen and the projecting-apparatus is 6 M., 
while moreover the latter is placed in a separate small room adjoining 
the lecture-room. 

The idea, which naturally first presents itself, is that of an arran- 
gement by which the adjusting-screw of the microscope can, from 
the position of the lecturer, be moved at will in either direction. 
This could be done either by electrical transfer of power), or 


1) At the Dutch scientific and medical congress held at Rotterdam in April 1901 
an apparatus constructed on this principle was used by Dr. W. E1ntHoven, of which 
however I have not seen the details. 
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mechanically by a connecting rod or by means of so called “flexible 
tubing”, such as is used in boring apparatus of different kinds, e. g. 
by dental surgeons. ; 

In the present case however there is an objection to such a solution 
of the problem, viz. the bad construction of the adjusting-screw of 
the projecting-microscope. The projecting apparatus used at Groningen 
was made by the well known firm Newron & Cy., London. It 
is of excellent design 4) and is, according. to my experience, pref- 
erable to others. A great drawback however is that the workman- 
ship of the metallic parts is not always of the highest standard. 
Thus especially the screw for the fine adjustment is far inferior in 
quality to what is generally found in modern microscopes. 

In the case of high magnifications and with a distance of the 
screen of 6 M. extremely minute alterations of this distance corre- 
spond to large differences in focussing. No satisfactory result could 
thus be expected in this way. Also it proved to be very difficult 
to replace the bad screw by a better one. 

Thus I was led to another solution of the problem which appears 
to me to be very simple and effective. It is well known that by 
changing the distance between the ocular- and objective-glasses in 
an ordinary microscope, different levels of the object can be brought 
to a sharp focus. In this way the same end is obtained as by turning 
the adjusting-screw, and even somewhat better, as a motion of the 
ocular is equivalent to a considerably smaller motion of the screw. 
Consequently in the ordinary microscope a more exact focussing 
can be effected by means of the ocular-glass than by the adjusting- 
screw. 

RANVIER *) mentions that he has an arrangement fitted to his 
microscope by which a fine motion can be given to the ocular. 
This arrangement is used in delicate observations. 

Naturally the same principle can be applied to the projecting- 
microscope, and some preliminary experiments at once gave very 
satisfactory results. 

At first a wooden cross-beam was fixed before the microscope, and 
entirely free from it. The objective only was left on the microscope, 
the ocular being fixed on a wooden slide, or sledge, which was so 
connected to the cross-beam, that it could be moved through about 


yc. f. Lewis Wxicaut. Optical Projection. London 1891. This I think is the best 
work which has been written about methods of projection. The author is also the 
designer of the microscope by Newton & Cy. 

*) RanvieR Technisches Lehrbuch. 
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5 ¢.M. in a direction parallel to the axis of the microscope. The 
distance between the objective- and ocular-glasses could thus be 
altered by this amount. The motion of the slide towards the screen 
could be effected by a rope, the other end of which was held by 
the lecturer at the screen. When the rope was relaxed, the slide was 
pulled back towards the objective by a weight. The first experiments 
with this arrangement gave very satisfactory results. The focussing 
could be effected with at least the same sharpness as in the ordi- 
Nary microscope, and it was found easy to retain the slide for a 
considerable length of time in any position, when it was necessary 
that one particular levei should remain in focus for some time. 

Thus the principal featare of the arrangement was arrived at, 
and it was decided to erect a definitive apparatus. In order to secure 
the necessary stability for the permanent centring of the lenses, this 
apparatus was made of metal. It is represented in the fig’s A, G, H 
of the plate. 

Of course it was also necessary to provide a light-tight but movable 
connection between the objeetive- and ocular-glasses, and also a 
few other details required attention. Firstly it was found possible 
oy a simple device materially to increase the accuracy of the control 
over the motion of the slide. 

The rope runs from the projecting-apparatus upwards, and then 
along the ceiling of the lecture-room to a place above and beside 
the screen. There it is fixed to the circumference of a small wooden 
disc (15 in the figure) of which the diameter in 4,2 ¢.M. If this 
disc turns on its axis in such a direction that the rope is wound 
upon it, the slide consequently is drawn away from the objective. 
This disc is fixed concentrically to another larger disc (16) of 19,4 ¢.M. 
diameter, to the circumference of which the descending rope is so 
fixed that, when it is pulled, the rope of the smaller disc is wound 
up+). When the rope is relaxed by the demonstrator, the slide is pushed 
back towards the objective by a pair of strong springs, which replace 
the weight of the first arrangement. As a consequence of the intro- 
duction if this second (large) disc, very little force is required for 
moving the slide, notwithstanding the very strong counteraction 
of the steel springs. At the same time the range of motion of the 
slide, which in the definitive apparatus is 5.5 c.M., is increased 


1) Of course it is by no means necessary to place the disc-system exactly above 
and besie the screen. It can be placed anywhere in the course of the rope, according 


to local cireumstances. 
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to a range of + 26 c. M.}) for the motion of the hand. Thus 
a very fine ‘adjustment of the focus is made possible, and it is 
easy, while pulling the rope, to bring the slide to rest at 20 or 
more different positions during its motion in one direction. The 
relative accuracy of focussing is thus here considerably greater than 
with the ordinary microscope. 

Before proceeding to the description of the details of the apparatus 
I will still call attention to another point.. 

In the ordinary microscope, before the beginning of the observa- 
tions, the adjusting screw must occupy a mean position, in order 
to enable lower as well as higher levels of the object to be brought 
to focus, Similarly here the slide must occupy a mean position 
when not in use. The assistant at the microscope focusses 
on the middle level of the object by means of the adjusting screw, 
and the demonstrator must then be able by means of the rope to 
move the slide in either direction. For this purpose there is fixed 
to the end of the rope a handle (fig. 4) with a ring, which can 
be passed on a pin, which has been driven in the wall at a con- 
venient height. The length of the rope must be go adjusted that 
the slide is in the required mean position when the ring is on the 
pin. As the discs are high up in the room, the rope in the hand 
of the demonstrator is Jong, and he is free to move before the whole 
of the screen while holding it, in order to point out special details 
of the image. 

It will be seen that the arrangement is very simple and effective. 
There is however one drawback. When the ocular-glass is moved, 
the magnification and the illumination of the field are altered, 
however so slightly that it causes no inconvenience to the audience. 
As the ocular moves away from the objective the magnification is 
increased and the illumination is reduced. 

Also the changes of level, which are produced by a definite 
change of position of the ocular, decrease as the ocular moves away 
from the objective. For this reason the correct optical mean position 
is not the middle point of the range of motion of the slide, but a 
point nearer to the objective. The best mean position of the slide 
has been found by experience to be such that a motion of 2.2 ¢.M. 
towards the objective and of 3.3 c.M. towards the screen is possible. 
In this position of the slide the distance between the objective- 


*) Actually the range is somewhat larger (29 c. M.) probably owing to the exten- 
sibility of the ropes, 
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and ocular-glasses is equal to the length of the microscope-tube, 
which originally belonged to the microscope, viz. 15.5 c.M. The 
design of the lenses did not allow to bring the whole slide with 
the ocular nearer to the objective, with a view to increasing the 
illumination. 

Having thus explained the principal features I proceed to a 
detailed description of the apparatus as erected in my laboratory. 

As has been said above, the figures A, G, H of the plate represent 
a side-view of the whole apparatus and a section of some parts of 
it. On the left-hand side of the figure the front part of the projecting- 
microscope, is also shown. The ocular (8) is entirely free from the 
microscope and is mounted on the slide, which rests on a metallic 
cross-beam (10). This cross-beam is fixed before the microscope to 
two projecting rafters of the wall of the small room in which 
the projecting-apparatus is placed. The part of the rope from A 
to G is high up in the lecture-room. The two discs are shown at 
G, and H represents the handle with the ring, which is kept in its 
place by the pin p. 

The slide is shown separately, without the ocular, in fig. B, seen 
from above, and in C a part of it is shown in longitudinal section. 
D is a cross-section of the slide together with the cross-beam (10) 
on which the slide rests aud the ring (14), which carries the 
ocular-tube (7). 

Figures Ei and F' represent some other parts, which will be 
mentioned further on. 

Proceeding now to a more detailed description of the figures, I 
begin at the left hand side of fig. A, which shows that part of the 
microscope carrying the objective. At 1 we see the head of the 
bar of the projecting-microscope 1), which originally carried the 
whole apparatus. This bar is in my laboratory fixed in a kind of 
fork (2) of which fig. E gives a cross-section. The obliquely de- 
scending metal plates (a) are firmly connected to the wall of the 
room. They carry a bent piece of metal (4) in which the micro- 
scope-bar is fixed by the screw ¢ and the plate d. In fig. A the 
two adjustable pins (¢, ¢) are shown, by which the plate d is kept 
in position. This rigid mounting of the microscope has been found 


1) The projecting-apparatus of the laboratory | at Groningen is Newron’s new 
patent triple rotating electric lantern (N°. 5845 of the catalogue), ree is furnished 
with the patent electric lantern microscope and micro-polariscope ING; 5380, and a 
Brockin-PExt arc-lamp of 40 Amperes, The lantern is placed on an easily movable 


stand. 
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necessary independently of the focussing-apparatus described in this 
communication.’ During the microscopic projection the automatic 
centring of the lamp must now and then be corrected by hand and 
this causes vibrations of the microscope, which are very troublesome. 

The block 3 can be moved along the bar 1 by means of a 
toothed wheel (4). This block 3 originally carried the whole 
microscope-tube, but now it only supports the tube 9 in which 
the objective is fitted by means of the tube 6. The rough focussing 
is done by turning the head 4, while the finer adjustment is 
effected by means of the screw 5. Every thing that has been 
described so far belonged to the original apparatus, with the only 
exception of the objective tube 6 in which the ocular tube 7 
can slide in and out, without even at the most outward position 
admitting any troubling rays of light. Both the objective- and the 
ocular-tubes have a wider and a narrower part. This is not essential; 
it was only found necessary to make them thus, in order to be able 
to use the existing ocular and the existing tube 9, into which 
originally the whole microscope was fitted. When constructing a 
new apparatus, it would be better to make both tubes of a uniform 
width throughout. 

I now proceed to describe the details of the new part of the 
apparatus. The ocular-slide is carried by the cross-beam (10) of 
cast iron. As it is often necessary in the course of one and the 
same lecture to use alternately projection of microscopic preparations 
and other forms of projection, the whole apparatus must be easily 
removable. For this reason the cross-beam is hinged at one extrem- 
ity, so that it can be lifted up with the whole apparatus connected 
with it. In this position the beam is held by a hook, so that the 
space before the lantern comes free for another front. The other 
extremity of the beam is in the working position kept down by a 
catching arrangement, of which a section is shown in fig. F. The 
block d is fixed to a projecting rafter of the wall, and carries a 
catch-spring 6 which keeps the beam in its horizontal position. By 
the adjustable screw f any play which might exist between the beam 
and the spring, can be abolished. In order to prevent the handle H 
from sliding away from the pin p when the beam is lifted up, a 
rather heavy weight is fixed to the rope immediately above the 
projecting-apparatus. 

The sliding-apparatus itself consists of a base-plate (11) which 
is cast in one piece with the cross-beam 10. This plate carries 
two ridges (12) forming a dovetail-guiding for the slide 13, which 
carries the ocular, This slide carries a ring (14) in which the ocular- 
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tube 7 is fixed, which again carries the ocular 8. The slide 
13 has two projections of half-cylindrical form (yg), each containing 
a cylindrical hole. Two rods (h) occupy the central lines of these 
holes. These rods are fixed to the base-plate at i, 7. Their other 
extremities project through openings in the slide, which can thus 
move freely in either direction. Round these rods are two spiral 
springs which are compressed when the slide is moved towards 
the right, and therefore push it back towards the objective when 
the rope is relaxed. Round the part of each rod, which comes outside 
the hollow pieces g, is a brass tube which guides the spring and 
prevents it from bending. This detail is well shown in fig. C. 

On the slide is fixed a metal cross-piece which carries at its ends 
two cylindrical blocks / in which the ropes are fixed. These ropes 
run over the pulleys m,m and are joined together at a short distance 
above the apparatus. The combined rope then runs upwards and 
through the lecture-room to the disc 15 of fig. G, of which the 
diameter is 4.2 c.M. The diameter of the larger disc (16) is 19.4 ¢.M. 
The rope is made of twisted metallic wire +) of 2.1 m.M. diameter, 
which is very strong and inextensible. This is necessary with a 
view to the strong counteraction of the springs of the slide. 

In fig. H the handle for the demonstrator is shown. The required 
mean position of the slide can be arrived at, as already explained, 
by adjusting the length of the rope and the height of the pin p. 
But it may naturally be necessary afterwards to alter that adjust- 
ment, either because the rope may have been stretched, or if in a 
special case it is desired to use another mean position than usually. 
For this reason the handle is made hollow. The rod n can be slid 
in and out, and can be fixed at any required position by the screw o. 

During the course of lectures given in 1899—1900 the original 
wooden arrangement was used, and in !900—-1901 the metal apparatus 
here described. Experience has led me during this time to consider 
the apparatus as an indispensable auxiliary for the projecting- 
microscope. 

The apparatus was made according to my plans by the firm 
P. J. Kier & Sons, J. W. Gittay Opvolger at Delft; the rigid 
mounting for the microscope bar, the double disc and the adjustable 
handle were constructed by the amanuensis of the botanical laboratory, 


Mr. J. VEENHOFF. 
Groningen, 1901 June 22. 


1) yVerzinktes Drahtseil” of C. F. Rocutrtz, Berlin. 


Proceedings Royal Acad. Amsterdam, Vol 1V. 
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Mathematics.. — “A definite integral containing Bessel’s functions” 
by Prof. W. Kapreyn. : 


If Jn(é) and I, (t) are two Bessel’s functions of the first kind 
and of orders m and n, then 
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If we multiply the first equation by J, and the last by Jn, we 
find by subtraction 
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and as a special case 


From this formula many others may be deduced important for the 
theory of Bessel’s functions. 


Mathematics. — Mr. K. Bes: “Analytical determination of the 
ninth point in which two curves of degree three, passing through 
eight given points, intersect cach other.” (Communicated by 


Prof. J. CARDINAAL). 


Let 
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be the equations of two curves of degree three expressed in homo- 
geneous coordinates and let these curves have the eight points in 
common indicated by ai, y:, 2: (¢ from 1 to 8). 

The coefficients of the equations (1) form the assemblant 
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and the eight respectively independent systems of roots satisfying the 
equation (1) form the assemblant 
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These assemblants are supplementary. 

If the determinants contained in the assemblant (3) are represented 
in the usual way by Xi», X13 etc., the property of the supple- 
mentary assemblants can be expressed as follows: 


which constant quotient will be expressed by k. 
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At the 8th Physical and Medical Congress held at Rotterdam in 
the month of April last I gave a communication in the sub- 
section for pure and applied mathematics concerning the relations 
existing between the roots of m homogeneous equations with n+ 1 
variables and the coefficients of these equations, and I have pointed 
out ia. that for such a system of equations the following property 
exists: the products of the corresponding elements of the » systems 
of roots, satisfying this equation, stand in the same proportion as 
the resultants furnished by the system of equation, when every time 
one of the variables is made to disappear. 

This property provides us with the means of expressing the 
coordinates of the ninth point in the coordinates of the 8 given 
points. To do so we apply it to the system of equations (1) as follows: 


ATS ea ED SDE 7 i Sel a 
Py=0 Ry=0 Keo 


where 2, Yo, 2 represent the coordinates of the ninth point and 
Ryo, Ry—o, Reo the indicated resultants. 

We now obtain when paying attention to the signs + and — by 
which the resultants are affected: 
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The denominators of these fractions can be developed according 
to products of determinants contained in the assemblant (2) mich 
may be replaced in consequence of the equation (4) by determi- 
nants derived from the assemblant (3). 
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In this way we obtain for the first denominator the following 
reduction : 
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where we have turned to account the relation 
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existing between the determinants of the assemblant (3). 


By developing the other denominators of the equation (6) in the 
same way, we arrive, after omitting the factor 4°, at: 
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by which the coordinates of the ninth point are expressed in the 
coordinates of the 8 other points of intersection. 

The obtained results for the products of the corresponding coor- 
dinates of the 9 points are forms of the 724 degree. 

Observation: In quite the same way we can determine the 
eighth point common to three surfaces of the 2°¢ degree passing 
through 7 given points. We then obtain for the products of the 
corresponding coordinates of the 8 points expressions of the 56" degree. 


Physics. — J. C. ScuatkwisK: ‘Precise Isothermals V. The tso- 
thermal of hydrogen at 20°C. up to 60 atmospheres. (Com- 
munication N°. 70 (3% continuation) from the Physical Labo- 
ratory at Leiden, by Prof. H. KamMeRLINGH ONNEs). 


§ 1. The small number of observations made with hydrogen, of 
which the most important are those by Reanautt (Mém. de 1’Ac. 
XXI) going up to 28 Atm. and those by Amacat, of which the 
published results begin only at 100 atm., together with the small 
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reliability of the values, which can be derived from them for VAN 
per WAALS’ quantities a and b made me resolve to contribute to 
the investigation of the isothermal of hydrogen, which has for many 
years been under consideration in the Physical Laboratory at Leiden 
(comp. Comm. N°. 14 by Kamertincn Onnes, Proceedings of 
December 29 ’94) and to do this by again experimenting upon 
this gas at the ordinary temperature. 

The apparatus, methods and investigations discussed in the Pro- 
ceedings of Oct. 29 798, June 24th ’99, Dec. 29 00, Jan. 26% 
01 and May 25% ’01 (Comm. Nes. 44, 50, 67 and 70) allow us 
to make such a precise determination of pressure and volume that 
we can a priori count upon the possibility of determining the values 
to be ascribed to a and b by observations at pressures up to 60 atm. 

The hydrogen has been prepared as described in Comm. N°. 27, § 5 
(Proceedings of May 30 ’96) and N°. 60 § 22 (Proceedings of 
June 30 ’00). The four piezometer tubes were simultaneously filled 
at the apparatus, and were six times entirely exhausted by means of 
the mercury pump and heat, and then filled again. 


§ 2. The normal volume. To calculate each isothermal deter- 
mined by means of a piezometer it is of the highest importance to 
know the normal volume. It seems that in most of the measurements 
of other observers its determination has left much to be desired ; 
but KAMERLINGH ONNES’ arrangement of the piezometer tubes allows 
us, as will be seen from this section, to attain the degree of accuracy 
desired. 

Before being placed into the compression apparatus the piezometer 
tubes were brought into the water bath (represented Comm. N°. 50, 
Pl. 2, fig. 5) between the two brass walls of which water at 20°C. 
from the thermostate flowed during continual stirring. The inner 
copper vessel was closed at the upper end by means of an india 
rubber stopper, through which a thermometer had been passed and 
also an air tight connecting tube!) to the barometer, which tube 


1) This connecting tube could not easily be made at the lower end, as the inner 
copper vessel was standing loose on three corks, and a long tube reaching from the 
stopper to the bottom could not be used, as round the steel flanged tube cemented 
on the glass tube only half a centimeter space was left. (In order to prevent during 
the experiments the leakage of mercury, the hard red cement of MmnDELEJEFF at the 
Jower end was replaced by soft black cement, which moreover was covered at the 
jnside with an india rubber solution). In order to ascertain, that this connecting 
tube did not interfere with the attainment of equilibrium of pressure, the measurement 
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in order to prevent convection currents was bent entirely downwards 
outside the bath. The standard barometer has been mounted in an 
other room, and the connecting tube led thither under the floor; 
it was read by Mr. Boupin while I scmultaneously made a measu- 
rement of the difference in level of the mercury in the U-tube of 
the piezometer. It is this latter determination which most renders 
uncertain the measurement of pressure. For the diameter of the 
U-tube is only about 8 m.m., so that with the greatest height of the 
meniscus that occurs viz. 1.66 m.m. the depression becomes 0.69 m.m. 1) 
and a difference in diameter of 0.1 m.m. gives here already a difference 
of 0.03 m.m., while a difference in height of 0.1 m.m. gives a 
differeace in depression of 0.06 m.m. If moreover we take into 
account that the height of the mercury in the limbs of the U-tube 
is read through a water-layer of 6c.m. thickness, it is obvious that 
in the measurement mentioned an error may enter, which greatly 
diminishes the accuracy of the measurement of pressure otherwise 
to be expected in the rormal volume; this may certainly explain 
the fact that the difference between the largest and the smallest 


values of the normal volume with tube IV amounts to even 5350 
which under otherwise similar circumstances leads us to expect an 
accidental difference of 0.22 m.m. in the measurement of pressure. 
Only from many measurements and repeated mountings — of tube 
IV 17 were made on 5 different days and every day the apparatus 
was mounted anew — we can learn the normal volume with sufficient 


1 
accuracy, for the mean error then appeared to be i0.000° 
The volume occupied by the gas during these measurements was 
measured in entirely the same way as described in the Proceedings 


of May 25 ’01 (Comm. N°. 70, 24 continuation). 


for the determination of the normal volume of one of the piezometer tubes was made 
in four ways: 15%. with the connecting tube; 274. the connecting tube being disconnected 
from the waterbath; 3". the connecting tube being disconnected from thebarome ter; 
4th, without the connecting tube. These four kinds of observations agreed to 
Rees oF 
within S000" = 
1) In order to judge in how far the depressions occurring In my measurements agree 
with those given in MsnprLeyerr and GurKxowsky’s table I have measured directly 
some depressions for the given width of tube. These gave values pals sometimes 
differed mutually 0.05 m.m., and of which the mean was about 0.03 m.m. higher 
than in the table. To determine the influence of moisture, I lightly breathed into the 
tube; this greatly diminished the depression, while the height did not perceptibly 


decrease. 
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The temperature within this water bath was not so regular and 
constant as that of the water in the experiment described in the 
Proceedings of May 25 ’01 (Comm. N°. 70,°18* continuation) as 
owing to the much greater height of the water bath, its difference 
in level with the mixing vessel was much smaller so that the water 
currents became much weaker. Moreover the piezometer tube was 
not in the water itself, but in the inner reservoir and it was 
impossible to stir the air in that enclosed space. To form a judg- 
ment of it I give here the temperature readings on April 5 1900, 
the temperature of the room being 14° C. The thermometers were 
suspended against the piezometer tube, N°. 134 at the higher end 
near the small reservoir, N°. 135 in the middle against the steel 
flanged tube and N°. 29 at the lower end against the U-tube; the 
corrections of the thermometers have been applied. 


Thermometer. Calculated 
Time. mean 
No, 134. No. 135. No. 29. | temperature. 
4.10 20°.01 20°.07 20°.01° 20°.03° 
4.25 20°.01 20°.05 20°.00 20°.02 
4.53 19°.99 20°.03 199 192993 
5.07 19°.98 20°.01 192.97" 19°,98% 


Most days were however more favourable as for instance on 
May 7 1900. 


Time. | 2.06 | 2.24 | 2.32 | 2.43 


2.85 | 9.54 4.06 4,42 | 4.54 


4.19 | 4.27 


Mean temp. ||20°.02)/20° .02/20° .01/20° .01|20° .01/20° .01|20° .02 


20°.02 


20°. oa 03 


20° ‘a 


I give here for one of the tubes viz. N°. IV, the results of the 
measurement of the normal volume; the volume is expressed in c.c. 
and the pressure in c.m. of mercury at Leiden. 
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Date. Time. Volume. eh Product. Deviation. 
4 April. 4.10 174.265 74.074 12908 .0 — 1.2 
Hs all 4,25 258 .079 08.8 — 0.4 
Sie 4.10 14 138 10.6 + 1.4 
fe 4.25 .128 128 07.8 — 1.4 
eT 4.53 121 142 09.7 + 0.5 
0 5.07 118 151 11.0 +18 
Cs Ry 4.25 .030 182 09.8 + 0.6 
ey 4.39 .027 AT4 08.3 — 0.9 
Ta a 4.53 026 .176 08.5 — 0.7 
>» 4 5.17 024 .172 07.7 — 1.5 
USiyn 3.29 016 181 08.6 — 0.6 
ee 3.47 019 194 11.2 + 2.0 
inne 4,02 019 196 11.6 + 2.4 
7 a; 4,33 019 . 182 09.0 — 0.2 
D vines 8 3.29 107 149 09.8 + 0.6 
Pe we 3.50 106 .140 08.2 — 1.0 
hh 4,20 A107 .140 08.3 — 0.9 


The last column headed “Deviation” gives the difference between 
the mean value and the observed value; from it we calculate the 


mean error 1.22 which is of the value. 


1 
10,000 

In order to derive the normal volume from the value found I 
assumed that for the reduction of about 74 c.m. to 75,9467 c.m. 
(the height of the mercury at Leiden for 1 atm. at 45° northern 
latitude while the constant of gravitation at Leiden is taken as 
981.318!) and at 45° northern latitude as 980.63 *)) BoyLn’s Jaw 

1 : 

was sufficient (the deviation is of the order of 50.000) while I have 
taken @ =0.0036613 for the co-efficient of expansion. 


1) Derrorces and Bouregors 1892. 
2) Also accepted in GumLLaumn’s ”Thermomé¢trie.” 
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In the following table the normal volumes found have been com- 
bined and also the relative mean errors have been given 


Tube. A LAs 11. IV. 


Norm. Vol. 162.215 126 .025 132.135 158.380 
Mean error. 1 : 13000 1: 11000 1 : 12000 1 : 10000 


§ 3. The measurements at higher pressure. After the piezometer 
tubes have been placed in the compression apparatus and this has 
been connected with the open manometer, the heights of the mer- 
cury in them were read by means of a cathetometer of the Société 
Génevoise. Both rest on the same common foundation, isolated 
from the floor, and made by bridging over the firm pillars in the 
observation room with iron rails and stone slabs. 

To insure a constant temperature, the apparatus for the regular 
current of water at constant temperature was put in motion at 10.30 
a.m., and the water bath was constantly stirred, the apparatus was 
put under pressure at 12.30 p.m. and the measurements began at 
2.30 p.m. and were continued uninterruptedly till 5 p.m. without 
anything being changed in the apparatus; we might then be rea- 
sonably certain that the temperature measured with the thermometer 
agreed with that of the hydrogen and that equilibrium of pressure 
existed between the open and the closed manometers. For these 
measurements the height of the barometer must also be known, 
this was read on an aneroid, of which the correction had been care- 
fully determined. We took into account that the aneroid had been placed 
lower than the mercury in the manometer tube A. (Comm. 44 fig. I). 

It will hardly ever be possible to avoid very small leakages in 
the connecting tubes; in the measurements taken into account they 
were so small that they could not be discovered by means of soap 
solution. Hence the corrections which must be applied for the 
motion of the mercury owing to those leakages are very small; with 
a view to these corrections however all the readings must be made 
as symmetrically as possible and the time must be always noted 
for the mean mercury height both in the open and closed mano- 
meters. I will give here one observation (comp. the table of readings 
in the Proceedings of May 25% ’01, Comm. N°. 70), of which the 
calculation will be carried out as an instance. 
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Reading on Aug. 25th 1900. Tube ILL. 


Time. 5) GP) 


Barometer. 75.975 


Open Manometer. 


Thermometer ly t t, t t t t; t, 
Reading 19°.6 |19°.35/19°.23/19°¢88/19°°39| : 


T, = 19°.31 


Manom.tube A BI | Bin jeber 
above l. to r. |\276.53) 5.02 | 6.27 | 1.97 | 0.77 | 3.32 | 2.11 


Corrected. 19° .47|19° ,22/49° .07/419°.45]19° 24 | 


2.27 || £}— 300.32 


Time. | 4.00 


below r. to 1. || 28.26) 5.83 | 6.03 | 4.15 | 3.61 |10.15| 7.38 | 8.28 | 7.90 =} = 81.59 


Piezometer. 
Thermometer 19° .885 
Corrected. 19° .78° 
Time. 4.07 
Cathetom. reading Reading of level Temperature. 
top men. in tube 60 85) 19°.1 
level » uw iu 60.787 1.35 ” 
mark 50.9 60.832 1.5 a 
Hoban vaca 31.422 3.0 ’ 
uring glass. 2 
level in meas.gl. 31.284 3.15 ” 
Time. 4,11 
Barometer. 75 98° 
Open Manometer. 
Thermometer t ty t t, t t, ty its 
Reading 19°.5 119°.35/19°.3 [19°.83)19°. 28 
Corrected. 19° .47}19° .22/19°.12)19° . 43/19°.20 T, = 19°31 
tub A Br | Br | Bix | Bry | By | Byt | Bvir | Byur 
pelea er 98 .27| 8.86 | 6.04 | 4.21 | 3.70 | 10.25} 7.57 | 8.43 | 8.10 55 = 82.43 
above r. to l. po 5.00 | 6.18 | 1.89 | 0.66 | 3.19 | 1.94 | 1.89 | 2.16 £7 = 299.40 


a 
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For the way in which we derive from this the pressure at 4 p.m 
and 4.19 p.m::I refer back to the Proceedings of May 25% ’01 
(Comm. N°. 70 § 4); only the barometer height must be added to 
this, and it must be taken into account that the aneroid was on 
the same height as the zero of the measuring rod suspended between 
the limbs of tube A. The correction for the compression of the 
mercury was applied to pressures above 32 atm. (Comp. Proceedings 
of May 25% ’01, Comm, N°. 70 § 2. G.). . 

To obtain the pressure at 4.7 p.m. I assumed that the pressure 
varied proportionally with the time. 

The pressure now measured is that of the lower reservoir of the 
last manometer tube in use; the mercury height in this agreed 
always within a few centimeters with the height in the level-glass 
of the piezometers, The correction for the hydrostatical pressure 
in the gas, which transfers the pressure, may then be neglected. 

In measuring the exccss of pressure, caused by the difference in 
mercury level in the piezometer tube and in the level-glass, we 
must bear in mind that the temperatures of those columns are 
generally different. However the error is sure to remain within the 
limits of observation if we assume that the mercury in the steel 
flanged tube 10 c.m. below the water bath has reached the temper- 

August 25th TABLE I. 


rine [meee avi ot | Btn | CP float) Sa 
openmanom.| mercury. denehae ess. | depress. be. bade level gl. 

2.40 | 2639.47 | | . | 

2.48 75.91 31.418 0.110 | 19°.3 | — 0,098 | 32.23 

3.00°| 2638.36 

3.09 75.92 31.418 0.110 | 19°.3 | — 0 098 | 32.24 

3.205| 2636.63 

3.28 75.93 31.427 0.415 | 19°.2 | — 0.098 | 32.19 

3.40 2635 .09 

3.48 75.94 31.429 0.114 | 19°.41 | — 0.097 | 32.21 

4.00 2633.59 

4.07 75.95 31.426 0.107 | 19°.4 | — 0.097 | 32.22 

4.19 2631 .83 

4,265 75.96 31.423 0.414 | 19°. | — 0.C97 | 32,21 

4.38°| 2630.50 
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ature of the room; this height co-incided with the zero of the 
cathetometer scale. 

The preceding table gives the mercury heights to be summed for 
the measurements on Aug. 25% 1900. (Comp. p. 000). 

From the corrected mercury position in the open manometer 
reduced at the time of the observation augmented by the height of 
the barometer at the level of mercury and the corrected position of 
the level glass, the corrected height in the piezometer tube must 
be subtracted and to this we must apply the correction for the 
compression of the mercury; the pressure then found is that of the 
hydrogen at the temperature measured; in order to reduce this 
pressure to 20° C. I have assumed 0.003663 for the co-efficient of 
expansion of hydrogen, while the influence of the pressure on that 
co-efficient could be left out of consideration owing to the small 
deviation of the temperatures measured from 20° C. 

The pressure now measured is the one immediately above the 
mercury and hence the mean pressure of the hydrogen is lower. 
The greatest difference (when the mercury is at the lower end of the 
stem) however remains when p is the mean pressure in atm. below 
0.000004 » atm., which therefore may be neglected in comparison 
with p atm. 

And hence we obtain for the pressure the following calculation: 

August 25th TABLE II. 


! Reading} Corr. | ‘emp. |Corr. for ;Corrected)| Corr. Pressure Bie 
Time. | of for Pressure. of | i stm. 
piezom. | depr. | of H. | temp. | reading. I compr. H at 20° je0 Ni. 
2.40 
2.48 | 60.907 |0.115} 19.785 | —0.193| 60.829 || 0.00 | 2685.55 | 2687.52) 35.387 


3.09 | 60.897 | 0.127] 19.78° | —0.193] 60.831 || 0.00 | 2684.15 | 2686.12} 35.368 


3.28 | 60.881 | 0.117] 19.78° | —0.193} 60.805 || 0.00 | 2682.63 | 2684.60 | 35.348 


3.48 | 60.868 | 0.123] 19.785 | —0.193] 60.798 || 0.00 | 2681 .06 | 2683.03 | 35.327 


4.07 | 60.830 | 0.125 | 19.78° | —0.193) 60.782 || 0.00 | 2679.55 2681.52 | 35.307 


4.26°| 60.825 |0.126] 19.785 | —0.193| 60.758 | 0.00 | 2677.96 | 2679.93] 35,286 
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I have purposely given this series of observations as it appears 
from the foregoing table that there must have been a leakage on 
that day, which could however not be detected by means of soap 
solution; the observations on other days show a much smaller decrease 
of pressure; as for instance on July 11% when the pressure at 2.44 p. m. 
amounted to 36.898 atm. and at 4.35 p.m. to 36.871 atm. And 
yet it will appear that the decrease of pressure mentioned has had 
no disturbing influence on the equilibrium,. since the product of 
volume and pressure, bearing in mind the degree of accuracy attained, 
may be considered as sufficiently constant. 

For the measurement of the volume I refer back to the Proceedings 
of May 25% 1901 “The calibration of piezometer-tubes”. The following 
table has been calculated in the way described there. 


August 25th. TABLE III. 


Mark 50.9 
Section 0.1264 


Correction for elastic expansion of glass 0.0009 


level se Mean Redaced Mean 


Corrected} Specific- 


Time. da of | height Volume 
mark. | men.1)| men. length | section Volume | volume. 
2.40 


2.48 | —0.024 | 0.057 | 0.029 | 32.213 | 0.12690 | 4.0878 | 4.0887 | 0.030944 
3.00° 


3.09 | — 0.006 | 0.064 | 0.033 | 32.227 ” 4.0896 | 4.0905 | 0.030958 
3.205 
3.28 0.008 | 0.058 | 0.030 | 32.244 ” 4.0918 | 4.0927 | 0.030973 


3.40 
3.48 0.026 | 0.064 | 0.032 | 32.260 n | 4.0938 | 4.0947 | 0.030989 
4.00 
4.07 0.046 | 0.062 | 0.032 | 32.280 " 4.0963 | 4.0972 | 0.031008 
4.19 


4.26°| 0.064 | 0.063 | 0.033 | 32.297 ” 4.0985 | 4,0994 | 0.031024 
438° 


1) In Comm. N°. 67 § 7 I neglected to draw attention to the scale of reciprocals 
devised by Boys to facilitate the drawing of curves by their curvature. 
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The correction for the thermal expansion of glass may be neglected 
on account of the small deviation of the temperature from 20° C. 
For the calculation of the product of the specific volume and the 


pressure in atmospheres at 45° northern latitude the following table 
is obtained. 


August 25th TABLE IY. 


Pressure Specific 

Time PSY. 

Atm, 45° NL. volume 

| 

2.40 
2.48 35.386 0.030944 1.09498 
3.00° 
3.09 35.368 0.030958 1.09492 
3. 20° 
3.28 35.346 0.030973 1.09483 
3.40 
3.48 35.327 0.030989 1.09475 
4,00 
4.07 35.307 0.031008 1.09482 
4.19 
426° 35, 286 0.031024 1.09473 
438° 
Mean 35.337 0.030983 | 1.09484 


§ 4. Results. In the manner described above I have calculated 
every time the mean value for one pressure i.e. from 4—8 atm. 
for every atmosphere, from 8—16 for every 2 atm., from 16—32 
for every 4 atm. and from 32—64 atm. for every 8 atm. The 
values of PV for 4-8 atm. are not given here because when the 
apparatus was taken to pieces it appeared that the reservoir of 
tube JA had burst, so that the determination of the normal volume 


was valueless. 


8 
Proceedings Royal Acad, Amsterdam. Vol. IV. 
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I have tried to express the values found by a formula, and for 
this I have chosen the following expression: 


PV =a + fat 7@,}) 


where d= 1/V stands for the density of the gas with regard to that 
at 0° C. and 1 Atm. at 45° northern latitude. By means of the 
method of least squares I have calculated a, ? and y from 16 mean 
values derived from 107 measurements, where the equation which 
is obtained when V = 1 is taken to be absolutely correct and where 
the weight 1 is given to all measurements, while it was taken into 
account that the normal volume had been determined by means of 
REGNAULT’s coefficient of expansion @ = 0.0036613, which does not 
agree with CHAPPUIS’ coefficient of tension /? = 0.0036626. If the 
latter is taken to be correct, we obtain the following table, for 
which the mean errors have been derived by means of the weights 
from the mean errors of the observations to be given subsequently. 


Value. Weight Mean error. 
a 1.072,58 6,909. 0.000,003 
B 0.000,667° 6,914. - 0.000,003 
y 0.000,000,98 10 421,200. 0.000,000,08 


The following table gives the densities measured at different dates, 
the product PV corrected for the correct coefficient of expansion and 
its deviation from the values calculated from e, / and y. 


1) As appears from a development in series borrowed from AMAGAT's results, the 
term with d would be 0, while the term with d‘ has little influence below 60 atm, 
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Deed » 4.00 » 6.2399 7?) + Ol 
die? » 4.10 » 99 An} — 07 
Yew > » 4,22 » 91 7? | + 01 
Dad » 4,34 » 87 7 | — 06 
15 Aug. 1900 | 2.53 IIA 8.2352 1.07768 | — 47 
aed » 3.035 Dy) 45 7am} — 37 
Digg Dd » 3.16 » 52 6 | — 47 

» » » 3.26 » 45 7 | — 37 
Dee) » 3.36 » 38 s |) — Qi 

Dine ed » 3.47 » 25 a hea 4i 

Dan > D) 3.57 » 25 Oso rss 47 
28 «(yb » 3.25 » 447 Soo Q7 
» » » 3.35 » 47 8 | — Q7 
Vigo > » 3.45 » 33 80° | — Q7 
De RLD » S700 » 33 08 — 07 
ye) » 4.05 » 27 Gy); — 07 
De > » 4.16 » 20 4@) + 03 
i) » 4,26 » 20 1) + 03 
Dae) » 4.35 » 13 1) + 03 
On an average. 8.2385 1.07795 | —0.0002: 

16 Aug. 1900 | 2.57 JIA 10.5775 1.07978 | + 03 
a> » 3.09 » 64 88) + 43 
Ye » 3.20 » 64 2] + 03 
BS » 3.30 » 64 7} + 08 
» » » 3.44 » 64 7) + 03 
Dey) » 3.55 » 64 7 | + 03 
i Ie Re aia ep Ge -e oaP .07989 | -+0.00005 
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Date. | Time. | Tube. Density. PSG Deviation. 

17 Aug. 1900 | 3.04 IA 12.8353 1.08138 + 08 
> » 3.18 » 20 oo) + 2° 

Do » 3.32 » 287 68 | + 38 

ed » 3.45 » 71 6 | + 3° 

aa) » 3.58 » 54 58} + 2° 

yD » 4,14 » 22 of] + 2° 

On an average. 12.8285 | 1.0815* | +0.00028 

21 Aug. 1900 | 3.45 II 13.0097 1.08147 | + 04 
ya) » 4.00 » 78 Shy 08 

» » » 414 » 60 58] + 15 

yD » 4,27 » 42 6° | + 47 

DD » 4.44 » 25 6.) + Oy 

Le > » 4.57 » 07 7) + 97 

27» » 2.44 » 70 0a ae 98 
» » » 2.56 » 66 48 — 93 

» » » 3.08 » 66 47 = 96 

ep) » 3.22 » 49 Qo | _ 14 

yD » 3.36 » 39 g2 | —. QN 

>» » » 3.48 » Sil 40 ms 38 

On an average. 13.0053 1.08139 —0.0000: 

18 Aug. 1900 | 2.45 ILA 15.2835 1082925 03 
=D » 3.00 » 788 308 + 07 

yD » 3.21 » 88 Pe | a= 08 

Dy > » 3.35 » 65 308 + 07 

» » » 3.49 » 18 Qs + 97 

a) » 4,04 » 695 3s] 37 

» D » 4.19 » 48 58] + 57 

On an average. 15.2748 1.08319 | +0.00018 


ES I ee ee 
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Date. Time. | Tube. Density. PX V. | Deviation. 
22 Aug. 1900] 3.25 Il 16.6803 1.08382 | — 17 
D7 > » asa ve » 775 86 — 138 
» » » 3.49 » 56 se) — 1° 
» » » 4.00 » 39 8) — 1° 
» » » 4.11 » 31 72) — 27 
a) » 4,24 » 692 7 | — 2} 
On an average. 16.6750 1.08381 | —0.00018 
23 Aug. 1900 | 3.57 lil 21.2988 1.08769 | + 3° 
» » » 4.03 » 52 7) + 48 
» » » 4.26 » 15 6° | + 4i 
» » » 4.4 » 866 7 | + 5° 
On an average. 21.2930 | 1.08768 | +0.00048 
24 Aug. 1900} 3.00 IIL 25. 408 1.09087 | + 6° 
yy DS » 3.21 » 398 50) 32 
Dee » 3.39 » 92 1) — 0° 
Dy eee) » 3.56 » 87 8991 | — 2 
» » > 4 12 » 80 94 — Q2 
yD » 4.29 » 75 9; — 26 
On an average. 25.390 1.0902! | -+0.00004 
28 June 1900| 4.56 IV 26.524 1.09129 ; + 22 
29» » 4.05 » 624 4) 0° 
» » » 4,51 » 04 39} + 2p 
30 » » i 2.46 » 777 oO}; — 15 
ye) » 3.17 » 66 39 | + 1* 
>) » 3.54 » 50 i Q7 
DD hd: » 4,28 » 37 34 | + 2 
5 July » 411 » 86 9 | + 0? 
» » » 4,42 » 71 ia | 0° 
| 
On an average. 26.704 1.09123 | -+0.0001° 


aa a eS 
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Date. Time | Tube. Density. 1D Nie Deviation. 
7 July 1900. | 2.29 IV 29.956 4.09317 | — 2° 
> » 2.47 » Al 3° — 15 
y 2 » 3.09 » 37 06 = 3° 
yD » 3.24 » 35 0° _— 3° 
>» » » 3.44 » 20 4% — 25 
a) » 3.59 » 04 147; — 25 
> » 4.16 » 887 ye; — Q2 
ey) » 4.34 » 73 1 — 25 
On an average. 29.919 1.0931° | —0.00027 
95 Aug. 1900 | 2.48 lil 32.316 1.0949 | — 23 
>» » 3.09 » 01 927) — 98 
By = » 3.28 » 286 sl] — 38 
YD » 3.48 » 70 7 = 42 
» » » 4.07 » 50 8}; — 34 
a) » 4,26 » 53 71 — 2 
On an average. 32.276 1.09482 | —0.00034 
11 July 1900 | 2.44 IV 33.656 1.09629 | + 1? 
DD » 3.10 » 46 a 32 
yD » 3.30 » 47 Ai} 31 
yD » 3.52 » 4 2); + 0° 
yee a » 4.13 » 37 33) + 47 
Did » 4.35 » 34 2); + 08 
On an average. 33.644 | 1.0963* | +0.00018 
12 July 1900 | 2.43 1V 40.254 1.10083 | — 28 
Died » 3.05 » 11 go | — 04 
Dale » 3.28 » 167 Qi, | eee 07 
DaeeD » 3.54 » 93 ‘1s aet 05 
On an average. 40.189 1.10091 | —0.0001° 

| 
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Date. Time. | Tube. Density. Pe SUVS Deviation. 

13 July 1900 | 4.34 1V 47.218 1.10634 | + 03 
Da 4d » 4 59 » 165 a8) + 28 

On an average. 7.192 1.1064 | +0.00015s 

14 July 1900 | 3.01 IV 54.127 1.41179 | + ile 
» » » 3.26 » 069 6 | + 12 

» » » 3 56 > 3.987 6° | + 1° 

he » 4 22 » 23 a 0° 

» » » 4.55 » | 836 1°); — 1° 

On an average. 53.988 41.1115* | +0.0000: 


The agreement is satisfactory; it may be judged from the 


following table: 


Number of/Number of|Number of|Sum of the|Sum of the] Mean error 
obser- positive | negative positive | negative in 1 
vations. | deviations. | deviations. | deviations. | deviations. | measurement. 
Tube II A 39 22 17 0.00342 0.00328 | 0.0002 
yy AUOL 34 12 22 0.00365 0.00534 0.0003? 
oy Lk 34 20 14 0.00309 0.00288 0.0002 
Total 107 54 53 0.01019 0.01150 0.00025 
| 


The fourth tube gives the best agreement. With the value found 
for the mean error in one measurement, to which I had given the 
weight 1, I have also calculated the mean errors in the table for 


the values of a, ? and y. 


§ 5. We might calculate values of vAN DER WAALS’ a and 4 
from the values of @, /? andy, supposing that his original equation 
of state would hold for the same temperature within the limits of 
pressure mentioned. It is obvious that then the values of a and b 
must be corrected, because the terms with higher powers than the 
second power of density were neglected. If we want to calculate 
these corrections of a and b by means of the method of least squares, 
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we meet with the difficulty that the terms containing the second 
powers of those corrections cannot be neglected in comparison with 
the terms containing the first power, because although each of these 
are much larger, they yet partia!ly neutralize each other. A calcula- 
tion in which the terms mentioned were kept, did not give a good 
result. Therefore by means of the value of 4, derived by approxima- 
tion from @, # and y, viz. 6— 0.0009, I have calculated the cor- 
rection term, which vaN DER Waats’ formula requires in addition 
to the terms used, viz. #7’ b3 d3 (1—éd), subtracted this value from 
PV and have equalized the derived value to a + ’d + y'd’, from 
which is found: 


= 1, 07258; 
/3' = 0.000670, 
v' = 0.00000088. 
By putting: 
@ nF, 
[' = RTb—a, 
y' = RTO’, 
we find: 


a= 0.00030, ma= 0.000042, 
b= 0.00091, ms, = 0.00004, 


Finally let us compare our results with those of ReanavuLt and 
AmaGAT. The values determined by me are indicated in the figure 
by circles, those found by ReGNAULT by squares; in this I have 
supposed that at the lowest pressure ReGNaULT’s result and mine 
were the same; after this the other points have been drawn. 

From a development in series, calculated from AMAGAT’s obser- 
vations at 0°, 15°.4 and 47.°3 C©., we find by means of interpolation: 


PV_9° = 1.07252 -L 0.000719 i ee 

If we substitute V = 0.01129, Amaaat’s greatest volume at 
15°.5 C. we find PVo° = 1.1414 (PVj;°., = 1.1290), while from 
the values of @, /? and y we obtain PV.,° = 1.1394 and from the 
original equation of VAN DER WaaLs with the given values of 
a and 6: PVgo° = 1.1401. 
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Physics. — Communication N°. 71 from the Physical Laboratory 
at Leiden by Prof. H. KamertincH Onnes: “Expression of 
the equation of state of gases and liquids by means of series.” 


§ 1. I have followed in this communication a different method in 
considering the equation of state than has been done up to now. 
Various methods have been tried to empirically derive functions of 
v and ¢ for VAN DER Waats’ a and b by means of kinetic or ther- 
modynamic considerations, but without obtaining a good agreement 
with the observations over the whole range of the equation of state. 
Neither was I successful in similar attempts which were repeatedly 
occasioned by my continued research on the corresponding states and 
other investigations resulting from them at the Leiden laboratory. 
Whenever I seemed to have found an empirical form, I discovered 
after having tested it more closely that it appeared useful only 
within a limited range to complete what had been found in a purely 
theoretical way by vAN DER WAALS and BottzMann. Hence it 
appeared to me more and more desirable to combine systematically the 
entire experimental material on the isothermals of gases and liquids as 
independently as possible from theoretical considerations and to express 
them by series. The idea of making this attempt and executing the 
elaborate calculations required ripened gradually on talking the matter 
over with my friend Dr. E. F. van DE SANDE BAKHUIJZEN, and 
many thanks are due to him for his advice in arranging and exe- 
cuting all the stages of those calculations. 


§ 2. My calculations, in so far as they are given in this paper 
comprise AMAGAT’s observations!) relating to hydrogen, oxygen, 
nitrogen and carbon dioxide. 

Although I had in mind the development of the equation of state 
p=f(»,T) in a convergent double infinite series in terms of the 


1 : 
molecular density — and the absolute temperature, it follows from 
) 


the nature of the subject that we can only obtain a representation 
by a polynomial of a limited number of terms, and we need not 
wonder that this polynomial does not even converge for all densities. 
Each co-efficient of such a polynomial can be determined for an 
individual isotherm only when the polynomial consists of a moderate 
number of terms. Only in this way we can obtain a good agreement 
at the first calculation. ‘Therefore the polynomial must be derived 


1) Ann. de Ch. et de Phys. 6e Sér. t. XXIX, 1893. 
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rom the infinite series not only by approximate combination of the 
remainder to some terms, but also through suitable omission of inter- 
mediate terms. f 

It must be borne in mind, that the co-efficients of each of the 
remaining terms will have to be also expressed by a contracted series in 
terms of the temperature and hence it is obvious that we must try in the 
first place to bring about an agreement with a number of terms as 
small as possible but equal for all temperatures. 

But for this it is not sufficient to pay attention to one substance 
only. The range of temperatures for which precise observations have 
been made in the case of single substances, is too limited for each 
of those substances to derive from them the way in which the co- 
efficients of the terms of an isothermal are dependent on the tem- 
perature. We are still far from having realised the idea which has 
occupied me for many years viz. that of the precise determination 
of the isothermals of hydrogen at temperatures going down to its 
boiling point and lower. To a certain extent it is possible to sub- 
stitute for the investigation of one single substance over the whole 
range of the equation of state, that of several others within diffe- 
rent limits, namely when we combine by means of the law of cor- 
responding states the portions of the ranges of reduced temperature 
and density given by each of the substances investigated. 

It is true that the various substances are not rigidly mechani- 
cally similar. Some time ago VAN DER WaAdAts has especially made 
clear how the different degrees of compressibility of the molecules 
(in connection with the number of degrees of freedom) will show 
themselves by a difference in the equations of state of various sub- 
stances. And instead of neglecting the deviations in order to arrive 
at the general equation of state we should be inclined to do the 
reverse and start from the complete equation of state of each sub- 
stance, in order to express the deviations from the law of the corre- 
sponding states as functions of reduced temperature and pressure, 
these deviations being small for substances belonging to one group, 
and somewhat larger for substances belonging to different groups ?) 
consisting of mutually almost mechanically similar substances. But so 
Jong as the observations have not proceeded further the method described 
will be the only way to determine as function of the temperature 
the coefficients of the simple terms in an isothermal developed with 
regard to density, which I will call virial co-efficients, and to forma 


') Kameriincu Onnes, Proceedings Royal Acad. of Science 1881, p. 11. 
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representation of the equation of state, given by the observations. 

I will not enlarge on the way in which the differences in the 
combined reduced equations of state will show themselves in the 
variation of the reduced virial co-efficients with the reduced tempe- 
rature. We will only remark here that the number of terms in our 
polynomials must be chosen so that all the isothermals of the dif- 
ferent substances which we consider in our calculations can be 
represented by means of co-efficients, each of which can be taken 
as derived from the observations. 

The more substances are considered the more difficulties arise. 
Therefore besides hydrogen, oxygen and nitrogen we have taken 
only carbon dioxide, and so the range covered does not extend far 
below the critical temperature. 

From the standpoint { have chosen the results obtained are to 
be considered only as the first preliminary data in our method of 
investigation. A similar calculation will I dare say be required for 
any investigation. And even if my further calculations would fall 
short of my expectations the results obtained will be valuable for 
further investigations by others on the equation of state. They will 
represent the observations over which they extend in a concise and 
easily handled form. This is the reason that I no longer delay the 
publication. 


§ 3. For the development in series the following form was chosen : 


B C D E F 
+ Sa 


v v 


(1) 


pu= At 


where p represents the pressure in atmospheres (45° northern lati- 
tude), v the volume of the molecular weight ') the unit being chosen 
so that v is expressed in the theoretical normal volume *) and the 
value for A at 0°C. is 


PARR ts Seay eyed ci agit ae (IL) 


(I) can also be considered as the series 
B C 
— ata 7s ated Oe UE tee VA 
pv ae A oe v ae v2 - 


1) Verh. Kon. Akad. v. Wet. 1881, p. bei: ; 
2) Comp. Communication No. 47 cont § 2 Vebr. 799. 


with the remainder !) 


i 


The case of the densities at which Z may be neglected is suffi- 
ciently important to direct special attention to the co-efficients B and C. 


fi 
With regard toaterm >, it appeared that for the isothermals of 
v 


60° C. (and less decisively for those of 10° C.) of carbon dioxide 
the best agreement was obtained when J’=0. This also decided 
the choice of even or odd terms either of which could be kept 
in the remainder. At first it seemed as if with great densities 


an G 
and low temperatures a further addition of — could give a better 
Uv 
agreement, but afterwards this was found to be unnecessary. 


After 


Bel chine ae aug . 
BY 4 TC spanlggauay aii seal oe eine ssl iace AAO E) 


were investigated a large number of forms at 40° C. 


B C D E F 
=—A+— Bis Rell TESA: tM TS ° 
pe ae aan ase Gay ZINE er Te Gam (40° Z) 
B C D E F 
A — pee CS ee Seep ° 
pe tS sini (ee) Ree Gane Bae Ga sits Gay)! (40° IZ) 


1) It will also be possible to write vAN DER Waats’ original equation of state: 


RTb—a_ RT? 
pu RT + age et a 24 


RT 


with Z= ———_., 
v*(v—b) 
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~ Qy 
B C 7 D —y 
es “bck Sd, pa rss 25 
P i v Be ea sac esas as 
a7 ay 
Se E wy F o—y : 
10 Cm ig ee e (40° Z/T) 
CG Dp Y Sy ie 
AP ahi Pie Pages area Set in Mar me 0) 
2v 3v 4v 
7 


The reasons for trying all of which in connection with VAN DER 
WAALS’ equation may easily be seen, but they proved less suitable 
for the calcnlations than (1) and (40° V) while at a nearer inves- 
tigation (I) appeared to be the most suitable. 

It is remarkable that whereas our theoretical representations 
would lead us to forms as (40° J,JJ,JII,IV), the calculation of 
differences requires a form as (I). 

The development in series (I) relates to the theoretical normal 
volume as unit of volume. AMaGaAT gives the volume expressed in 
the normal volume; if we call this vy and that given by AMaGat v, 
then 


v == U4 UN ° e « ° . ° e ° e (2) 


If we apply AMAGAT’s results to 


By C4 Da Ey I4 
y—.| i 
vp at vA + var + vy" 45 v48 v vad (I) 


then we have 


A AsUN; B= By vy; C= Cin; Uy on, og (3) 


further for t= 0° C. 


Bo Co 
bJ — A ———_ ot .° — — e e ° 4 
=. 1k vy ct vy T; Ago Ado (4) 
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and 
Ago =1—(Bao + Cao + Dao + E4o + Fao). « + (5) 


A . 
We put as condition —=1 + 0.0036625¢1) (where Ao=1) or in 
0 


other words we assume that formula (I) would show that at infinite 
volume the idea] gaseous state would exist. Hence follows with (3) 
and (1) ; 


Aar=Ar Ago = Avo (1 + 0.0086625%) . . . (6) 


The calculations were begun with preliminary approximations ; 
at the second approximation we worked with 


| Carbon dioxide 


Oxygen. | Nitrogen. | Hydrogen. 


49 = | 1.00706 | 1.00092 | 1.00038 | 0.99932 


The co-efficients B4, Ca, Da, Ea, F4, for each isotherm were now 
found to first approximation by solving the 5 equations following 
from 5 well-chosen observations, and then by successive calculation 
of differences without using least squares, were corrected as much 
as possible. The results obtained in this way individually for all the 
isothermals investigated are combined in the following table. 

The first column gives the substance and the temperature, for 
which AMAGAT has measured the isothermal. The second column 
indicates the solution for the five co-efficients, which gave the 
best agreement with this isothermal. Co-efficients which had to 
be assumed in those cases where the range of densities was not 
sufficient to determine 5 co-efficients individually are placed in 
brackets; this was the case with the higher temperatures for hydrogen, 
nitrogen, oxygen, where the pressures do not reach 3000 atm. as with 
the lower temperatures, but go only up to 1000 atm., and with tem- 
peratures below the critical temperature of carbon dioxide where 
the labile region occasions a similar uncertainty. 


1) In comparing with Comm. N°. 60 on the co-efficient of pressure variation of hydrogen 
it must be remembered that the calculations were begun before that communication. 
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The isothermals gave special difficulties below the critical tempe- 
rature. Here one of the equations was obtained by means of MAXWELL’s 
criterium. Let pm be the maximum vapour-pressure, v, the liquid 
volume and vg the vapour volume under this pressure then 


1 1 
Pm (va — v») =| (tog vd —log ~) — B ( — ) 
Ud Vy 
1 1 1 1 
Se eee 
2 vg? Vy2 4 vd" Vy" 
ii ] 1 1 1 1 
tag = B)- 
6 vg Vy? 8 vg? Vy? (7) 


AMAGAT gives for carbon dioxide the following densities 0 (in G. per 
c.c.) and maximum vapour pressures in atmospheres (Table N°. 28). 


| Ov Od | Pm 


0° | 0.914] [0.921j | 0.096 | [0.098] | 34.3 
10° | 0.856 0.133 AL 2 
20° | 0.766 0.190 
30° | 0.598 | [0.607] | 0.334 | (0.312) | 70.7 


56.3 


In order to arrive at a good representation with a constant pm 
it appeared to be desirable in some cases to modify 0, and dg a 
little; the values used are added in this table between brackets. 

The calculations were made by means of the equation obtained 
from (7) by using v4; the reduction of 0 to v4 was carried out 
(comp. Communication N°. 47 cont. § 2. Febr. ’99) with 


10-3) ee 
VA = 5 . 


Hydrogen 200°.25 
99.25 
47,3 
15.4 
0. 


Nitrogen 199.5 
99.45 
43.6 
16.0 
0. 


Oxygen 199.5 
99.5 
15.6 

0. 


Carb. dioxide 258 
198 


IV 
lil 


II 


I[--LI-+-1V-+-V 


4 
V+ VI 
2 
II 
Ill 


VII 
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103. Ba 


4 1.317 
+ 1.0872 


+ 0.75874 
+ 0.66815 


+ 1.1952 
++ 0.44303 


— 0.24806 
— 0.37215 


+ 0.47381 
— 0.12073 
— 0.78278 
— 0.92953 


10°. Ca 


4. 0.80723 
+ 0.60637 


+ 0.54346 
++ 0.67030 


+. 4.5383 
+ 3.5048 


+ 2.7636 
4. 2.6217 


+ 2.97 
} 2.4644 
-f 2.1925 
+ 2.2934 


+ 8.7762 
8.7740 
9.4540 

10.004 
10.338 
10.554 
11.159 
41.747 
12.192 


13.712 
13.585 
14.109 
—14.904 


402, Da 


+ 2.1460 
+ 1.9865 
+ 1.8251 
4. 1.2958 


15.318 
13.935 


+11.090 
+ 9.7774 


+ 7.3280 
+ 8.7202 
-+- 3.3320 
+. 2.2395 


— 4.4031 
7.2828 
15.612 
22.078 
24.517 
24.677 
29.716 
31.681 
33.234 


MA .372 
38.984 
45 .860 
—43 .362 


Virial coefficients for individual isothermals. First approximation. 


1018. La 


(— 1.5000] 
[— 14.5000] 


— 1.9387 
— 1.0448 


[-++ 2.5000] 
[-++ 2.5000] 


+ 4.7792 
10.016 


[+ 2.5000] 
[++ 2.5000} 
+ 7.5866 
+ 9.1032 


+ 125.15 
90.025 
103,27 
$34.75 
136.57 
124.37 
137.98 
124.58 
121.52 


[120.00] 
(119.72) 
[120.00} 
[+ 120.00} 


1074, Fa 


oe OS ee 


[++ 0.5000] 
[+ 0.5000] 


++ 0.86681 
+ 0.36488 


[0.00003 
[0.0000] 


+ 0.28805 
— 7.3740 


[0.0000] 
[0.0000] 
— 5.2394 
— 6.3161 


— 117.00 
12.416 
26.442 
94.265 
92.657 
68 . 432 
85.546 
43.496 

— 39.039 


-+- 25.012 
— 30.025 
— 57.765 
— 32.645 
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These virial coefficients relate to the normal volume as unit. 
In order to judge of the agreement the differences of the observed 
(O.) and the computed (C.) pa are given here in units of the 
fourth decimal and in percents of pv4 for carbon dioxide at 60° C. 


and hydrogen at 15°.4 C. 


CARBON DIO XID B£. 60°. HYDROGEN 15°.4, 
Tab. N°. 14 Am. | Tab. N°, 13 Am. Tab. N°. 8 Am. | Tab. N°. 4 Am. 

=a 1 
Eo 1. 0:-C!t In ptt. ||P. O.-C._ | In pCt. Pe Or CanetaepOteniis be 0.-C. | In pCt. 
25 ne 81 04 50S On SOY 100 | +- 17/4 0.1 || 700.) + 27 | +. 0.2 
48|—8)—0.1]|| 75] + 97|/+0.3 4805). 20.0 "800.141 Ok incl 04 
BO = 9 |. 0.1 i 100 0 0 200 ).— 8]... 0.0" 900)= 42) — 0.2 
534 — 4 00 6 195 fo ot 0 230 | + 14] + 0.1 || 1000 | — 38 | — 0.2 
BS it. 0.0 |) 1830/-+ 9/+40.2 300 AT O.4 1100 fae AL |e 0,9 
60 | —1 0709) 17S" 85 = 0:8 350 | — 12] — 0.1 || 1200°| + 63 | 4. 0.3 
65 0 0.0 |; 20/+ 2 0 400 | — 16] — 0.4 || 1300 | + 48 | + 0.3 
68 | + 2 OMA O25 4 0 480 | — 8| — 01 || 1400] + 48} + 0.2 
70 | 4.1 P.0de280 ) 15 40. 41.0.2 500 | — 3] 0:0 || 1500] -+ 36] + 0.2 
7 i or G.ON Soe 3 0.0 380 | + 4) 0.0 || 1600} + 19) + 0.1 
BO a 0.413000 96 | 0A GOOF PSy —“OsOa4 700, | 2S Ski 0:2 
s5|— 4) —0.1 || 350/+ 27/+0.4| | 6830/4 7} 0.0 || 1800) — 26] — 0.4 
9|—2) 0.0|| soo] + 21/+0.2|| 700}— 8} 0.0]] 1900/4 10] 0.0 
95 Oh 10:0 1) 450-!"4-" 3 0 750 | — 8| — 0.1 || 2000; — 9 0.0 
100 0 0.0 || $00) + 29] + 0.3 800 | — 26] — 0.2 || 2100; + 6 0.0 
110 | 4-8 | 0.1 || 350 0 0 850.) — 50) — 0,3 || 2200) +- 33 } + 0.2 
6000 t= 4000 0N3 900 | — 40} — 0.2 |} 2300 | + 77 | + 0.3 
650m" 3310.8 950 | — 59} — 0.3 || 2400 | 4- 113 | + 0.4 
700 |-— 10| — 0.4 | | 1000 | — 63} — 0.4 || 2500 | + 89] +0.3 
TO dite) SONG OLA 2600 | + 149 | + 0.5 
800 | + 42/+0.3 2700 | + 71 | 4+ 0.3 
Soar as 0.3 2800 | + 2 0.0 
900 | — 32!— 0.2 2900 | — 85 | — 0.3 
950 | — 194 | — 1.14 3000 | ~ 146 | — 0.5 

1000 | — 444 | — 2.4 X rc 


Proceedings Royal Acad. Amsterdam. Vol. Me 
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There are some cases that are less favourable, but considering the 
agreement with the isothermals which are represented by the system 
of co-efficients, Ba, Ca, Da, Ea, Fa, the regular course of these 
co-efficients with the temperature may be adduced as a proof that 
the co-efficients obtained have not only importance for the calcula- 
tions but have also a physical meaning. Even if some difficulties 
remain as with the densities of carbon dioxide at pressures above 
850 atm. and with the densities in the neighbourhood of saturation, 
the choice of six terms in the polynomial appears in reasonably 
good agreement with the nature of the problem and the accuracy 
of the observations. 


3 4. In order to express the virial co-efficients as functions of 
temperature we introduce the reduced quantities: 


p= — : p= — r) — . e f 5 5 (8) 


where & relates to the critical state. 
Then (I) changes into: 


ae ¥ ¢ D g g 
1 PY A» v i? »? * Aas ii 18 y® if AS y8 


where 2, 3, © D, © and § are functions of t and 


AO PEE Hee ee 
= +S) 
while 
A C 
4— — ; S — ——_,,,2 
(10) 
Des 7p Pk = —— pi ’ Ss a 
Ty Ty T 12 
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or with (3) 
Ag ae aA Ca 
b Ty UN D= pa heen? , &= park we 
S11) 
A * 
Da A ppt oy? E= ey Pee vw! : B= Ty i ow 


gives on the one hand the connection of the reduced virial co- 
efficients with the virial co-efficients expressed with regard to the 
theoretical normal volume as unit, on the other hand with the 
virial co-efficients expressed with regard to the normal volume as unit. 

We attribute to 4 the same value for all substances, which gives 
the advantage that in the reduction calculations the pz and Tx, 
which generally are much more accurately known than vx, can be 
used. 

The calculations are made with the following 


Data and reduction factors. 


Hydrogen. Nitrogen. Oxygen. | eae 
T, 38.5 Oxsz. 127 Oxsz. | 154.2 Oxsz. | 304.45 Am. 
Pe 20 Otsz. 35 Oxsz. | 50.701nsz. | 72.9 Am. 
log B— log Ba + 5; 3.13070 2.33614 2.32890 1.88988 
log © — log C4 + 5| 2.84657 1.77625 1.84628 1.26619 
log D— log Dz + 6 3.27830 1.65646 1.88105 1.01880 
log E —log Ey +7 3.71003 1.53667 1.915814 0.77144 | 
log § —log Fa + 8 4.14176 1.41688 1.95057 0.52402 


The reduced virial co-efficients of all the substances together 
found in this way show already in their relation to the reduced 
temperature (rounded off in the following table) the same regularity 
as we found for the non-reduced numbers for a single substance, 
another proof, that the virial co-efficients have a real meaning. 

In the following table, in which the reduced virial co-efficients 
are combined I have omitted those which would be obtained from 


the assumed co-efficients [ ] in the table of § 3 
Q* 
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Reduced virial co-efficients from individual isotherms to first approximation. 


_ 


10.H | 102.6 1018, D | 10.2E | 1082.5 
| 
12.29 | Hydrogen 200°.25) + 1812.76 | ++ 866.98 | + 4073.4 
9.67 99.25] + 1428.43 | + 425.90 | + 3770.4 
8.32 47.3 
7.49 15.4 | + 1018.38 | ++ 381.72 | + 3464.1 | — 9943 | + 12014 
7.09 o | +4 92.78) -+ 470.79 | + 2459.5 | — 5389 | 4 3087 
3.72 | Nitrogen 199.5 | + 959.16 | + 271.11 | + 694.46 
| 

3.06 | Oxygen 199.5 | + 100.98 + 206.48 + 357.22 
2.93 | Nitrogen 99.45) + 96.07 | + 209.36 | + 632.69 
2.49 » 43.6 
2.42 | Oxygen 99.5|— 28.75 | +.172.98| + 434.96 
2.98 | Nitrogen 16.0|— 83.79 | -+ 163.09 | + 802.81} 4 164.4] 4+ 7.4 
2.45 » 0 |— 80.70 | + 136.61 | + 443.27 | + 344.6 | — 192.6 
4.87 | Oxygen 18.6 | — 166.93 |. + 183.89 | + 253.36 | + 628.0 | — 467.6 
£74k 0 |— 419823) + 160.95| 4+ 170.99 | + 749.9 | — $63.7 
4.745)|Carbon dioxide 258 
eS aan 198} — 230.41 | + 162.00} — 45.98 | + 739.4) — 391.0 
4.347 137] — 299.30] + 161.96|— 76.05 | 4+ 831.8] — 41.5 
4.226 too, — 346.97) + 174.81 | — 163.02) + 610.1| — 88.4 
4.193 90| — 364.89 | 4 18463 | — 230.84 | + 796.1 | — 318.0 
4.160 80 — 380.46 | + 190.82} — 236.01 | + 806.8 | — 309.7 
142% 70| — 395.77 | + 194.81 | — 287.69 | 4 734.7 | — 298.7 
1.094 60| — 414.37 | + 208.97| — 310.30 | + 813.4 | — 288.9 
1.061 $0| — 434.67 | + 216.83 | — 330 83 | + 736.0 | — 145.4 
1.028 40] — 484.02 | + 295.05] — 347.03 | + 717.9 | — 130.8 
1.012 33 
4.002 32 
0.996 30| — 483.74 | + 233.09 | — 432.02 2560.6 
0.963 20) — 497.83 | + 230.76 | — 497.07 — 100.3 
0.930 10/ — 519.13} + 260.43 | — 488.00 — 193.1 
0.897 0| — 846.37 | + 278.09 | — 489.79 — 109.1 
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§ 5. Because of the approach to the ideal gas-state at high 
temperatures, it is desirable in developing the reduced virial co-effici- 


ents with regard to t,to start from t and to take polynomials one 
t 


The linear form in ¢ is insufficient. It is obvious that for instance 
€ = © t + & is altogether unsatisfactory. Some calculations made 


us suppose that by means of such terms as ft e ‘ some peculiarities 
in the course of the functions could be represented, and that then c 
might be chosen nearly equal to 1. Such terms (giving also after the 
development terms in !/t) can easily be brought into connection with 
the idea of the collisions as dissociation phenomenon, and as in a 


development in series of an equation of state which takes this into 
2 
account, terms t e ¢ could also be expected, a term of this furm was 


immediately taken into consideration. Although for the representation 
of 3 and € the three terms considered were sufficient, for D it was 


1 ; 
necessary to introduce still more terms and we returned to = ; this 


was also used with € and §. So the first approximation for the 
reduced virial co-efficients was obtained. 


Et 
t 


1 
108, 3 = + 499.79 t— 297.66 te tr — 21.74 te 


2 
1011, @ = + 141.725t— 149,828 tet +.67.367 te ¢ 


\ 2 
1018, D = + 587.74 t — 313.26 te t+ 139.87 te ¢ — 1145.93 — 


ie 1 
1025, © —= — 8448.85t-+ 6594.51 tet — 8793.16 — 


1 1 
1032, § = + 9067.14t— 7116.56t6 t + 10152.19 — 


In the following table are combined the deviations between the 
virial co-efficients derived from these reduced virial co-efficient with 
regard to the normal volume and those immediately derived from 


the observation in the table of § 3. 


Deviations of the virial coefficients in first approximation. 
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1° AB | 10 ac 102 AD | 10% aw } 10% a F 
Hydrogen 200°.25) — 0.0348 | — 0.2164 | — 0.4765 | [+1.7441} | (— 0.7546] 
99.25 | + 0.0343 | — 0.19782 | — 0.0818 | £+0.8185] | [— 0.3983] 
47.3 . 
15.4 | + 0.02623 | — 0.08029 | + 0.2780 | — 0.3770 | + 0.2642 
0. | —- 0.00466 | + 0.07947 | — 0.1601 | + 0.3798 | — 0.1849 
Nitrogen 199.8 | — 0.0591 | + 0.7382 | — 12.134 | [451.807] | [— 69.733} 
99.45 | — 0.07318 | + 0.3502 | — 4.843 | [419.304] | [— 26.879] 
43.6 
16.0 | — 0.09586 | + 0.0417 | + 0.189 | — 0.9606 | + 1.690 
0. | — 0.08148 | — 0.0398 | + 0.5035 | + 0.713 | — 1.799 
Oxygen 199.5 | — 0.17991 | + 0.1707 | — 4.770 |[(+.41.6817]| {— 9.806) 
99.5 | — 0.11754 | + 0.0815 | — 1.8276 | [44.8991] | (—1.110] 
15.6 | — 0.15608 | + 0.0003 | + 0.0304 | + 0.9331 | — 1.822 
0. | — 0.17291 | + 0.1079 | — 0.1803 | + 14.6533 | — 2.089 
Carbon dioxide 258 
198 | — 0.0236 | + 0.2977 | — 7.489 | 43.73 + 9.81 
137 | — 0.0115 | — 0 2973 | + 3.615 | — 37.88 | + 104.08 
100 | + 0.0310 | — 0.33385 | +444 | — 93.44 | + 71.33 
90 | — 0.0116 | — 0.046 | + 0.095 | 49.33 — 3.29 
80 | — 0.0133 | — 0.014 | + 0.079 | + 12.35 | — 9.92 
70 | + 0.0029 | — 0.144 | + 2.333 | + 1.64 + 6.78 
60 | — 0.0113 | + 0.067 | — 0.309 | + 16.86 | — 19.3) 
50 | — 0.0339 | + 0.202 | + 0.088 | + 8.97 + 13.24 
40 | — 0.0286 |+ 0.425 /+0.851 | 4 4.44 + 7.88 
38 
32 
29 | — 0.1393 | + 1.048 | — 8.087 [44.52] | + 61.13 
20 | — 0.0279 | + 0.290 | — 0.536 [6.07] | — 4.74 
10 | + 0.0153 | —0.c66 | — 3.432 [+7.99] | — 43.35 
0| + 0.0093 |— 0.219 | — 4.462 [+ 9.21] | — 28.90 
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§ 6. Starting from the first approximation for the virial coefficients 
given in § 5 we looked now for small variations in the virial co- 
efficients so that the latter while keeping the agreement with the 
isothermal, which they have to represent, allow of a better deve- 
lopment in terms of the reduced temperature. And so the isothermals 
were mutually smoothed. The weak point in this method, when it 
is extended over more substances is the imperfect agreement of the 
reduced equations of state, further increased by uncertainty in the 
critical data. But it is important to see how far we can advance under 
these circumstances. 

In calculating the variations ABs, ACs, ADs, AE 4, AF 4 which had 
each to satisfy each of the isothermals and which therefore had to 
be mostly sought out in the same way as By, C4, Da, E4, F4 were 
calculated, it appeared desirable also to modify slightly the form of 
the development in series with regard to the reduced temperature. 

We put: 


1 2 
Teer el . 
Y= bt + b, te + b, te tora 
1 2 


1 
C=C ts ty ft Tbe te ee 


1 


vi 1 1 
D= +d, te’ st clas - +e (IV) 
a 1 1 
EHet+ete * Sr Sms es 
: | 
i 1 1 | 
Baft+ hte” spo alles 


We find for the 20 coefficients, which cover the range of the 4 
substances the following 
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Coefficients of temperature of the reduced virial coefficients. 


1 2 3 4 
108 6@Y)| + 564.78 | — 339.79 | — 40.56 | + 186.71 
104 ¢@V)} + 197.677 | — 190.444; + _ 61.328 | + 100.102 
1018 p@V)| + 669.98 — 204.92 — 866.31 + 391.12 
1026 e@V)) — 8546.45 | + 6655.21 | — 8628.76 | — 128.93 
| 1082 fav) + 9772.71 | — 7729.47 | +411653.22 | — 527.02 


From this follow immediately with (1V) and the reduction factors 
of § 4 the virial coefficients in the development of series (11), which 


gives the value calculated for the pv, observed by AMAGAT. 


The following tables show the deviations between observation and 
calculation for all the observations. If we examine them, it appears 
that the deviations must be chiefly attributed to the difference of 
the substances which we have combined, and might also be partly 


due to the uncertainty of the critical data. 


| 
} 
1 
| 
i 
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6.0! HYDROGEN (Tab. NO. 8 Am. and N°, 4 As.) 
p. | oe | t5e.4 | 99°.95 |00°.95|] ep. | 0° | a5e.4 | aze.3 
TAT 0 | We ies 
| 400] 40.3 40.5 | 100 | 40.3 
150 | +03! +0.4| 40.2) — 0.14! 200 4.0.4 
200 | + 0.4) + 0.4 +02 —031| 300] 4-04! 
a50/+04/+06/4+01,—0.5] 400/+0.6| 
300 | + 0.4) +0.3] 0.0] —0.7 || 500] + 0.6 
350 | +0.8|-+ 0.4; —0.4|—0.8 |) 600] + 0.8 
400 | 4-06] +0.3| —0.2|—0.9 |] 700| + 0.7 | 4+ 0.4 
Redes 007 | 515084 0.9 01.0 800 0.1 | 2 0.3 
500 | + 0.6| +0.4|—0.4|— 1.1 || 900} -+0.6]—0.2 
550} + 0.6 | +.0.4| — 0.5 | — 1.3 || 1000 | + 0.7 | —0.3| —1.5 
600 | 0.7 |= 0.3| — 0.6] — 1.4] 1100} +12) 4 0.4 | — 1.6 
650 | + 0.7| +0.3| —0.8| — 1.6 || 1200/4 1.0) +01|—1.8 
700 | 4 0.6 | +. 0.2| — 1.0 | —1.8 || 1300| + 1.0] 0.0} = 1.9 
750 | +0.5| +01] — 1.0] — 2.0 || 1100 | + 0.8; — 0.1 | — 2.0 
goo |+0.5| 0.0; —1.2| —2.1]| 1500 | + 0.6 | — 0.2 | — 2.4 
g50 | + 0.5 | — 0.2| — 1.3 | — 2.3 || 1600 | + 05] — 0.4] — 2.4 
900 | + 0.4; —0.2| —1.5| — 2.5 || 1700] +. 0.6} — 07] — 2.4 
Out OAs Oa 17 1800 | + 0.5) — 0.7] — 2.3 
10005) ee 0. 2ie—= 0,4)).— 1.7 1900. |< Ooi 0.6, 2.4 
2000 | + 0.5 | — 0.7] — 2.6 
a}00rgee OAs Oe x 
2900 | +-0.4| —0.4| — 2.8 
9300 | + 0.5|—0.3| — 2.6 
2400.) 0.7 |= 0.2 | = 2:5 
500 | + 0.9 | — 0.2 | — 2.3 
9600 | + 1.0] 4.0.1 | — 2.4 
few! +1.4)—04|— 2.9 
| 9800' + 0.9] —0.2|— 22 
| 2900 | O42 2 
| 3000 = 
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OG: _ NITROGEN (Tab, N°. 9 Am. and N® 5 Am.) 

P. 0° 16° | 99°.45 | 199°.80]|  P. 0° 16° | 48°.6 
1000 4 0 

100 | +.0.2 | + 0.0 100 | + 0.2 


930 | +0.5|+08|/+1.0|+0.9 || 400) +14 

300 | 2 0.8.|. +5 0.8/4 1.3 |e 1:4 000 eas 

380 | 1.01 0.9 | 4.41 494.2 1) 600) 2 4.7 

400.) 4A Wet 4.00), 4 Sel 008) cag 

480 | $1.3; +14.3/+1.5|+4.4 || 800] +22] 40.8 

300 | 4.8) 44.2] + 4.4] +4.5 |) 900) 2.3) 24.7] 44 
880 | + 4.7) +1.3 | + 4.3] + 4.4 || 1000 | + 2.3/ 4+45)40.3 
600} + 41.7) + 4.4] +1.2 | $4.4 |] 1400 | + 2.5 | 4.4.7] 4.0.7 
680 | 1.6) + 1.4) +4.2) + 41.4 || 1200 | 4+.2.6| 44.8] 4 4.2 
700 | + 1.6) +13) +11 |+ 4.2] 4300 | 49.7) 44.7] 44.3 
750 | + 1.7] 41.4) +4.4 | 24.0 || 4400] 22.8 | 248) 24.3 
800 | + 1.7) +1.5) +4.4 | +0.8 |) 1500 | +28] 44.4] 44.0 
859] + 1.8) +1.5|+1.0 | + 0.8 |] 1600 | +28] 44.6] 44.1 
900 | + 1.9) 41.6] +14.1] +0.6 || 1700) +9.5| +46] + 4.0 
950 | + 2.0] + 1.7] 4+ 1.2] +.0.6 || 14800 | +99) 44.3] 40.7 
1000 | + 2.4] + 4.7 1900 | +2.2/44.4]}+40.8 
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0.—C OXYGEN. (Tab. No. 7 Am. and NO. 4 Am.) 
P. O°. | 18°.6 | 99°80] 199°8 ||P, 0°, | 15°6 
1 0 4 0 

100 | — 1.2} —0.5/+0.4 400 | — 1.3 

180} —1.3|— 1.1 0.0} + 0.3 || 200 | —4.7 

20040 4.77 24:5 0:0) | =—0i 300. eto 

250 E19. | 4.8 0:0|— 0.3 | 400 | — 1.6 

300 |= 1.9 | — 1:7] — 0.4 | —0.4 || 300] —1.3 

350 | — 1.7] — 1.7 0.0/—0.4 | 600} — 1.0] — 1.4 

400) 1.6) 4.7.) 4.0.91 — 0.8 | 700.) — 0.61 0.9 

450|— 1.5|—1.5/+0.2]—0.6]| 800|/—041|/—09 

$00} — 1.5] —1.8/+02]—0.8]] 900] +04 !]—0.8 

530 | — 1.3 | — 1.4 0.0 | — 0.7 || 1000 | + 0.4] — 0.2 

60081: 2454 0.0 | — 0.9 || 1100 | + 0.6] — 0.1 

650 | — 0.9 | — 1.2 0.0 | — 1.0 || 1200 | + 0.6] — 0.4 

70) | — 0.8 | — 1.1 0.0 | — 4.2 || 1300 | + 0.4] — 0.4 

730 | — 0.6 | — 1.2 0.0] — 4.3 || 1400 | + 0.4 | — 0.4 

800 | — 0.3 | — 1.1} — 0.3 | — 1.6 || 4800 | + 0.2 | — 0.4 

850 | — 0.1 | — 1.0] — 6.8 | — 1.7 || 4600 0.0)—0.5 

900 | + 0.4 | — 0.8 | — 0.7 | — 2.0 || 17¢0 0:0: "256.3 

950 | + 0.2 | — 0.7 | — 0.9 | — 2.3 || 4800 | — 0.1 | — 0.3 

10004 = 0:4 = 075 122 14 1900 | — 0.2 | — 0.8 
9000 | — 04 | — 0.5 
2100 | + 0.4 | — 0.7 
2200 0.0 | — 0.7 
2300 0.0] — 0.6 
2400 0.0| — 0.6 
9800 0:0 = O04 
2600 0:0 10.4 
2700 Ox0)| =. 0:7 
2800 0.0] — 0.8 
9900 | — 0.4 | — 1.0 
3000 | — 0.4 | — 0.9 


aan 
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ns 


0.—C. CARBON DIOXIDE, (Tab. N° 14 Am.) 
Pp. | o° | 10° | 90° | 30° | 32° | 35° | 402 | 50° | 602 | 
31 1+ 0.5 

33 40.4] 0.0 

34 140.4, 0.0 : 

35 |14.54, 0.0] 0.0 

37 |-18.5*| 0.0| 00 /|—0.4 

40 —01| 0.0 |— 0.4/4 04/— 0.0/— 0.4 

MM +041] 0.0 

43 416.5%|— 0.1 |— 0.444 0.0|— 0.0\— 0.2!— 0.4]— 0.1 
48 +01} 0.0 0.10.04 
80 |—21.6*1+ 6.5*] 0.0] 0.014 0.0] 0.0/— 0.4|— 0.4/— 0.4 
33 5. OT He Oe 0.0\— 0.4|— 0.4 
88 —01]| 0.014 0.0} 0.0\—0.4/— 0.4] 0.0 
36 — 0.4 

87 +40.1* 

60 4+5.94— 0.41404] 0.0/—0.4] 0.0] 0.0 
68 =|. 0,3 0.415.0;91- 10.08 0.0 
68 — §3|— 0,3} 0,43 0.2104) 08 
70 — 0.6/— 0.3/— 0.2|— 0.9/— 0.4] 0.0 
v2 maw 

72 + 3.6|— 0:3 

73 0.0 

7h + 2.7/4 0.3/— 0.2 

TAS +4.8 

73 + 2.414 3.9]— 0.2/— 0.4|— 0.4/— 0.4 
76 + 3.8\— 0.4 

78 + 24/4. 3.5/4 0.4 

80 441.5 + 2.4\— 08] 0.0/— 0.4 
82 +2 6\— 0.1 

83 + 24/4 0.2 0.4] 0.0 
90 +4714 0.9\— 0.14] 0.0 
93 + 0.9|— 0.1] 0.0 
100 40.71 04) 0,0 
110 — 0.8|— 0.2|— 0.2 


70° 


— 0.2 
— 0.2 
— 0.1 
— 0.1 
— 0.1 


— 041 
00 
— 04 
0.0 


0.0 


0.0 


soe | 90° | 100° 
— 0.2! 0.0/+ 0.1 
— 0.2} 0.0/4 0.4 
— 0.2} 0.0/4 0.4 
— 0.2|— 0.4/4 0.4 
— 0.4/— 0.4;4 0.4 
— 0.1/— 0.4/4 0.4 
— 0.14)/— 0.4/4 0.4 
0.0} 0.0/4 0.2 
+04} 0.0/4 0.2 
+ 0.4] 0.0/4 0.3 
0.0) 0.0/4 0.3 
+ 0.4/+ 0.4/4 0.3 
+ 0.4/4 0.4/4 0.3 


oe 0.4/+ 0.4 
eae | ete 


50 


100 
125 
150 
175 
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| 0.—C, CARBON DIOXIDE. (Tab. N°. 13 Am.) 


40° 20° | 30° | 40° | 50° | 60° | 70° | 80° | 90° | 100° | 137° | 198° | 258° 


—21.6*/+ 6.4/4 0.2) 0.0) - 0.3— 0.2|\— 0.1/— 0.4/— 0.3) 0.04 0.1/— 0.2 
—31 .4*|/—12.7*/+ 0.9\+ 3.04 0.2-+ 0.3/4 0.3/4 0.4] 0.0/— 0.14 0.2; 0.0/4 0.4/— 0.6 
—14.4*/— 5.24 + 1.54 2.5/4 0.7\— 0.1] 0.0) 0.04 0.4/4 0.414 0 3/-+ 0.4/4 0.3/— 0.5 
—11.0*|— 0.2 |4 2.7/4 0.5/4 0.2\— 0.8 —0.4— 0.3\— 0.4/4 0 4|+ 0.4/4 0.2/4 0.5/— 0.3 
— 9.7*|— 0.2 |4 2.5|— 0.6/4 0,4|— 0.7/— 0.5\— 0.7\— 0.4/— 0.1/4 0.3/4 0.3/4 0.8/— 0.2]. 
— 7.7* — 0.3 | 1.9)+ 0.2/4 0.6\— 0.7|— 1.0\— 0.5 — 0.6\— 0.2/4 0.214 0.44. 0.9] 0.0 
— 7.5/4 1.2 |4 2.84 1.54 1.4/— 0.1]/— 0.3— 0 7\— 0.4/— 0.6/4 0.4/4 0.4/4 1.4/4 0.2 
— 2.9 |4 0.4 [4 4.5/4 3.9/4 1.9/— 0.6\— 0.4/— 0.6/— 1.0\— 0.5) 0.0|4 0.3/4 4.4/4 0.4 
— 3.0 |+ 0.9 |4 3.9/4 4.94. 2.0/— 0.5/4 0.3/— 0.4,— 1.9|— 1.4] 0.014 0.4/4 4.6/4 0.6, 
— 33 144.3 4 4.4/4 4.4/4 3.34 1.3/4 0 4|— 0.4/— 0.9|\— 1.0/— 0.3\— 0.2\+ 1.5/4 0.7 
— 3.7 |4+ 1.5 |4+ 4.0/4 4.8/4 3.4/4 1.014 0.4/— 0.3\— 1.0/— 1.0 
— 2.3 |4 2.8 |4 3.8/4 4.044 3.7/4 1.9/4 1.4)— 0.4|— 0.7/— 1.5|— 1.4]— 0.5/4 4.3/4 0.9 
— 1.6 |4+ 1.8 |+ 4.64 4.1]4+ 3.94 2.4/4 1.2\— 0.2\— 0.7\— 4.2)— 1.6)— 1.3/4 1.0/4 0.8 
+ 2.3 |4 4 6/4 4.3/4 3.5/4 1.914 1.4/4 0.2/— 0.7/— 4. 
+ 2.4 |4 4.6/4 3.9/+ 2.6)-+ 2.4/4 1.5 
+4.9 |4 4.7/4 4.6)4+ 3.2-4+ 1.7/4 1.2 
+ 4.4 |4 3.6/4 4.2/4 3.7)+ 2.04 0.9 
+ 2.0 |4 3.94 3.8/4 3.34 2.0/4 1.0 
TH 2.2 |4 3.6/4 4.6/4 3.9/4 2.5/4 1.2/4 0.1/— 0.7/— 1. 

6 

5 

5 

0 


or 


4 2.7 |4 4.7/4 5.5]44 4.5/4 3.41 1.6 
42.4 [4 4.4)+ 4.9/4 4.4/4 3.0/4 4. 
4+ 43 |4 3.9/4 4.5/4 4.2/4 2.714 14. 
+ 1.2 |4 3.04 3.6/4 3.2)+ 2.0/4 4. 
— 0.4 |E 24]4 2.4} 1.9]-4+ 1.0-+ 0.4}— 1-1)— 2.0|— 2.9\— 3.7/— 5.4/— 4.3 
— 1.0 |+ 0.94 1.8/4 0.8|+ 0.4|— 1.3|— 2.4)— 3.4.— 3.8,— 4-4 


The deviations asterisked in the tables of carbon dioxide are in 
the neighbourhood of the state of saturation. Owing to the great 
variation of p with a small variation in v, the agreement cannot be 
judged from the deviation from po, and for this we might with more 
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advantage consider the deviation which v would have to undergo in 
order to yield this variation in pv. 
At 0° C. for instance instead of the percent deviation in pv, at 


P=: © BBe-.\ 87, on BOe G 055 4 (100. es Ohne bOI tly Gee OOmmr tees 


=14.5* 18.5%, —21.6%, —31.4", 14.1%, —110*, 0.7%.) Tt), ——vabs 


we have to put 


M06 b= 08., $10. pely 99 —0.0ty 07 0 ee Geen 


35% an 
percent variation in vo, 


Also’ ate10° C.andeR =) 545% fh, 0 Le woe a OO atm. 
instead of +16,5*, + 6.5*, —12.7*, —5.2* percent of PY, 
+ 1.5 ,+ 0.6 ,— 1.1 ,—0.5 percent of v4 
and ati20 “and. P = 57), 79 60 atm. 
instead of +19.1*, + 5.9* percent of Pr 4 
+ 2.6, + 1.2 percent of v4 


tnd 1 
The crit f Max ) sed in ——— 
e criterium of MAXWELL expressed in {0000 Parts of the unit of po , 


agrees to 
+ 157 at 0° 
+ 118 » 10° 
+ 71 » 20° 


REGS aly 


_ Both the deviation just considered and this latter, would be con- 
siderably smaller if we had only employed carbon dioxide. 
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§ 7. Finally a similar calculation to that used for form IV was 
carried out with polynomials 


1 
B= bt, $b, 
t 


1 1 
CHqQtt+e+es eins 


8 
DO=d)t+d d : 
= 0, (+ acoRmaapit De, om oo GN) 
1 1 
EC=—qntt+ete —+ty— 
t be 
é 1 1 
Seat foe ts tha | 


It gives for the required values 


Temperature coefficients of the reduced virialcoefficients. 

| 4 2 3 4 
1086 | + 183.212} — 405.612 | — 127.258 | — 122.435 
10% cM} + 67.880} — 62.647] + 131.275 | + 97.211 
1018 p) | + 474.172 | — 306.627 | — 657.471 | ++ 126.64 
1025 9) — 1871.27 + 6426.14 — 4651.33 + 781.52 
1022 (| -++ 2002.92 — 7272.08 + 6331.42 — 1170.45 


Although I thought at first that a good representation of the obser- 
vations could best be attained by IV, it appeared that the represen- 
tation by means of the more simple form V almost entirely cor- 
responds to this. The reduced virial coefficients calculated according 
to V correspond so closely to those calculated according to IV that 
it was entirely superfluous to separately calculate another equation 
for all observations by means of this form (V) as was done for IV 
(again using the reduction factors in § 4 in order to find the virial 
coefficients in the development in series IJ). 
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Physics. — Mr. Frev. Scuun on: “Plane waves of light in an 
homogeneous, electrically and magnetically anisotropic dielectric.” 
(254 part). i 


10. Before examining the wave surface more closely, I shall first 
show that the ray of light is normal to the electric and the mag- 
netic force, and therefore to the ray-plane. For this purpose we first 
show that the ray is electrically conjugate to D and magnetically 
to %, properties which continue to exist after a transformation 
such as we have used. From equation (59) follows by (56), (57) 
and (58), 


ant hy. dy mn! fe azn y' 
s+- 


ay v% — 82 © ay v® — 8" 
from which by (50), (51) and (52) 
dg f' A + ayg' w+ az,h'y'=0, 


which expresses that 9' and the transformed ray are conjugate dia- 
meters of the transformed electric ellipsoid. 
If we take (50) into account, we derive from (56), 


” Jt m2 "2 
$s 8 v)} —— a: 
Jia = Lea (¢ ) 


v > g" v0 (az Uf" + ay m'g' + azn'h') 


ff 


Adding to this the corresponding equations for «'b' and ye’, 
we find: 


Ta tality’ = 0, 


which means that 3’ and the transformed ray are conjugate diameters 
of the transformed magnetic ellipsoid (sphere with radius 1). 


11. The electric foree being normal to the magnetic induction 
and to the ray, we get: 


Png ilu shee gh 


yb Wel, Mee a Man pees ; 
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If we substitute this in one of the equations (30), (31) and (32), 
we find: 


A= (L$ mu +n), 


The expressions /A + ma-—+ny and 2 both being the cosine of 
Q 


the angle between the ray and the normal to the wave-front, so that: 


mp tnys—, SE ie aera (8 
we find 4 = a consequently : 

P=*(vb—po), AE ae ae MANAGES) 

Q==(he—va),. Mijn ticeH sehen te t1(00) 


a (ua b), sesh eg toknds a a0) 
v 
or 
(ae FAY IS ey es ee ame eee am CD) 
Oar ee ¢ 


nw 


In the same way we deduce: 


a= (wh—vg). Slee Geer se A TH(GS) 
Pe GARNI) toe notiide Pa, aaltt (67) 


y = —(hg— Hf) ee ee ts Ss VAC) 
or 
EP (ASD) wee EEL. P28 (69) 
eee’, ar?) 


10 
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These equations are the same as (27) to (32), with the exception 
that D and ©-and in the same way Band S$ have been interchanged, 


and that — is replaced by a By changing in the same way 
s& v 


(39), (40), (41) and (42), we find: 


foi Qy - kB (70) 
gv 4” U 
» Ra—Py 
eee Seite aR Pe Pee Ceo ® LET 
Caisse ORE PPD TS So (71) 
vo PB—Qa 


Ne bi MO Se Bee 


Li “3 = ae (OC) a 
Cras aa 7 


Tw 


from which last equation we further deduce: 


H? © sin? (H ©) 
(4a U)? 


€ N 
D cos(DE) Beos (BH) ’ 


C= 


= v* sin® (H €) 


and so, according to (9) and (18), 


OS 0 Pew tame (SD). Ca = ae ee me) 
€ 5 


This equation expresses that g is equal to v times the area of 
the parallelogram, described on the radii vectores of the reciprocal 
electric and the reciprocal magnetic ellipsoid, resp. in the directions 
of © and S. 

The two values of g for the same ray are equal only when the 
ray-plane is a section of similitude of the two reciprocal ellipsoids, 
and the electric and magnetic force are accordingly indeterminate 
in it. 


12. By Poyntine’s theorem the flow of energy is greatest 
through a plane through $ and ©, ie. through the ray-plane. 
The amount of energy W, which according to that theorem flows 
through the ray-plane per unit of time and per unit of area is: 


(Ge1) 
W = — € sin (8), 


or, by (73) 
Liege EF 5, ah SA Ue ee LM at G3 


a result which was to be expected. 


13. Let us now examine the wave-surface somewhat closer. The 
section with a plane of coordinates degenerates into 2 ellipses, which 
are e.g. for z= 0: 


ye a) 

Ge" ne Gntber Nee w 
and 

ye a me) 


(= 


Cor Ym~ ee" One ine we ; 


The first ellipse is similar to the section of the electric ellipsoid 
a2 2 

at ee 

y? 

the section of the magnetic ellipsoid = — t+i5 x — = 1 with the 
plane «=0. I shall call the first Ae an eet ellipse and 
the second a magnetic one. The same applies to the sections with 
the planes y=0 and z= 0. It is easy to find that the electric 
ellipse in one plane of coordinates intersects the magnetic ellipse situated 
in another plane of coordinates (of course in a point of a coordinate axis). 
If 2; >, > ds, the electric ellipse in the Y Z-plane lies quite outside, 
and that in the X Y-plane quite inside the magnetic ellipse, while in the 
X Z-plane the two ellipses intersect in 4 points. These four points 
are conic points of the wave-surface. (It is easy to find analytically 
that the wave-surface can only have conic points in the three planes 
of coordinates and in the plane at infinity, which projectively may 
also be considered as plane of coordinates. The section of the wave- 
surface with each of these four planes degenerates into 2 conic sections ; 
so that every plane furnishes four conic points ; in all, 16 conic points, pt 
which however only the four lying in the XZ Aleit are real. The 


waye-surface intersects the plane at infinity along the sections 
10* 


=1 with the plane z=0, and the second ellipse to 
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of the electric and the magnetic ellipsoid with that plane). The wave- 
surface having a finite number of conic points (16), it cannot 
degenerate into 2 other surfaces if b; > bo > b3. The two sheets 
cohere in the 4 real conic points. | 

If bg :=)3, the wave-surface degenerates into two ellipsoids 


9 vy? 
&e* Ce Ne ne Ee" (8 He w 
and 

a v 


—+2—.+ = 3 
Em? Gre gee fn” Ge Te Ww 


the first of which is similar to the electric, the second to the mag- 
netic ellipsoid, and which I therefore call the electric and the mag- 
netic part of the wave-surface. The two ellipsoids intersect the X-axis 
in the same point and touch each other in that point. The electric 
part of the wave-surface lies inside or outside the magnetic part, 
according to whether 6; > 6, or 0; < bp. 

If b; = bg = bs, the two ellipsoids coincide. 


14. Let us return to the case b; > by >b3. We have seen that 
the ray of light is electrically conjugate to D and magnetically to . 
The ray of light is therefore the line of intersection of two planes; the 
first of these is electrically conjugate to D, and passes through 3 and 
the line ge which is electrically conjugate to the wave-front; the 
second is magnetically conjugate to %, and passes through D and 
the line gm, which is magnetically conjugate to the wave-front. 

If a point of the wave-surface is given, so that the wave- 
front and the ray is known, we find D and & by letting planes pass 
through the ray and resp. through gm and ge, and making these 
planes intersect with the wave-front. We may also use the planes 
Se and S, which are electrically and magnetically conjugate to the ray 
and which intersect the wave-front resp. along D and &. If the ray is 
electrically conjugate to the wave-front, the first construction fails — 
for 3 and the second for D, so that we can still apply one of the 
two constructions in order to find % and D. (If the ray is magne- 
tically conjugate to the wave-front, the reverse takes place). & is 
then doubly conjugate to ® and to the ray and must therefore be 
a principal direction. The ray will consequently lie in a plane through 
two principal directions, and so also the point of the wave-surface ; 
since ray and wave-front are electrically conjugate, this point will lie 
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on the electric ellipse. & falls now along a principal direction and 
® touches the electric ellipse, as follows from the construction. Both 
constructions for © and & fail only when the ray is both electrically 
and magnetically conjugate to the wave-front, and falls therefore along a 
principal direction; the wave-front passes then through the two other 
principal directions. By now paying attention to the adjacent points 
of the wave surface, specially to points lying in the planes of coordinates, 
we find that D touches the electric ellipse and B the magnetic 
ellipse in the planes cf coordinates. 


15. To every wave-front belong two rays; if I and II are the 
directions of the possible electric and magnetic induction in the 
wave-front, the two rays of light are: the line of intersection of the 
planes through I and ge and through II and gm and the line of 
intersection of the planes through I and gm and through II and ge. 

The question might be raised: When do the two rays of light 
fall in the same direction? Evidently when the ray of light is 
doubly conjugate both to I and to II and accordingly isa principal 
direction. We find also that this is the only case in which the two 
wave-fronts be'onging to one direction of the ray coincide. The 
wave-front passes then through the two other principal directions. 


16. Let us now examine the case of the wave-front being a section 
of similitude of the electric and the magnetic ellipsoid. The two 
lines g.- and a, which resp. are electrically and magnetically 
conjugate to the wave-front, now lie both in the plane through two 
principal directions, viz. the X-axis and the Z-axis, the wave-front 
passing through the middle principal direction, the Y-axis; and they 
do not coincide. The ray being the line of intersection of the plane 
through % and ge and the plane through D and gm, while 3 and D are 
indeterminate, we get a cone of rays passing through ge and gm; 
for, if D falls in the X Zplane and & along the Y-axis, g. becomes 
the ray, and if & falls in the X Z-plane and ® along the Y-axis, 
gm becomes the ray. Moreover it is easily seen that these are 
the only rays falling in the XZ-plane and that therefore the 
cone is quadratic. If inversely the ray is given in this case, D and 
% may be found by means of one of the two given constructions. 
But whatever the course of the ray may be, we have always the same 
value of s, so that we have to deal with but one tangentplane to 
the wave-surface. This must touch along a curve (which is of course 
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an ellipse, as it counts as a double line of intersection and as the whole 
intersection with the wave-surface is of the 4 degree), which by 
its radii vectores through O indicates the possible rays of light. 
The tangent plane just mentioned touches the electric and the 
magnetic ellipses in the XZ-plane in the points A and B, and is 
parallel to the Y-axis; the rays ge and gm are the radii vectores of 
these points of contact, so that it is directly to be seen from the 
wave-surface that they belong to the cone of rays. Let now the ray 
be given by a point C of the ellipse of contact, then we find D as 
the intersection of the wave-front with the plane through gp and the 
ray, so that CB indicates the direction of ©; in the same way C A 
indicates the direction of 3. Dand B being also conjugate diameters 
of the section of the wave-front with the electric and the magnetic 
ellipsoid, it follows directly, that the curve of contact must be similar 
to these elliptic sections with the same direction of axes. This 
might be seen, even if we did not yet know that the curve of 
contact is an ellipse. Further 4 B is a diameter of the ellipse of 
contact. (Internal conic refraction). 


17. Let now the ray-plane be a section of similitude of the two 
reciprocal ellipsoids, then it passes through the middle reciprocal 
principal direction, so that the ray lies in the X Z-plane. Indeed, 
the ray of light is now the radius vector of one of the conic 
points of the wave-surface, and these points are only to be found 
in the XZ-plane. The wave-front is now indeterminate, being a 
tangent plane to the wave-surface in the conic point. (It is a 
quadratic conic point; else the line which connects it with a 
second conic point would have more than four points in common 
with the wave-surface). In a similar way as in the preceding case 
we can now show that the planes S, and S, which are electrically 
and magnetically conjugate to the ray, belong to the possible wave- 
fronts. This is also directly seen from the wave-surface, as the planes 
Se en S, are both parallel to the Y-axis, and, if transferred to the 
conic point, touch respectively the electric and the magnetic ellipse in 
the XZ-plane and so also the tangent vone in the conic point. 
By their intersection with the wave-front these planes S, and Sp 
indicate directly the directions of D and %. If, the wave-front 
coincides with S,, D falls in the X Z-plane and touches the electric 
ellipse; % is then parallel to the Y-axis. Similarly with what we 
have found, when the wave-front is determinate but the ray in- 
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determinate, we now get what follows. Let from 0 perpendiculars 
be drawn to all possible wave-fronts belonging to the radius vector 
of a conic point as ray. Let this cone of perpendiculars be intersected by 
a plane normal to the ray, which plane intersects the perpendiculars 
on S and S, in A and B; let C be a point of that intersection, 
so that OC is the normal to the wave-frout, then C B indicates 
the direction of the electric and Cd the direction of the magnetic 
force. The intersection is therefore an ellipse, of which AB is 
a diameter and which is similar to the sections of the ray-plane 
with the two reciprocal ellipsoids, and has its axes in the same 
directions as these sections. (External conic refraction). 


18. We see directly from the wave-surface that the ray for 
which the wave-front is indeterminate, and the wave-front for which 
the ray is indeterminate, do not belong together as ray and wave- 
front. The phenomena of internal and external conic refraction are 
therefore wholly separated from each other. The ellipse of contact 
encloses a conic point of the wave-surface. This ellipse is a spinodal 
curve of the wave-surface; the tangent-plane in one of its points 
intersects the surface in a curve with a double point and two 
coinciding tangents, in such a way however that the curve has 
not a cusp in the point of contact, as is generally the case on a 
spinodal curve, but that it consists of two coinciding curves. The 
surface is everywhere convex-convex, the concave side turned to 0, 
except between the four conic points and the ellipses of contact, 
where the wave-surface is concave-convex. 


19. The existence of tangent planes which touch along an ellipse, 
and which we may call ellipse-tangent planes, can also be directly 
derived from that of the conic points, if we remember that the 
surface is dualistic with itself. As we have four conic points in the 
X Z-plane, so we have four ellipse-tangent planes through the point 
whose point-coordinates are equal to the plane-coordinates of the 
X Z-plane, i.e. through the point at infinite distance on the Y- 
axis; these planes will be parallel to the Y-axis. There are also 
four ellipse-tangent planes parallel to the X- and four parallel to 
the Z-axis, which are, however, unreal. Four unreal ellipse tangent 
planes through O correspond to the four unreal conic points at 


infinite distance. 


(iR6 4 


20 cculs n Sbo=bs, everything is much simpler. If the motion 


of light is given e.g. by a point P of ‘the electric part of 
the wave-surface, which is not the point of intersection with the 
X-axis, we find that D lies in the plane through P and the X-axis, 
and touches therefore the meridian through P; % lies in a plane 
parallel to the Y Z-plane and so touches the parallel-ellipse. The 
reverse takes place when P lies on the magnetic part of the wave- 
surface. If however, P lies on the X-axis, i.e. in the point where 
the two parts of the wave-surface touch each other, the ray is the 
X-axis and the wave-front the Y Zplane, D and & being now 
indeterminate in the wave-front (they must, however, be doubly 
conjugate to each other). 

If finally 4, = 6, = bs, the two parts of the wave-surface coincide. 
In this case to every wave-front belongs one ray and vice versa, 
D and B being always indeterminate in the wave-front. 


Physics. — Mr. Px. Konnstawm and Mr. B. M. van DaLrsen: 
“Vapour-tensions of mixtures of ether and chloroform’’. 
(Communicated by Prof. J. D. VAN DER Waats). 


For our determinations of vapour-tensions for mixtures of cther 
and chloroform we have made use of the dynamical method, i. e. 
we have determined the boiling-point at a certain pressure. As the 
methods of the determination of the vapour-tension, and specially 
the apparatus used by us, will be the subject of an extensive com- 
munication by one of us, which will appear before long, it seems 
superfluous to discuss these two points at length. Yet we will point 
out, specially to show how far our values are to be trusted, that we 
found it impossible to attain an accuracy greater than | m.m. mercury 
for dynamical determinations of vapour-tensions of mixtures. The values 
given are therefore at the utmost only in so far accurate; the errors of 
some of the observations can even become three or four times the 
amount. This is specially due to two sources of error, first the 
hydrostatic pressure of the boiling liquid, the influence of which was 
already pointed out by Dr. Smirs in the reports of these proceedings !), 
and secondly the superheating. We have tried to annul the disturbing 


1) Volume II p. 475. 
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influence of superheating by several methods viz. those proposed by 
BECKMANN, Sirs and von Zawipzxk1, but none of them seemed to 
warrant greater accuracy. We refer to the fuller discussion which 
is to follow for the arguments to support this opinion. 

The choice of the substances was determined by theoretical consid- 
erations. The following rules follow immediately from the formulae 
given by VAN DER Waats!) for the pressure-curves of mixtures 
for normal substances if the relation of Ga.irziInE-BERTHELOT 
2 = Ya a holds good, viz. that a minimum pressure cannot 
occur and that near the border a curve ascending from the border 
must be concave seen from below. Now it is known of all 
substances which present a minimum of pressure, that they 
act chemically upon each other or are anormal in some other 
respect. Only the mixture ether-chloroform seems to be an exception. 
But as it is known that these substances may combine by the pre- 
sence of KOH and that they therefore may exercise some chemical 
attraction on each other, this contradiction is only apparent. Nor does 
the literature afford more than one exception to the second rule, 
viz. the mixture of ether and chloroform examined by GUTHRIE, 
and for these substances we have most likely not to think of chemical 
action or anormality from other causes. But the experiments of 
GuTHRIE do not seem to be very accurate and his curve shows 
clearly that it was his aim to find so called molecular combinations. 
On account of the great importance of the matter, for the question 
is here whether the conduct of a mixture of two substances may 
be represented only from quantities, characteristic for cach of these 
substances separately, or whcther another quantity will appear 
indicating a mutual influence, it seemed advisable to us, to subject 
the mixture to a new investigation. We give our results in the 
table, where x is the molecular proportion of ether, and p the pres- 
sure. The temperature is 33°25. (See table p. 158). 

These values show clearly that the combination of the two liquids 
chloroform and ether is not only contrary to the second of the 
rules given above, as might be expected from the course according 
to GuUTHRI£, but also to the first. For it is evident that this curve 
shows a minimum, though it is quite on the border. So this curve 
is remarkable also in this respect, that it adds a second case where 
Fal = 0 to the one found already by Cunarus; a possibility 

eur —0 
which was doubted from different sides. 


1) Proceedings Vol. III p. 163. 
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t = 33°25 

a p 

0 276 mM.) 
0.050 276 > 
0.080 276 > 
0.203 282 » 
0.295 294 » 
0.500 355» 
0.588 412» 
0.695 500» 
0.898 657 > 
0.955 697» 
ih 731» 2) 


It is evident that we shall have to renounce cither the relation 
a2 =V/4,% or at least part of the simplifications which lead to 
the before-mentioned formulae of VAN DER Waats. The simplifica- 
tions are: the application 1s of the equation of state in its simplest 
form, 24 of the wellknown equations for a; and bz, 3'4 of the equation 


i soe These simplifications are certainly not all quite 
1 
correct, but it seems nevertheless not probable, that a more accurate 


formula would give such considerable correction-terms, that through 


oa : a2. 
them alone the strongly positive value of es might be explained. 
o> 50 
For the present it seems thercfore most advisable to give up the 


1) For chloroform we know only the determinations for vapour-tensions of REGNAULT. 
According to v. ZawrpzK1 however, his values must be inaccurate, as he had no 
pure chloroform at his disposal. 

2) At 30° Ramsay and Youne found for ether 647.92; BareLir 648.21. At the 
same temperature our observations give 649 mm. So the deviations are not greater 
than our probable error. 
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relation of GALITZINE-BERTHELOT, though the matter can really not 
be decided before the theory has proceeded go far that it will 
determine the value of the correction-terms more accurately. 

Finally it is noteworthy that seen from below the given curve 
on the right side is concave, though very slightly !). So it has an 
inflection-point. 

From the theory of van DER WaAaLs the appearance of such 
inflection-points under some circumstances was to be expected 2); 
OsTWALD, on the other hand, denied their possibility. So our results 
confirm the before-mentioned theory, as the experiments of RAOULT ®) 
on mixtures of ether and very slightly volatile substances did before *). 

Yet we wish to state this latter point with some reserve. When 
determining the points x = 0.955 and 0.898, a difficulty was added 
to those already mentioned viz. that through the very considerable 
sloping of the pz,-curve the composition of the mixture when 
boiling, had a tendency to change in consequence of the extraction 
of the more volatile ether by distillation; the more so as, these 
experiments being made only lately, our coolingwater was consider- 
ably warmer than in previous experiments made in February and 
March. The reason why we think that we are justified in con- 
sidering these two points as accurate is only that they as well as 
the previously determined point for 7=0.695 lead to the same 
result 5). We hope, however, to return to this point afterwards. 


1) This particularity is far less obvious in the subjoined representation on a 
reduced scale than in the original drawing. 


a\alicanpeml a0: 

3) Zeitschrift f. phys. Chem. 2. p. 353. 
‘) Zeitschrift f. phys. Chem. 36, p. 60. 
>») Comp. note on the preceding page. 
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KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN 
TE AMSTERDAM, 


PROCEEDINGS OF THE MEETING 
of Saturday September 28, 1901. 


OG 


(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 
Afdeeling van Zaterdag 28 September 1901, Dl. X). 


Contenys: “On the influence of the position of atomgroups in aromatic compoungs on the process of 
the reactions”. By Prof. S. Hoogewerrr and Dr. W. A. van Dorp, p. 161. — “On 
the Gastrulation and the Formation of the Mesoblast in Mammals”. By Prof. A. A. 
W. Husrecur, p. 161. — “The negative-inotropic influence of the nervus vagus on 
the heart”. By Prof. Ta. W. ENcGELMANN, p. 162. — “Investigations with the Micro- 
manometer”. By Dr. A. Smits (Communicated by Prof. V. A. Junius), p. 163. — 
“On the Theory of the biquadratic Rest”. By Prof. L. GegenBaver (Communicated 
by Prof. JAN DE Vrigs), p. 169. — “The number of conics intersecting eight given 
right lines”. By Prof. Jan pz Vries, p. 181. — “On the irritable stigmas of Torenia 
Fournieri and Mimulus luteus and on means to prevent the germination of foreign 
pollen on the stigma”. By Dr. W. Burcx, p. 184. — “On the origin of double lines 
in the spectrum of the chromosphere, due to anomalous dispersion of the light from 
the photosphere”. By Prof. W. H. Jutrus, p. 193, (with one plate). 


The following papers were read: 


Chemistry. — ‘On the influence of the position of atomgroups in 
aromatic compounds on the process of the reactions”. By 
Prof. S. Hoogewerrr and Dr. W. A. van Dorp. 


Zoology. — “On the Gastrulation and the formation of the Meso- 
blast in Mammals”. By Prof. A. A. W. Husrecut. 


Dr. Huprecur circulates and explains eleven plates that have 
been executed for a memoir on the ontogeny of Tarsius spectrum 
intended for Vol. VIII of the Transactions of the Academy. 

He calls attention to certain theoretical conclusions concerning 
the gastrulation and the formation of mesoblast in mammals which 
appear in a different light now that we have become acquainted 
with the facts recorded in that memoir. 

He expresses a wish to add certain woodcuts to the text, but is 
informed by the President and Secretary that for the present the 
publication of this memoir will have to be postponed. 

11 
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Physiology. — “The negative-inotropic influence of the nervus 
vagus on the heart’. By Prof. TH. W. ENGELMANN. 


The weakening influence of the vagus on the contractions of the 
heart, discovered and studied by Nugx in Professor DonpERS’ labo- 
ratory, has been more closely examined by the speaker with the 
aid of the method of suspension and the pantokymographion. 
Speaker’s experiments have mostly been made on the atria of the 
frog’s heart, in which the above-named action can be examined 
most easily. 

It can here be provoked by direct irritation of the vagus-root and 
the vagus-origines in the brain, as well as through direct irritation 
of the atria, eventually of the sinus or ventricle-base (irritation of 
the intracardial vagusbranches), also by reflexaction from different 
parts of the body, especially so from the intestines. Generally 
speaking the action is in all cases the same in quality; it is also 
a case of indifference whether the heart beats spontaneously or 
whether the ventricle is brought to regular beating, antiperistaltic- 
ally, by artificial irritation of the ventricle. 

The effect is furthermore independent of eventual other, chrono- 
tropic, dromotropic or bathmotropic actions of the vagus-irritation, 
although often combined with it. 

It shows itself in the following manner after one single induction- 
shock causing momentary irritation: After a very short latent stage 
the diminution in size and length of the contractions commences, 
which very soon reaches its maximum; after that the systoles gra- 
dually become more considerable and of longer duration. 

Intensity and duration of the whole process rise within ample 
limits with the strength of the irritation. 

The duration of the period of increasing debility is comparatively 
constant; during the experiments of the speaker, taken at an 
ordinary temperature and retained circulation, it proved to be 3—4 
sec. ; the lowest value was found with the strongest irritation. The 
latency lasts in the most favourable case less than 0.5". The stage 
of the diminishing process can be prolonged for more than one 
minute. The weakening can lead temporarily to the entire cessation of 
the contractility. 

The phase of the period of the heart in which the irritation takes 
place, has no perceptible influence. A refractory stage is therefore 
also wanting. Through superposition of cardiograms obtained by fre- 
quently repeated vagus-irritation of equal strength and duration, on 
the same absciss, the turning cylinder of the kymographion having 
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always the same position, this fact can be demonstrated very clearly, 
as can also the whole process of the negative-inotropic action. 

By accumulating the irritation the process may be much increased and 
lengthened. Fatigue comes readily in consequence. To obtain an 
equally great effect each time, it is necessary to insert comparati- 
vely long intervals between the periods of irritation. The conduction 
of the negative-inotropic action within the ventricle-wall takes place 
in a way different from the motory irritation. By compressing the 
muscular wall by means of a clasp the inotropic conducting power is 
raised sooner and under lower pressure than the motory one. 

Experiments must still be made with regard to the swiftness of the 
inotropic conduction. 

The speaker illustrated his lecture by the aid of a number of 
cardiograms. 


Chemistry. — Dr. A. Smits: “Investigations with the Microma- 
nometer”. (Communicated by Prof. V. A. Ju.ius). 


1. After the investigations, published under this title in Sept. 
1899 '), I have been enabled by the great kindness of Prof. Bakauts 
RoozEBoom to continue my measurements. 

Having made some improvements in the apparatus, which might 
possibly modify the results, it seemed very desirable to me to proceed 
with the measurements; moreover I considered the question, whether 
the decrease of the molecular vapour-tension continues to increase 
with the concentration also when the solution is still more diluted, 
as so important, that in my opinion nothing should be neglected, 
which might contribute to the solution of the question. 

The improvements made were the following: 

First the manometer was made from chosen tubes, which might 
be considered as perfectly cylindrical as appeared from the calibration. 

Secondly all the taps were done away with, so that there was 
absolutely no occasion for leaks. 

Thirdly the icebath was treated with more care, by excluding it 
from the surroundings by a thick layer of wool. 

The measurements furnished the following result: 


1) Proc. Royal Acad, at Amsterdam, Vol, Il. p. 88. ‘ 
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Na Cl 


Concentration pm 


in gr. mol. per} in mm. Hg 


1000 gr. H,0. of 0°. 
0.0591 0.149 1.79 
0.0643 0.146 1.76 
0.1077 0.143 1.72 
0.1426 0.142 Med 
0.4527 0.141 1.70 
0.4976 0.141 1.70 
1.0808 0.1432 1.723 
1.2521 0.1439 1.730 
| H, SO, | 
0.0951 0.169 2.03 
0.1208 0.156 1.87 
0.4215 0.1603 1.93 
0.9762 0.1716 2.063 
| KNO, | 
0.0400 0.153 18 
0.1450 0.131 1.58 
0.5997 0.1156 1.39 
0.9288 0.1084 1.304 


From this table follows that pm (decrease of molecular vapour- 
tension) and ¢ attain a minimum in solutions of NaCl and of H, SQ,,. 
For NaCl this minimum lies near 0,45 gr. mol., for Hy SO, it appears 
near + 0,1 gr. mol. The observations render the existence of these 
minima very probable, for they appear in a region of concentration, 
where the accuracy is still great enough to be sure of the course. 

As to the absolute value of pm and ¢, we must keep in mind 
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that e. g. for NaCl at the concentration 1 gr. mol. the deviation in 
the manometer was + 60 m.m., and the uncertainty of the reading 
was 0.1 m.m. The error in p, and therefore also in ¢ amounts 
therefore to + 0.17 pCt. at the concentration 1 gr. mol. It increases 
however with the dilution, so that it amounts to + 1.7 pCt. at 
0.1 gr. mol. and to + 3 pCt. at 0.05 gr. mol. It is obvious that 
at the small concentrations the absolute value of Pm iS comparati- 
vely untrustworthy. At the same time it is clear, that a very small 
difference of temperature between solutions and water or an exceedingly 
small leakage may conceal the minima from us. 

With regard to the measurements with K NO,-solutions it is 
noteworthy that, as was previously found by me, pm increases 
with the dilution in opposition to the solutions with NaCl and H,SQ,. 
Very remarkable is also the quick decrease of p, and é at increase 
of concentration, so that ¢ has reached the abnormally small value 
1.3 already at 0,9288 gr. mol. 

The results found by means of the boiling-method'), are in 
qualitative concordance with the above mentioned. Owing to the 
great difference in the temperatures at which the observations are 
made (100°), a quantitative concordance could not be expected. 

At 100° I found namely that the molecular increase of the boiling- 
point and so also z for the salts NaCl, KCL and Sr (Nog), reaches 
a minimum between the concentrations 0.1 and 0.5 gr. mal., whereas 
for the salts KNO;, NaNog, Ba(NOs),, AgNO; and Pb(No’'s), a 
regular quick decrease of i was observed in case of increase of the 
concentration *). 

It occurred to me that possibly also for these latter salts a minimum 
might appear, but not before the concentrations are much greater ; 
by consulting tables about determinations of the boiling point 
of concentrated solutions *) however, I observed that even for very 
great concentrations the mol. increase of the boiling-point preserves 
the same quick decrease. 

When considering the here-mentioned results, we should be inclined 
1o generalize and say: all salts which behave abnormally at higher 
concentrations, as NaCl, KCl, H,SO., Sr(NOs), and probably a 
great many substances more, will behave normally in very diluted 
state and show a minimum. 


1) Proc. Royal Acad. at Amsterdam, Vol. IT p. 469. 
2) Proc. Royal Acad. at Amsterdam. Vol. III p. 717. 
5) LegganD, Ann. de Chim. et de Phys. T. LUI. Poggend. Ann, Bd. XXXVII. 
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In my opinion the minimum would indicate the point, where the 
influence of the deviation from the diluted state in this special case 
becomes so great, that the direction in which ¢ varies is thereby 
reversed. 


A difficulty remains in the difference between what has been 
observed by means of the method of decrease of the vapour-tension 
and that of the lowering of the freezing-point. Not only is there 
e.g. for NaCl solutions a difference in absolute value of 7 at every 
concentration, but above the concentration 0,5 gr. mol. there had 
up to now not been found an increase of ¢ with the concentration 
by means of the freezing-point method, whereas this singular course 
has been so clearly observed by means of the method of vapour- 
tension at 0° and that of the boiling-point at 100°. 

Though it was formerly found that below the concentration 1 gr. 
mol. the molecular lowering of the freezing-point and with it 7 
pretty quickly decreased with increase of the concentration, this is 
no longer so. Raovutt!) found a very slow decrease with increase 
of the concentration; afterwards CHRrousTcHoFF*) found constant 
values and a few months ago KAHLENBERG®) published the following 
results, which confirm my suspicion, that possibly also at the deter- 
mination of the freezing-point soon a minimum may be found. 


Concentration Lowering Molecular lowering 
in of the of the i 
gr. mol, per 1000 gr. H,O. freezing-point. freezing-point. 
————  eeeeEEEESFSSsSSeFeFeFese 
0.2043 0.693 | 3.393 1.82 
0.4359 o See 3.469 1.86 
0.5077 1.750 3.447 V.85 
0.6718 2.300 3.426 1.84 
0.8400 2.866 3.412 1.83 
0.9814, 3.395 3.459 1.86 


1) Zeitschr. f. Phys. chem. 27. 8. 617 (1898), 
) Comt. Rend. 131. p. 883 (1900). 
8) Journal of Phys. chem. 5, 339 (1901). 
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It seems probable to me that, if the experimental methods are 
continually improved, the results will finally be found to agree, as 
the theory requires. 

3. In a treatise, called: “The theory of electrolytic dissociation 
as viewed in the light of facts recently ascertained”, KAHLENBERG !) 
states results obtained in determining the conductivity, the lowering 
of the freezing-point and the raising of the boiling-point of not 
diluted solutions. Here he arrives at the expected result, that in 
most cases the degree of dissociation indicated by the conductivity, 
deviates strongly from that, found when following the two other 
methods. He found i.a. that several salts, which in aqueous solu- 
tion at a certain concentration are not only not dissociated, but 
even somewhat polymerized according to the lowering of the freezing- 
point and the raising of the boiling-point, yet conduct the electric 
current. 

This occurs i.a. with sulphates of Mg, Zn, Cd, Ni, Co, Fe and Cu. 

KAHLENBERG, as well as myself found, that the molecular raising 
of the boiling-point increases with the concentration for NaCl, KCl 
and also for K Br, Kg, MgCl, and Ba Cl,, for the molecular lowering 
of the freezing-point of Na Cl-solutions he found the course already 
mentioned, while Jones, CHAMBER and FRazeR *) discovered minima 
for Mg Cl, and Ba Cl, in the region of concentration 0,1—0,6. 

The molecular conductivity, on the other hand, increased regularly 
with the dilution. 

I must point out here that KAHLENBERG in his experiments on 
the raising of the boiling-point of Na Cl- and K Cl-solution did not 
find a minimum, though he began with the concentration + 0,2; 
possibly, however, his method, adapted for more concentrated solu- 
tions, was not sensible enough. 

Finally the remarkable fact must be mentioned, that it would follow 
from the raising of the boiling-point of the just mentioned sulphates 
of Mg, Zn, Cd, Ni, Co, Fe and Cu, that the polymerization is 
greater at 100° than at 0° and that minima occur both at 100° and 
at 0°. lar 

As Kanurnpera has already stated, the investigations on non- 
aqueous solutions have brought to light, that though a salt in solution 
shows a normal molecular weight, yet the solution can conduct the 
electric current. This has been proved for solutions of Ag NO; in 


1) Journ. of Phys, Chem, 5. p. 339 (1991). 
*) Amer. Chem. Journ. 23, p, 89, 512 (1900). 
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pyridine and benzolnitriel 1) and also for solutions of Cd J,, LiCl, 
NaJ, Hg Cl and NH, CNS in acetone’). It has further appeared, 
that KJ, NaJ, KbJ, NH,J and KCNS solved in liquid SO, 8), 
conduct the electric current, notwithstanding their molecular weights 
are found to be abnormally great. 


4. Chiefly on account of what has been mentioned here, KAHLENBERG 
considers the dissociation theory of AkRHENIUS as untenable. Not 
sharing this opinion, I have mentioned his principal objections to 
the dissociation theory. 

KAHLENBERG has made experiments on non-diluted solutions, and 
this is a great impediment for the refutation of the correctness of 
the dissociation. 

For according to theory the degree of dissociation found from the 
conductivity, can agree with that calculated from the lowering of 
the freezing-point, the decrease of vapour-tension and the raising of 
the boiling-point, only in case of exceedingly diluted solutions. 

In what way a deviation from the diluted state will be felt in 
general, is not known, but what I have observed for NaCl, KCl 
and H,SO,-solutions, where minima of the molecular decrease of 
vapour-tension and raising of the boiling-point are found at + 0.5 
gr. mol. and below it, gives the conviction, that already at these 
small concentrations the deviation from the diluted state brings about 
an influence, which is so great as to even reverse the direction of 
the course of the molecular decrease of vapour-tension and the 
raising of the boiling-point. 

That this influence is in very close connection with the nature 
of the salt, follows from the fact that for NaNos, KNOs etc. no 
minimum appears even at very great concentrations, which as I 
have already mentioned, may be due to the rapid decrease of the 
electric dissociation with increase of the concentration *). 

It has been shortly mentioned that also non-aqueous solutions make 
us acquainted with facts, which seem at first sight in opposition to 
the theory of ARRHENIUS, but to state with certainty that they are 
really so, seems premature to me. 

If for aqueous solutions we should like to have a greater quan- 


1) Werner, Zeit. Anorg. Chem, 15, 1 (1897). 

*) Durorr, Frrpertcn, Bull. Soc. Chim. Paris. (3), 19, 384 (1898). 
3) WanpEN, Ber. Chem. Ges. Berlin 32, 2862, (1899). 

*) Proc, Royal Acad. at Amsterdam, Vol. IIL. p, 717. (1901), 
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tity of observations at our disposal, this is of course the case in a 
much higher degree for non-aqueous solutions. 

It is certain that in general the results obtained by the deter- 
mination of the conductivity, do not agree with those found by a 
non-electric method, but the question is, what conclusions we have 
to draw from this. 

Have we to conclude from what precedes, that the conductivity 
does not always indicate the degree of dissociation, or must we say 
that determinations of the molecular weight in solutions, which are 
not exceedingly diluted, do not always give information about the 
degree of dissociation? 

It seems to me that there is more to be said in favour of the 
latter conclusion and that the results obtained indicate that in not 
very much diluted solutions ions may occur at the same time with 
products of polymerization or association and so may be in equilibrium 
with them. 

Before the incorrectness of this supposition has been conclusively 
proved, we should not reject the dissociation theory of ARRHENIUS, 
which has rendered so many and such important services to che- 
mical science. 


Mathematics. — ,On the Theory of the Biquadratic Rest’. By 
Prof. LyopoLp GEGENBAUER (extract of a communication to 
Prof. JAN DE VRIES). 


The way followed in the various textbooks of the theory of 

numbers and even in most lectures on this subject for the general- 
m * m . % m 

isation of the quadratic (=), cubic =| and biquadratic (2) 
restcharacters, explained at first only for prime denominators, seems 
to make the introduction of the generalised symbol appear rather 
arbitrary; hence it does not satisfy the thinking student. The symbol 
referred to is namely defined either as was already done by Jacosi 


by the equation 


(2 )=(2)(E) ee [B= EF] (GCG) 


Vv 


that is, by assuming the existence of the theorem of multiplication 
for the denominator (c.g. DiricHuET, ,Vorlesungen tiber Zahlen- 
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theorie’; Bacumann, ,Die Lehre von der Kreistheilung”) or by 
extension to any uneven » of one of the equations 


n—l 
ra sin Alls 
Cae pitearat 
nr 

n—1 
an tang 
ererrny: 


nu 


proved only for prime denominators, resp. of equations analogous to 
these of the complex integers formed out of the cubic, resp. biqua- 
dratic roots of unity, in which the trigonometric functions have 
been replaced by the elliptic functions belonging to the curve of 
Kigspert, that is to the invariants g,=4,9;=0, resp. by the 
lemniscatic functions (gg = 0, g,; = 4), which n in the second parti- 
cular case is prime to 1—j or 1+: (c.g. Kronecker , Berliner 
Monatsberichte, 1876’’). 

Out of both definitions the different qualities of the generalised 
symbol can easily be deduced; and with its help it can also be 
shown that for the same holds good the corresponding generalisa- 
tion of the Lemma of Gauss. Now every mathematician will regard 
as natural, if only on account of the analogy with the procedure 
followed almost without exception, the definition of the generalised sym- 
bol by an extension of the EUcEr criterium (resp. of the analogon of it in 
the region under consideration), and, as it does not suffice as is 
immediately proved, will try to attain it by a corresponding gene- 
ralisation of the Lemma of Gauss (resp. of its analogon). For the 
symbol obtained in this way the relations just named are to be 
pointed out. 

In his treatise ,Zur Theorie der quadratischen Reste” published 
in the 1s* vol. of the ,Acta mathematica” (1882) ScHeRine has 
applied for the Geetha restcharacters a deduction founded in 
reality on the ideas developed above; his deductions, however, are 
rather prolix, not being limited to te subject ah and ferent 
they have not found a good reception in the books and the students’ 
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halls, notwithstanding the simplified representation given to them 
by Max Maypr in his work ,Ueber die Verallgemeinerung eines 
Gaussischen Algorithmus” appearing in the Lt vol. of the ,Monats- 
hefte fiir Mathematik und Physik” (1890). As far as I know no 
such method was tried for the remaining restcharacters. 

Hence the communication will not be quite worthless of the 
highly simple manner which I generally make use of in my lectures 
on the introduction of the above named generalised symbol by means 
of the explained process, the more so, as it is very fit for the 
transparent treatment of other arithmetic problems, as I wish to 
prove in the following lines in one example at least. In my 
developments I shall confine myself to the complex integers formed 
out of the biquadratic roots of unity which I shall name shortly 
integers; however, I draw attention to the fact, that this method can 
be used for all kinds of numbers for which holds good the Euclidian 
algorithm of determinating the greatest common divisor. 


1. As a basis for my developments I make use of the following 
formula 


=" f(a)" u(@(= f (dz) 


r=}m{ d = if (1) 


for the sum of the values, which are obtained by a given function 
f(r) when its argument assumes all numbers, prime to a complex 
integer, of a complete system of restcharacters (except the naught) 
according to the modulus m, in which formula the summation ac- 
cording to d is to be extended to all the divisors of » lying 
in the region {m} and the numerical function « (2) has the value + 1 
when 2 is a real or a complex unity of the biquadratic cyclotomic 
body or is compounded of an even number of prime numbers (one 
or two members) all of which differing mutually, and the value — 1 
when the argument is a product of an uneven number of different 
prime factors, and finally the value naught when it is divisible by 
the square of a prime number. So this function is the function of 
Mosius-MertTENs for the region of the complex integers formed 
out of the biquadratic roots of unity, of which I repeatedly made 
use in former treatises (see as an example ,Zur Theorie der aus den 
vierten Einheitswurzeln gebildeten complexen Zahlen”, Denkschriften 
der mathematisch-naturwissenschaftlichen Classe der kais. Akademie 
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der Wissenschaften in Wien, 50, Vol.). As is known for these the 
relation exists’: 
1 
ay [4 (d) = j c 
d (o 


according to the norm being equal to or larger than 1, with the 
help of which one can easily prove the. formulae corresponding 
with each other 


= f (4) ae F (n), 
=u (d) ET) — f (n). 


To obtain the above mentioned sum we must remove from the sum 


= f(*) 


emit 


all values of the function whose argument have a common divisor 
with n. If d, is a divisor of n in the region {m} with a norm 
surpassing unity, the sum of the values to be ejected belonging 
to d, 1s 


= f(d2). 
a=} 


If we were to subtract this sum for every divisor d from the 
first named one, we should have ejected more than once all values 
of the function, in which d, possesses a quadratic factor and those 
too in which 4; is a product of several (4) prime factors; in the 
latter case this ejection would take place 


(1)4Q)etCaeran 


times instead of once, as the respective value appears in each sum 
corresponding to one of the & prime factors of d,, to one of the 


k 
( am products of any two prime factors of d,, and so on. So on one 


hand we have only to take for d, those divisors of n built up of 
prime numbers all differing mutually, and on the other hand on 
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account of =) + oa +(—1) e) = — 1 to take each sum 


belonging to such a d, with the positive or negative sign, according 
to the number of prime divisors of d, being even or uneven. Hence 
the values really to be subtracted being expressed by the sum 


}m | 
= n(a) (= F(a) 
1 nr} 


extended to the divisors d, of n belonging to the region {m} with a 
norm surpassing unity, we then immediately arrive at the formula (1). 
For the region of the real numbers the corresponding relation 


20 


=" (=F uM (= fae) 


i— 


was given as far as I know for the first time by Nasimor in his 
treatise “Von der Summe der Zahlen, welche theilerfremd zu einer 
gegebenen Zahl N sind und eine andere gegebene Zahl P nicht 
iiberschreiten” published in Russian in the 11" vol. of the Proceedings 
of the Math. Society in Moskow (1883). This equation of Nasimor, 
as well as an extension of a special case originating from K. ZsIgMoNDY 
(,Zur Verallgemeinerung der Function g(m) in der Zahlentheorie,” 
Journal fir die reine und angewandte Mathematik, 111"4, Vol.) 
I have considerably generalised in my treatise: “Ueber eine 
Relation des Herrn Nasrmor” contained in the 102°¢ vol. of the 
proceedings of the meetings of the Math. Phys. Class of the Imp. 
Academy of Sciences at Vienna. As [I still wish to observe, the 
equation of Nasimor has moreover been made use of for the case 
m=o in different investigations of which I will point out as an 
example SkGuIER’s ,Formes quadratiques et multiplication complexe’’ 
in order to avoid stating a great number of original works. 

A special case of formula (1) is the one found by DIRICHLET 
(, Recherches sur les formes quadratiques 4 coefficients et a indéter- 
minées complexes,” Journal fiir die reine und angewandte Mathe- 


matik, 24' vol.) 
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(N(p)-1)=EN(F) a) 5 (Ppt pyr oo De 


(p, being equal to a prime number of one or two members: 
Pa=|- pk) 4=|=k) for the number  (n) of those members of a complete 
system of rests (with the exception of the naught) according to 
modulus x which are prime to this. 

This formula proves directly that this number is divisible at least 
by 4 if » is odd and by the 4 power of 2 for any n, when n has 
at least two mutually differing prime factors; moreover it shows 
that when m and n are prime to each other we have the relation 


yp (mn) = p(m) — (n). 


T1y To eo 0 09 "N@H1 
4 


are the members of a fourth part of a system of rests according to the 


modulus » which will henceforth be supposed to be uneven and 
among these 


01s Qo; eoey 2 o(n) 
4 


prime to », then there exist for each complex integer m prime 
to » of the considered region the congruences: 


a (m,n) Ni ail 
rms r' (mod. n) (A=12..., - 20, (m,n) =0, 1, 28). (2) 
+ (m,n) , 6(n) 


omit" 'a, (mod. n) (Ar Soy agent 


“ay 


17, (m,n) = 0, 1, 2, 3), 


where the numbers 7, resp. 0,, are distinguished from the numbers 
r', resp. ¢',, by the arrangement only. By multiplication of the 
congruences of the second system we obtain the relation 
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9(n) 
m + = i") (mod. n), 
when for brevity is put 
f = ty (m, n) = n (m, n). 


From this follows the generalised theorem of Fermat of this 
region of numbers 


m?) = ] (mod. n). 


Now however the congruence exists 


V (plo @ (Pat n+ + 9 (De) 


m =1(mod. n), 


because the exponent of m is a multiple of each of the arguments 
of the function V (of the least common multiple of the arguments). 
Consequently the above mentioned power is congruent to 1 owing 
to the just named theorem according to each single one of the 
prime number powers p,%«(4 = 1,...,7) and therefore also according 
to their product. So if » contains more than one (uneven) prime 
factor, we certainly have 


and consequently (m,n) is divisible by 4. 
If »=p* is the power ofa prime number (one or two members) 


then 
ee =((*)) (mod. p*) , 


where the symbol () is defined by the equation 
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N(p)—1 ae) 
4 =A 


=o6,(m,p) = 7, (mn) 
A=1 4 —! 4 


(@) = = 


For @=1 the congruence is proved by the definition of the 
sign. If it holds good for a definite «, we have the relation 


ce) 
m we Coat k p* 


from which follows by elevation to power JV (p) 


(ECP G) 
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or, .V(p) having the form 4s-+ 1 and all terms appearing after 
the first term on the right side having at least the factor p*+, 


fa (=) (mod. p**! ). 


So 


a NP aan) 


4 
1 (m, p*) = = o, (m, p) = = t, (m, p) (mod. 4). 
Aasli A=] 4 


3. If we put in (1) m=n, and f(#)=0,(m,) for c=7,, 
and in all other cases f(x) = 0 then 


=” F(x) = (m,n), 


Goan 


and 
= Ff (dx) 
sea 
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is the sum of those numbers o,(m,n), belonging to the numbers 
r, divisible by d. However these are evidently the terms of a fourth 


part of a system of rests according to modulus < multiplied by d. Now, 
the numbers &.dm giving after division by the same rests as the 


numbers km after division by = the last sum is equal to 


i 4 
Sic (m, =) =o (m, -) 
A= 2 d d 
and so we get the equation 
n 
n(mn) = Eu (d) A (m,~), 
d d 
from which ensues reciprocally 


A (m,n) = = nX{m, 2). 
d 


If we define the generalised symbol ((7)) by the equation 


N(n)—1 
Riza 


4 
= a, (m,n) H (m, n) 


(Ea = 


i.e. by a corresponding generalisation of the lemma of Gauss, we 
have according to previous developments 


= n (m, d) 
d 


=) Cy 


hence this natural definition coincides with the exposition of JACOBI 
12 
Proceedings Royal Acad. Amsterdam. Vol. III. 
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based on the existence of the multiplication-theorem for the denomi- 
nator of the sign. 


4. To give a further example of the fitness of the method fullowed 
in the previous investigations, I will determine according to modulus 
n the sums of the kt powers of those terms of a system of rests in 
respect to it belonging to the exponent s. For this I make use of 
the relation of Nasimor. 

If m belongs according to modulus » to the exponent s which 
must of course be a divisor of @ (n), then all terms belonging to s 
of the system of rests according to modulus n can be represented 
by the powers m* in which 2 assumes all real entire numbers under 
s prime to s. So the sum sz of & powers of this is 

z=s—1 
— >) mkx 


oe | 


and so according to the relation of Nasimor equal to the expression 


j=; tH 
=“ (d) (=, mdz 
d =} | 


in which the summation is to be extended to all divisors d of s and 
in which « (a) denotes the ordinary function of Méprus-MERTENS. 
So we also get the congruence 


mks 
8, = u(s) + = ms fe (ad) (mod. n) (d< 8),. 2... (3) 


from which ensues immediately 


= uz (s) (mod. n.) 


This congruence furnishes, as we may notice by the way, for 
k>1 and Th (k,s)=1 the Pinon 


8, # (7) =0 (mod. n), 


in which the summation according to 7 is to be extended to all 
divisors of &. 
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If o is the greatest common divisor of & and s, so that 
k= ho, s= 38,6, Th(ky,5)=1, 


then all terms on the right side of the congruence (3) in which d 
is not a multiple of s, are divisible by x; hence we get 


—— = tt (8; 0) “ (mod. n), 


where the summation according to 0 has to include all divisors of o, 
so that. specially for 


we have 


ys) (=) g (o) (mod. x), 


where by g (0) we generally denote the ordinary function » of 
Gauss. 

If however s; and o have the greatest common multiple ¢, so that 
also 


By = 'ti'89, OS ty, “Th i ae 
and if farther 
Ce iy, Oe Fy LAAT), Co) =a), 


we have the congruence 


oy a = to 
bp = ZS (Og) we (Het + Su (5, 0;) — (nod. n), 
d5 Og 3, 0; 


in which the summation according to 0, is to be extended to all 
divisors of ©, the summation according to 0,, however, to all the 
remaining divisors of «. As each one of the numbers 0; has a divisor 
(except 1) in common with s,, each argument of the functions « (z) 


appearing in the second sum is divisible by a square (except 1) 
12* 
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and so this sum has the value naught; the first sum, however, is 
equal to (69). We have the result. including also the previously 
mentioned special cases : ' 


The sum of the kt» powers of all terms belonging to the exponent 
s of a system according to modulus n in the region of the complex 
integers formed out of the biquadratic roots of unity is congruent 
according to modulus n with the product 


where 


o = Th (k, #), r= Th(o, =< r= Th(t, 2.) 
oO 


5. Finally I wish to make an observation referring to the ordi- 
nary function « (7). Up till now we have an analytical repre- 
sentation for but an extremely small number of numerical functions; 
such a one is, however, at least didactically of the greatest value, 
as it generally causes the student, beginning to occupy himself with 
higher arithmetic, much trouble to get at home in these functions 
determined only for integral values of the argument. For the function 
u(r) such a one given is in the cyclotomy, and yet as far as I 
know no use is made of it in the treatises and textbooks on the 
theory of numbers. It is 


Qari 


z=s—l1 s 
2G) =e 


jal 


where the dash added to the = indicates that only the integers 
prime to s of the interval 1....s—I1 are to be taken. 
From this ensues directly 


2a (rx + sy) it 
t=s—1 y=r—1 rs 


7 (6) a) eee 
i! | y=1 


or for r and s prime to one another 
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Qa2zt 


z—=rs—l 


ris) =" sige 1 (r,s) = 
KOKO = Ze ers) (Th(r8)=1), 


as in this case rx + sy assumes all positive integral values prime 
to and minor to them. So we have but to determine the value of 
f(s) for an argument which is a prime number power (p*). For 
a@=1 we have 


Quit 
z=p—l1 p 
e(p)y= ete =—1, 
Goad | 
whilst for @>1, we get 
2Qrai Qu 2x7 
a = pe a=2p*—!_] pe t—p —1 pu 
! “ali 
u(p*) = Se 3 oll ae gta 
spam | a=p*}41 a —1)p* 1) 
c=p* Ss 22 mt Qni Ani 2(p—l) xi 
a Se i (fe? =e P es fe? 
| 
el UI 


The application of the just-named definition of (7) is to be 
recommended for lecturing purposes. 


Mathematics. — “The number of conics intersecting eight given 
right lines”. By Prof. Jan DE VRIES. 


1. The number of conics resting on eight right lines given arbi- 
trarily can be defined by the direct applicatiun of the principle of 
the conservation of the number. 

For this we begin by searching for the number of conics through 
the points P; and P, intersecting four given right lines 2), lg. lg, lq. 

If we suppose 4, Jy. 43 to lie in a plane ¢, then the conic dege- 
nerated into the right line P, Pp and the right line connecting its 
point of intersection on with that of /,, satisfies the condition. 
Proper conics answering the question are obtained in the planes con- 
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necting P, and P, with one of the points of intersection of lj, lg, Js. 
So the demanded number is four: in the notation of SCHUBERT 
Pt yt =A, 


2. To find the number of conics passing through a given point 
P and resting on six right lines we again consider the case of 
li, ly, lg lying in a plane y. Proper conics can only then satisfy, 
when they pass through P and a point of intersection of two of 
those right lines and intersect the remaining four lines; according 
to § 1 this number amounts to twelve. 

If a pair of lines are to satisfy, one of the right lines must pass 
through P and intersect one or two of the lines /,, J;, Jy. 

When it meets /, it intersects @ on the line connecting the traces 
of /; and /,, which is then the second right line of the pair. 

If P is situated on a line resting on /, and J;, the second right 
line connects the trace of that line on g with the trace of J. 

Six degenerated conics being found in this manner, the indicated 
number amounts to erghteen; Py® = 18. 


3. We can now easily determine the number of conics resting 
on the eight right lines J;(¢= 1 to 8). 

If again 4, J, lg are lying in a plane , we obtain a first 
conic passing through the traces of 14, 15, 4g, U7, /g with m; meeting 
each of 1), Jj, J, twice, it must be accounted for eight times. 

Moreover each conic passing through one of the points of inter- 
section of J), l,,/3, and reposing on each of the remaining six lines, 
satisfies the conditions; according to § 2 their number is equal to 54. 

The line connecting the traces Z,, L; of 14, 1; on m forms with 
each line resting on L,Z;, lg, ly, ls a conic satisfying the proposed 
conditions. This consideration evidently furnishes 10 X 2 = 20 new 
answers. 

If at last T is the trace of a transversal of I, ls, Ig, Jy, the line 
TL, forms with that transversal a conic of the indicated system. 
This gives rise to 5 <x 2= 10 new answers. 

So we have v5 =8 + 54+ 20 +10= 92; in accordance with 
Lirotu (Journal fir Mathematik, Bd. 68) we have thus found that 
eight given right lines are intersected by 92 conics. 

Our considerations cannot be extended to cubic curves; for if to 
find vy! we suppose four right lines to lie in a plane », the traces 
of the remaining eight lines furnish an infinite number of cubic 
curves satisfying the question. 
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4. The conics resting on seven right lines evidently form 4 
surface of order 92. Each transversal of four of those right lines 
being completed to a conic by each right line cutting it and the 
remaining three given lines, this surface certainly contains 140 night 
lines. 

The locus of the conics through P, meeting five right lines 1, is 
according to § 2 a surface of order 18. 

Each one of those right lines is a quadruple line, because according 
to § 1 four conics of the system can be made to pass through each 
point lying on it. 

Each line of intersection of two of the lines ? through P is a 
double line, it being completed to conics of the system by two 
transversals of the remaining three right lines /; so there are ten 
double lines. 

In addition to the 20 indicated single right lines of the surface 
there are 20 more, originating from the pairs of lines of which one 
right line intersects four lines /, the other passing through P and 
meeting the fifth line /. 

The section of the surface with the plane (PJ) contains the qua- 
druple right line 4, four of the double lines, two single right lines 
drawn through P and finally the conic through P and the traces of 
the remaining four lines /; this has to be counted double, as it cuts 
the lines J, twice; in this way we also find that the surface is of 
order 18. 

By considering a right line of the pencil of rays Pl, we can 
easily understand that P is a twelvefold point. 

On the biquadratic surface of the conics through P,; and P, and 
resting on four given lines, P, and P, are triple points whilst P, P, 
is a double line. 


5. The number of conics in the planes passing through a given right 
line a and cutting six given lines /, is easily found by regarding 
lL, lg,/3 as resting on a. In each of the planes (al,), (alg), (als) a 
proper conic must necessarily lie and each of these conics is then 
to be accounted for twice, as it meets one of the lines / twice; it 
is evidently determined by the traces of the remaining five. As 
moreover a forms with two transversals of /4,/;,/5 conics satisfying 
the question, there are in general eight conics, meeting the six 
lines 7 and intersecting @ twice. In the notation of SCHUBERT «?y* = 8. 


6. Let us finally determine the number of conics intersecting 
seven right lines whilst their planes pass through a given point M. 
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If again we suppose J,l, and J; to lie in a plane ~ then in the 
first place we ‘have to deal with all the conics through one of the 
points of intersection P of those three lines resting on the remaining 
five lines, whilst their planes pass through M. 

Now, according to § 4, P is a twelvefold point of the locus of the 
conics through /P resting on five given lines; this locus proving to 
be of degree 18, the right line P& is intersected twice by six conics 
of the surface. In this way we find 18 proper conics satisfying the 
given conditions. 

The line connecting the traces of J,, J; on » determines with 
M a plane on which |, /; furnish two points of the second right line 
of a degenerated conic. This consideration furnishes 6 conics. 

If the line connecting M@ with the trace L, is intersected by the 
transversal t of J;,/,/7, the line of intersection of » with the plane 
(Mt) completes the line ¢ to a degenerated conic answering the 
question. In this way 8 new solutions are found. 

Finally we find 2 more answers by connecting each of the trans- 
versals of U4) ls, U5, 7 by a plane with M; each of the traces of 
those planes on g is then the second right line of the degenerated 
conic. 

Thus we arrive at the conclusion, that wv* = 34. 


Botany. — Dr. W. Burcx, presents a paper: ,On the irritable 
stigmas of Torenia Fourniert and Mimulus luteus and on 
means to prevent the germination of foreign pollen on the 
stigma.” 


While occupied last year in Batavia with an investigation about 
the question whether or no there exist contrivances on the stigma to 
prevent the germination of foreign pollen, concerning which I presented 
a paper in the Meeting of September 29, 1900, my attention was 
drawn by a biological particularity of the irritable stigmas of Torenia 
Fourniert. This induced me to a nearer research, which I have 
been enabled to continue in this country on another plant with 
irritable stigmas: Mimulus luteus. 

Irritable stigmas have been known for a long time. Already Linnagus 
and KOBLREUTER mentioned them, and later they have been repeatedly 
discussed, in particular for the various species of Mimaulus 2). 


1) See on irritable stigmas: Detprno, Bot. Zeit. 1867. pag, 284. 

Batatty, Bot. Zeit. 1870 pag. 53. 

Ca. Darwin, Cross- and self-fertilisation. Chapt. 3. Mimulus luteus. 

A. Hansetre, Phytodynamische Untersuchungen in Sitzungsberichte der Kénicl. 
Boéhmischen Gesellschaft der Wissensch. 1889 Il, p. 308. 

KERNER VON Mariiaun, Pflanzenleben II. p. 260. 
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Personally I observed them, besides in the above named plants, in 
Mimulus Tillingit, M. hybridus, Incarvillea Delavayi, Martynia 
fragrans, M. formosa, and M. proboscidea. 

In all these plants the stigma consists of two broad lips which, 
in normal state diverging under a considerable angle, on being 
touched approach each other and close. 

In nature this closing of the lobes of the stigma is caused by some 
insect penetrating the flower in order to get to the nectar. The 
structure of the flower does not allow the insect to reach the 
honey without touching the lips. So if an insect withdraws from 
the flower, the before widely opened stigma is seen to have closed 
during the visit. 

Furthermore it has been observed that if the stigma is only 
touched by the insect, the lobes will soon open again, but that 
they remain shut when the insect has at the same time rubbed 
off on them some of the pollen it carried along. 

In my experiments on fertilisation with Torenia Fournieri my 
attention was roused by the different behaviour of the lobes of the 
stigma, according as the pollen was taken either from the two 
shorter or from the two longer of the four didynamous stamens. 

If the pollen was taken from the shorter stamens, the stigma 
reopened after a few minutes, but the lips remained closed when the 
pollen had been taken from one of the longer ones. 

It should now be remarked that the anthers of the two longer 
stamens of this Jorenia burst during the flowering and bring their 
pollen to the surface; those of the short ones, however, don’t open. 
As a rule we find after the fertilisation the anthers of the short 
stamens still closed in the fallen corolla. 

For the rest they are completely developed and their remaining 
closed is the only difference to be observed in these anthers. 

A soft pressure of the anthers with a piece of glass will suffice to 
collect on it all the contents of the two cells, and liow it also 
appears that the pollen freed in this way does not differ from that 
of the longer stamens. As a proof of its complete maturity may be 
added that just as well as that of the longer stamens it begins to 
germinate in a drop of distilled water, after 2 hours, if the precau- 
tion has been taken to put at the same time a stigma of Torenia 
in the drop of water, 

I have moreover fouad that fecundation is as well effected by it 
as by thé other pollen. 

So the only difference, between the freely expelled pollen from 
the longer stamens and that enclosed in the shorter ones is found, 
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—— save in what will presently be said, — in their relation to the 
lobes of the stigma. 

In order to see how the stigmas behaved toward the pollen of 
another origin, they were covered with that of Cassia florida, Morinda 
citrifolia, Begonia spec. div., Canna indica, Calonyction speciosum, 
Argyreia speciosa, Impatiens sultani, and of many other plants selected 
at will, whereby I found that whichsoever pollen might be used, the 
stigma always reopens within 10 to 15 minutes and thus behaves 
towards it in the same way as to the pollen from the shorter stamens. 

Only then when the pollen from the long stamens has been 
deposed on the stigma its lobes remain closed, no matter whether 
the stigma, in previous experiments, has already been dusted with 
the pollen of one or more other plants. 

I have now found of late that the irritable stigmas of Mimulus 
luteus display the same particularity with this difference, however, 
that the stigma of Mimulus always remains closed when dusted 
with its own pollen, no matter whether it is taken from the shorter 
or the longer anthers. 

Dusted with pollen of another origin the closing was always 
of short duration. Experiments were made with the pollen of Heme- 
rocallis fulva, Digitalis purpurea, Epilobium angustifolium, Tropaeo- 
lum majus, Torenia Fourniert, Pisum sativum, Datura Stramonium, 
Ononis spinosa, Maurandia erubescens, Lathyrus odoratus, Impatiens 
nolt tangere, and other plants. 

A nearer examination of the stigmas of these two plants proves 
that the inner surface of the lips is highly irritable. The slightest 
touch makes them close directly. The outer surface, on the other 
hand, can bear considerable irritation without this causing the 
closing of the lobes. Few minutes, — in the mean a quarter of an 
hour, — after the lobes have closed in consequence of the stimulus, 
they open again and may then anew be induced to close in the 
same way. This can be repeated many times consecutively without 
the stigmas losing their irritability. The stimulus acts locally, that 
is, touching the inner surface of one of the lips does not affect the 
other but only makes the directly touched one move. If the style is 
cut through this changes nothing in the sensibility of the lobes, 
which are neither thereby brought to a temporary closing. Moreover, 
either of the lips may be cut away whoily or partly; the remaining 
portion continues irritable in the same degree. In consequence of the 
wound the stigma will shut, but within the determined time it is 
open again. 

The closing of the lobes when pollen is deposed on them is exclus- 
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ively due to the thereby nearly unavoidable touching of the irritable 
inner surface. 

If very cautiously a quantity of pollen is shedded on the stigma, 
so that the grains adhere to the stigmatic hairs, the lobes remain 
open; if it is effected more or less rudely, so that the cellular tissue 
is touched, they close. 

What has been stated here about the closing in consequence 
of some mechanic stimulus, and the again opening of the stigmatic 
lobes when that stimulus has ceased to act, clearly points to the 
fact that the irritable stigmas, in their movements, show many 
points of accordance with what has been observed in other ir- 
ritable organs, for instance, in the articulations of the leaves of 
Mimosa pudica, the stamens of Centaurea jacea, and other Cynareue, 
so that by analogy it may be admitted, that touching the inner stig- 
matic surface is accompanied by a loss of water in the turgescent 
cells at that place, in consequence of which the cell-layers at that 
side lose their tension, whilst that at the outside increases by the 
absorption of a part of the expelled water. Hence, the tension of the 
outer side becomes greater than that of the inner one which explains the 
closing of the lobes. 

When now the stimulus has ceased to act the flaccid cells at the 
inner face again absorb water, by which the turgor is restored and 
the lobes reupen again. 

Hence it follows that the reopening of the stigmatic lobes, after 
they have been temporarily closed by only touching or by covering 
them with pollen, may be referred to well-known phenomena, but 
that the not opening of the lobes when pollen is shedded on them, 
of the same species (Mimulus), or from special stamens of the same 
species (J’orenia), requires some explanation. It is clear that here, in 
dusting a stigma with this special pollen, a factor appears which 
prevents the restoring of the turgor. 


In order te explain this phenomenon it should be observed 
that the stigmatic fluid of different plants not only varies in qualit- 
ative composition, concerning which some particulars were given in 
the account of the Meeting of Sept. 29, 1900, but that, besides, 
to all probability, the different constituents of this fluid ean occur 
in varying proportions; that the concentration of the stigmatic fluid 
can vary very much, and that pollen-grains of distinct origin diverge 
considerably in their power of drawing water from one and the 
same stigmatic fluid. The latter fact may at once be seen by put- 
ting pollen of distinct plants in a solution of saccharose of a 
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certain degree of concentration, which solution might be cailed a 
stigmatic fluid. of the simplest composition. 

It is likely that among these different kinds of pollen there may 
occur some, — if at least concentration be not too high — which 
by a too energetic absorption of water burst at once, and whose 
contents stream out into the liquid in the same way as is seen with 
many species of pollen brought into pure water. Among the species 
of pollen which do not burst there are some which increase in size 
under absorption of water. : 

Pollen-grains which in the dry state are elliptical, such as those 
of Hemerocallis fulva, Torenia Fournieri, Digitalis purpurea, Mauran- 
dia erubescens, are rounded thereby into balls. 

A few species form their germinal tubes *) in the fluid, and finally, 
there are some which not only don’t germinate but neither suck 
water from the liquid, and retain the shape and size which they 
possessed in the dry state. The higher the degree of concentration, 
the less the pollen-grains are able to draw water from the saccharose 
solution. 


Also pollen-grains of plants of the same genus frequently possess 
in a very different degree the power to absorb water from a solution 
of saccharose. 


1) It is known that many species of pollen which do not germinate in water, may 
be induced to do so in solutions of sugar, agar-agar, gum, dextrine, or in mixtures 
of these substances in a certain degree of concentration for each species. Here- 
about informations have been given by Van TinguEma), Kwy 4d), STRASBURGER c) 
and Mouiscu @). 

Mo.iscn determined for 60 plants the degree of concentration which should be given 
to the canesugar solution in order to call forth the germinal process. From his state- 
ment it appears that there are pollen species which no more germinate when the 
saccharose solution is higher than 2 pCt. (Platanthera bifolia) or 5 pCt. (Allium 
ursinum), whilst some can still germinate in solutions of 40 pCt. a few even in 
solutions of 50 pCt. (Zpipactis latifotia, Lilium Martagon). It is now supposed that 
this proves that special relations of nutrition govern the germination, and that distinct 
species of pollen have in this respect distinct requirements. However, considering the 
fact that a great many pollen-grains want no food at all to germinate, and that others 
form their germinal tubes in water with addition of a special chemical substance, 
which can serve as a stimulus, it is my opinion that we should rather think here 
of an adjustment for the absorption of water required for the germination. 


a) Annales des s. c. nat. Bot. 5me Série, tome XII, 1872. 

4.) Sitzungsber. des bot. Vereins d. Provinz. Brandenburg XXXIII, 1881. 

ce.) SrRasBuRGER, Neuere Untersuchungen ueber den Befriichtungsvorgang bei den 
Phanerogamen, etc. Jena, 1884, Princsneim’s Jahrb. Bd. XVIII, 1886. 


d.) H, Mouxitscu. Zur Physiologie des Pollens. Sitzungsber. der math. naturw. Classe 
der K. Akademie der Wissensch. Wien. Bd. CLL, Abth, I, 1893. 
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Impatiens sultani, for instance, can do this from solutions of 
0—20 pCt., J. balsamina of 0—10 pCt. and J. latifolia of 0—8 pCt. 

Beneath the limit mentioned for each species they are all three able 
to form their germinal tubes; above that limit the germination 
ceases, together with the absorption of water and the accompanying 
increase of volume. 

In the same way as the pollen behaves towards saccharose solu- 
tions, it behaves towards the fluid of the stigma, and now it is my 
opinion, that as a rule it may be admitted that pollen, which does 
not besides put special requirements to the qualitative composition 
of the stigmatic fluid (of which my paper in the Meeting of 
September 29, 1900 treats), can only then germinate on a stigma 
when the concentration of the stigmatic liquid does not exceed 
a certain maximum, varying for each species of pollen. 

The fact, now, that the stigmas of Torenia and Mimulus open 
no more after being dusted with their own pollen (Torenia with 
the pollen from the longer stamens) should be ascribed to the 
faculty of these kinds of pollen to withdraw considerable quantities 
of water from the stigmatic fluid of those two plants. 

This withdrawing of water is the factor which counteracts the 
restoring of the turgor. 

Direct observation taught me that none of the other pollen species 
with which experiments on fertilisation had been made _ possess 
the same property. 

If the elliptical pollen of Hemerocallis fulva, Maurandia erubescens, 
Digitalis purpurea, or Lupinus Cruykshanksii, is put on the stigmas 
of Mimulus or Torenia, and if it is again examined after the stigmas 
have reopened, it is seen to have retained the shape which it possessed 
in the dry state; none of the grains has been able to become globular. 

The pollen of Torenia, on the other hand, also elliptical as 
long as it is dry, and that of Mimulus, which on the optical section 
shows an oblong square, is directly after the stigma has closed 
found back between the lobes strongly swoilen and rounded into balls. 

That this is indeed the explanation of the observed phenomena 
is shown by control experiments. In the first place we see that when 
the stigma of Torenia or Mimulus, is covered with pollen which 
beforehand has been enabled to absorb water and become globular, a 
simply breathing over the poilen will suffice to this end, — this 
pollen acts in the same way on the stigma as foreign pollen, namely, 
as concerns the reopening of the lobes. Just the same is seen to 
occur when the stigma, previously to the fertilisation, 1s moistened 
by means of a pulverisator. Furthermore the fact that, when using 
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the pollen from the shorter stamens of Torenia, the stigma opens 
again, and not: when that from the longer is taken, may likewise 
be referred to the difference in the ratio of water of these grains. 

If the pollen from the closed shorter stamens is collected on an 
piece of glass and exposed to the air for some time until, by loss of water, 
it has assumed the elliptical shape, it acts in the same way as that 
of the longer, and if, inversely, that of the longer stamens is used 
when these have not yet opened, it behaves.on the stigma like the 
pollen from the shorter. 

Finally, to determine whether both species of pollen possess the 
faculty of absorbing water in an equal degree, pollen of Torenia 
was put on the stigma of Mimulus, and inversely, that of Mimulus 
on the stigma of Torenia. It appeared now that the stigma of 
Torenia remained closed when dusted with pollen of Mimulus; 
inversely, however, the stigma of Mimulus opened again after being 
dusted with pollen of Torenia, whence it is evident that the power 
of absorbing water is greater in Mimulus than in Torenia. 


In reference to an earlier paper on contrivances on the stigma to 
prevent the germination of foreign pollen, in which it was inferred 
that for some plants the pollen-grains want a special chemical stim- 
ulus in order to form their germinal tubes, I will now call to 
mind, in accordance with what has been mentioned above, how also 
the concentration of the stigmatic fluid should be considered as a 
means to prevent the germination of foreign pollen. 

Torenia and Mimulus have hardly any chance of foreign pollen- 
tubes developing on their stigmas. The composition of their stigmatic 
liquid warrants them from it. 

What has been stated here is by no means an isolated fact but 
should be considered as a special case in the appearance of a 
frequently occurring means to prevent the germination of foreign 
pollen. Accordingly, in many cases it explains the phenomenon men- 
tioned by STRASBURGER ') that very often the pollen of closely allied 
plants cannot germinate on each other’s stigma, whilst foreign 
pollen does. 

The description of a few more experiments will nearer elucidate 
this point. 

The pollen of Impatiens sultani, I. Balsamina, and I. latifolia, 
belong to those kinds which easily germinate in distilled water. 


1) Srraspurcer, Ueber fremdartige Bestiubung. Pringsheim’s Jahrb. fiir w. Botanik, 
Bd. XVIII, 1886. 
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As a rule, it begins to form the germinal tubes directly after being 
laid in water, whilst other species only after 2 or 3 hours show 
the first signs of germination. In a quarter of an hour already 
the pollen-tubes have got a considerable length. Hence, that pollen 
does not want a special chemical stimulus, nor a germinal fluid of 
a higher degree of concentration. 

In dilute solutions of saccharose, levulose, dextrose, and mannite, 
it germinates as well as in water. 

How indifferent this pollen may appear, it is still far from being 
able to form germinal tubes on all possible stigmas. 

If the polien of Impatiens sultant is introduced into the thick 
viscous liquid which covers the stigmas of Uvaria purpurea, it does 
not try to form germinal tubes, and when, after residing for several 
hours in this fluid, it is again put in water, the germination leaves 
nothing to desire. If then again a portion of the viscid matter is 
put on a piece of glass and diluted with water, the pollen-grains 
of Impatiens directly begin to germinate, whence may be inferred 
that only the higher concentration prevented the germination on 
the stigma. 

If now the experiment is inverted by covering the stigma of Impatiens 
sultani with pollen of Uvaria, then, after about 24 hours, the germinal 
tubes are seen to appear. Such like cases, where the pollen of a plant 
A germinates on the stigma of B, but inversely, not that of B on 
the stigma of A, STRASBURGER has frequently called attention to. 
The above observations give a plain explanation of the phenomenon, 
though, of course, for other plants other causes may be active too. 

As little as on the stigmas of Uvaria does the pollen of Impatiens 
germinate on the stigma of Pentas carnea, Begonia goegoeénsis and 
Torenia Fournieri. It can remain for days on these stigmas without 
any change being observed. If then the stigmas of Begonia and Torenia 
with the pollen of Impatiens upon them are put in a drop of water, 
they will begin to form germinal tubes within a few minutes. For 
Pentas carnea, however, the high concentration of the stigmatic 
liquid is not the only cause that the pollen-grains do not germinate 
in it. After having been on the stigma of Pentas carnea, the 
pollen of Impatiens is dead, no matter whether it has been for 
some days, or only for a few hours in contact with the stigmatic fluid. 
This evidently poisonous influence on the pollen of Impatiens is, 
however, only exerted by the concentrated liquid of the stigma. 
If a stigma of Pentas carnea is placed in a drop of water in 
which pollen of Impatiens has been sown the germination is quite 


satisfactory. 


( 192 ) 


Inversely, the pollen of Pentas germinates on the stigma of Impa- 
tiens sultant. .. 

Finally I wish to observe that the 3 mentioned species of mpa- 
tiens can form germinal tubes on one another’s stigmas. 


Returning to Torenia and Mimulus we have to pause a moment 
at the question what use those plants can draw from tie possession 
of an irritable stigma. This question should be considered regardless 
of the advantage which many plants, — albeit not all'), — can 
have in possessing a stigmatic fluid of such a composition that not 
each kind of pollen can develop in it. 

That advantage the plants would jikewise enjoy if their stigmas 
had not the power of shutting. 

It is the general opinion that the movements of the stigmatic 
lobes of Mimulus will prevent the self-fecundation of the flowers. 

It is i. a asserted by BaTaLin 2), that when a bee without pollen 
on its back penetrates a flower, it touches the stigma and when 
then the bee laden with pollen flies away, it cannot rub off the pollen 
on the stigma of the same flower. When entering another flower, 
however, the pollen is brushed off on the stigma, by which cross- 
fertilisation is effected. I doubt, however, whether the insect. can 
actually contribute to the fecundation of Mimulus by pollen of 
another individual. 

Mimulus being a profusely flowering plant, the other flower referred 
to: the one visited after the first, is all but always a flower of the 
same plant. That flower gets pollen from the first, the third from 
the second, the fourth from the third, and so on. Finally the bee, 
still laden with pollen of Mimulus, leaves the plant and may carry 
this pollen to the first flower of another Mimulus; but the chance 
that it will directly return again to a Mimulus does not appear 
greater to me than its visiting quite another plant. 

But let this be as it may, albeit that the structure of the flowers 
of Mimulus has given rise to the opinion that the irritable stigmas 
prevent self-fertilisation, because first the stigma is touched before 
the insect comes in contact with the anthers, this holds only good 


‘) From StrasBurGeEr’s experiments may be inferred that often germination of foreign 
pollen on the stigma and the entering of foreign pollen-tubes into the style-canal aad 
the ovarium do not prevent the development and growth of the plant’s own pollen- 
tubes and the normal course of the fertilisation. 


*) A. Bavartn. Beobachtungen ueber die Bestiéubung einiger Pflanzen. Bot. Zeit 
1870. p. 53. wali 
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for Mimulus and not for Torenia, as for the latter the relation is 
just the reverse. In Torenia the two longer stamens are placed in 
such a way with regard to the stigmas, that a bee first loads its 
back with pollen, in order to rub it off on the stigma on its 
farther penetrating the flower. 

Hence, if the irritable stigmas of Torenia had first been examined 
instead of those of Méimulus, the opinion would never have 
prevailed that they should serve to prevent self- and promote cross- 
fertilisation. 

The view of KERNER von MariLAun !) that the movement of 
the stigmatic lips should serve to carry the poilen to a spot of the 
stigma where it can further germinate is based on the double sup- 
position that the pollen on the stigma changes its place by the 
movement and that not each part of the stigma is fit for its 
germination. Neither the one nor the other assertion I have found 
confirmed. 

In my opinion, therefore, there has hitherto not been given a 
right explanation of the advantage which a plant may draw from 
the possession of irritable stigmas. 

The closing of the stigma after fertilisation with the plant’s own 
pollen is undeniably accompanied by the advantage that not on 
each consecutive visit of insects it runs the risk of being rubbed 
off the stigma to be replaced by pollen of perhaps quite another 
origin. But this advantage is counter-balaneed by the drawback 
that the inferior pollen from a flower of the same piant, can neither 
be replaced by polien of another individual. If the stigmas did not 
close, then, with frequent visits of insects and after its own stamens 
had been emptied, many a flower of Torenia might be crossed and 
for Mimulus the same might take place still before its own stamens 
had been brushed out. 

To this, however the way is closed, and the said consideration 
leads to the conclusion that the advantage can in no case be of 
great importance. 


Physics. — “On the origin of double lines in the spectrum of the 
chromosphere, due to anomalous dispersion of the light from 
the photosphere”. By Prof. W. H. Juttus. 

(Will be published in the Proceedings of the next Mecting). 


1) KernerR VON MaRILAUN, Pflanzenleben II, p. 260. 


(October 23, 1901). 
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(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 
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Contents: “On the origin of double lines in the spectrum of the chromosphere, due to anomalous 
dispersion of the light from the photosphere”. By Prof. W. H. Joxtus, p. 195, (with 
one plate). — “Considerations in reference to a configuration of Szcre” (1st Part). 
By Prof. P. H. Scnourg, p. 203. — “Urea derivatives (carbamides) of Sugars”, II. 
By Dr. N. ScHoort (Communicated by Prof. C. A. Lopry pz Bruyn), p. 214. — 
“The elementary motion of space §,”. By Dr. S. L. van Oss(Communicated by Prof, 


JAN DE Vrigs), p. 218. — “On J. C. KaApreyn’s criticism of Airy’s method to 
determine the Apex of the solar motion”. By Dr. J. Srein S.J. (Communicated by 
Prof. H. G. van pE Sanpe BAkuuyYZEN), p. 221. — “Reply to the criticism of 


Dr. J. Srey S.J.”. By Prof. J. C. Kapreyn, p. 232. — ,OQn the Hydrosimeter”. By 
Prof. J. W. Mott. p. 243. (With one plate), 


The following papers were read: 


Physics. — “On the origin of double lines in the spectrum of the 
chromosphere, due to anomalous dispersion of the light from 
the photosphere’. By Prof. W. H. Junius. 


A peculiarity, appearing in the photographs which Prof. A. A. 
NYLAND obtained with the prismatic camera during the total eclipse 
of 18 May 19011), caused me to investigate more closely, in the 
line of my former paper on solar phenomena, what characteristics 


1) With the consent of Messrs Nynanp and Wi1terpINK (the members of our 
expedition who were most concerned with the spectrographic researches) only this 
special feature of the photographs will be shortly referred to in this paper. The 
report, containing a full account of the various observations made by our party, 
will be published afterwards. 

13 
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the chromosphere lines must show, when they really derive their 
light from the sphotosphere ’). 

At the meeting of 24 Febr. 1900 I developed considerations 
which lead us to expect, that the light of the chromosphere is to a 
large extent composed of photosphere light, which has undergone 
anomalous dispersion in the absorbing vapours of the sun. The 
wave-length of the bright lines in the spectrum of the prominences, 
chromosphere and flash cannot, according to this hypothesis, be 
exactly the same as the wave-length of the corresponding absorp- 
tion lines of the ordinary solar spectrum. For every bright line 
belonging to an absorption line of wave-length 4, was supposed to 
be produced by two groups of radiations, whose wave-lengths are 
respectively all smaller and all larger than 4. The light on the red 
side of the absorption lines will perhaps in most cases be a little 
more intense than that on the violet side, because, however variable 
as to place and time the density relations of the solar gases may 
be, it is always a little more probable that the average density 
of the layers which are penetrated by the light that reaches us, 
increases towards the sun’s centre, than otherwise *). Where 
powerful “Schlieren” occur, however, the wave groups on the violet 
side may be the stronger ones. 

Further it is clear that from each group, those rays, whose wave- 
lengths differ much from A, can in general only be seen close to 
the sun’s edge, for there only a smail abnormality in the refractive 
index is necessary to deflect photosphere rays to our eyes. Light 
whose wave-length differs less from A can reach us from a broader 
strip of the chromosphere; and far from the sun’s edge, as a rule, 
we may expect to see only rays, whose wave-lengths differ very 
little from 4°). 

To this rule too exceptions may be found at places, where mighty 
prominences show us the presence of great irregularities in the 
density distribution of the sun’s gases. 


1) I shall frequently make use of the terms photosphere and chromosphere, but I 
wish to state emphatically that I mean by them only the white disk of the sun and 
the more or less coloured edge or light ring, as they appear to our eyes. I do not 
imply the idea of a sharply limited ball, emitting white light and surrounded by a 
translucent shell, which itself emits coloured light. 


2) W. H. Juntus, Proc. Royal Acad. Amsterdam, Vol. II, p. 581 and p. 585 
Astron. Nachr Bd. 158, S. 4389. ; 


3) Proc. Royal Acad. Amsterdam, Vol. lI, p. 581. 
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Let us now consider what under ordinary circumstances the light 
distribution in a chromosphere line would be, if we were only 
concerned with refracted photosphere light, unmixed with any appre- 
ciable radiation emitted by the absorbing gas. 

In Fig. 1 is given a representation of the form, which the 
dispersion curve of the absorbing gas will assume in the neigh- 
bourhood of one of the absorption lines. The line XX’ be the 
axis of wave-lengths with the value 4 at the point O, and let an 
ordinate zero represent that the refractive index is equal to unity. 
If no absorption line existed in this part of the spectrum, the 
dispersion curve would be a nearly straight line NN’ at a small 
distance above XX' and almost parallel to it. But if rays of wave- 
length A are strongly absorbed, then the curve consists of two 
branches of the form represented. 

Light with a wave-length A cannot now occur in the chromos- 
phere spectrum. Rays 4+, in the normal spectrum belonging to 
positions a and a’, will reach us from a chromosphere ring of rela- 
tively great width, but naturally with greater intensity from the 
inner than from the outer parts of the ring. Rays 4+2 0, belonging 
to places 6 and 8’, come only from a smaller chromosphere ring etc. 
All these rings have the photosphere for their inner limit. The 
breadth of the rings from which we can receive light of wave-lengths 
A+ 0, 4+ 20 ete. will depend upon the ordinates of the dispersion 
curve at the points given by a,a', b,b' etc. We can, as a first 
approximation, put these widths proportional to the quantities 
@ gy Ay' Ag', by bg, by' be’, ete. by which these ordinates differ from 
the ordinates of the normal dispersion curve NV N’. 

In recent eclipse work both the slit spectrograph and the prismatic 
camera (or the objective grating) have been used; up to this time 
most results have been obtained by the latter. We shall, therefore, 
investigate the character of a chromosphere line as it must show 
itself in ordinary circumstances in the prismatic camera. 

The prismatic camera gives for every monochromatic radiation, 
coming from the chromosphere, an image of the crescent, ranging 
these images according to the wave-lengths. The light distribution 
in such an image shows us the intensity with which the corresponding 
radiation comes out of the various parts of the crescent. Consequently 
a pure monochromatic image will, as a rule, possess the greater 
intensity on the concave side, where it is limited by the moon’s 
edge, and will gradually fade away on the convex side. 

The images due to neighbouring rays will, however, partially 


overlap. This will be especially noticed with the two ie groups 
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which together form a chromosphere line; in this combination of 
are jmages we, may expect a quite different distribution of the 
light than would be found in an image, formed either by mono- 
chromatic light or by one simple ray group, such as a more or 
less rarefied gas would show us in its emission lines. 

Let Z (fig. 2) be a portion of the moon’s edge at the instant of 
the second or third contact of a total eclipse. We may now consider 
the compound light, arising from a small column 2 of the chro- 
mosphere, dispersed into a horizontal spectrum parallel to the line 
PFP'. In order to obtain more easily an idea of the share which 
the various rays contribute to the light distribution in the band, we 
separate the various rays from one another and represent on distinct 
lines PP’, QQ, RR .... those parts of the spectrum, where 
chromosphere light is found of wave-lengths equal respectively to 
A, A 0, A a 2 0) ete. 

The point O may indicate the place, where the moon’s edge would 
be seen if absolutely monochromatic light of wave-length 4 appeared 
on its left. 

The rays of wave-length 4 are, however, completely absorbed, so 
that nothing need be represented on the line P P’. 

On the line QQ we find first the light of wave-length 2 — 6, 
which projects the sharp edge of the moon at a and reaches (with 
decreasing intensity) from there to @, and secondly the light of 
wave-length 4+ 0, which reaches from a’ to @’. 

In the same way we find on R&R’ the rays A—20 and 2+ 20, 
corresponding respectively to the sections 6/2 and 8' /3'; on SS' the 
rays A— 30 and 4+ 30 at the sections cy and c'y’, ete. 

Because the sections aa, a'a', b/3, b' 3’... represent the width 
of the chromosphere rings corresponding to the various sorts of rays, 
we have considered them proportional to the lengths a a,, ay! ag’, 
by be, by' b'g of fig. 1. Hence the extremities @, ,... and @',/’,.. 
etc. lie on two curves, whose shape is closely related to that 
of the dispersion curve. The share which all intermediate waves bear 
in the light distribution is thus shown, if we only notice that for 
each kind of light the intensity decreases from right to left. This 
is represented by shading in the upper part of fig. 3. Finally to 
obtain the light distribution in the chromosphere line, we only need 
suppose that the figure is compressed in the vertical direction and 
that thus the light intensities are added together. The resulting 
intensity is then found to be approximately distributed as is shown 
by the shading in the spectrum given below. Hence a double line 
is produced, each of the components of which shades off gradually 


W. H. JULIUS. 


,On the origin of double lines in the spectrum of the chromosphere, due 
to anomalous dispersion of the light from the photosphere.” 
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on each side, so that there is still light of a somewhat considerable 
intensity in the intervening space. 

If the rays whose wave-lengths are less than A are on the average 
of the same intensity as those with wave-lengths greater than A (this 
case is shown in the figure), the ,centre of gravity” of the chromosphere 
line is shifted a little to the convex side of the image with respect 
to the place belonging to the absorption line of wavelength 4. If, 
on the contrary, we consider the inner limit of the crescent, it 
appears that the line has shifted to the other side. This must involve 
us in difficulties when trying to find the exact wave-length of a 
chromosphere line. 

Moreover, all kinds of variations may be expected in the intensity 
distribution. The ray group whose wave-lengths are greater than 4, may 
be intenser or vice versa. In such a case the displacements of the 
chromosphere line, both with regard to limit and to position of centre 
of gravity, may assume quite other values. Such displacements of 
variable character are actually often observed (by CAMPBELL, FRosT, 
LorD i. a.). 

The figure represents a case where on the convex side of the 
crescent the intensity of the system decreases faster than on the concave 
side (just otherwise than we should expect from a cursory exami- 
nation; indeed the chromosphere crescent, observed without a spec- 
troscope, is sharply limited on the concave side). This peculiarity 
too has been often seen in the chromosphere spectrum (cf. FRost, 
Astroph. Journ. XII, p. 315, Dec. 1900). In general, many of the 
irregularities in the form of the lines of the chromosphere and the flash, 
as given by Mascart'), CamMpBeLL’), Brown *), Lorp*), Frosr °), 
and also the principal features of the chromosheric spectrum, recently 
once more discussed by Sir Norman Lockyer ®), can be easily 
explained if we suppose the lines to be produced by anomalous 


dispersion. 


A convincing argument for the correctness of our explanation 
would be obtained if it appeared, that all chromosphere lines were 
really double lines of the above described character. 


1) Mascari, Mem. Spettr. 27, p. 82-89; Ref. Naturw. Rundsch, 13, 8, 618. 
2) CampseLL, Astroph. Journ. XI, p. 226—233. 

3) Brown, Astroph. Journ. XII, p. 61—63. 

4) Lorp, Astroph. Journ. XII, p. 66—67. 


*) Frost, Astroph, Journ. XII, p, 307—351. 
6) LockyER, Recent and coming Eclipses, Chapter X and XVIII, London 1900. 
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Hence I have repeatedly sought for dark cores in the chromospheric 
arcs on photographs taken during former eclipses, and have indeed 
found several indications of them; but a plate where this peculiarity 
was the rule, where all the chromosphere lines were double, has 
certainly never before been obtained, for if so, the phenomenon could 
not have escaped notice. 

The Dutch expedition had the fortune to get the first plates 
which quite clearly show all the chromosphere and flash lines, visible 
on them, to be double lines. 

This important result is in the first place due to the great care 
with which the whole plan of observation with the beautiful prismatic 
camera of CooKE was designed and elaborated by Prof. NyLANp, and 
not less to the extraordinary exactness, with which both before and 
during the eclipse he has performed all necessary manipulations. 
But besides, it is not impossible that the result was favourably 
influenced by the in other respects very unfortunate cloudiness of 
the sky. For if the light had not been considerably weakened, the 
chromosphere Jines would have been found on the plate both broader 
and in greater number, and the doubling would have been perhaps 
as little marked as on the plates, obtained on former occasions. 

Shortly after the second contact five exposures were made on one 
plate, each of them during about 8/, sec. They show each only 9 
lines, all double. On the four plates, prepared for the corona spec- 
trum, some of the stronger chromospheric lines are represented by 
often interrupted arcs. The light of these evidently comes from 
prominences which project rather far beyond the photosphere. Here 
it appears not so easy to distinguish the duplication, just as we 
might expect by our theory; but still it is visible at many. places. 

On the sixth plate another set of five exposures, of 3/, sec. each, 
were taken a little after the third contact. In the first of the spectra 
thus obtained (reaching from 4 3880 to 4 5000) 150 double chro- 
mosphere lines can be counted between 4 3889 and A 4600, these 
being also visible in the other four spectra, as far as the increasing 
scattered light permits !). 

A little below the continuous spectrum, due to the just appearing 
edge of the sun, the double lines are most conspicuous. We find there, 
parallel to the spectrum, a bright narrow streak which appears broader 


1) On the original negatives the duplication can only be distinguished with a 
maguifying glass. Enlargements (which were shown in the meeting) will soon be 
reproduced and published. 
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in the following exposures and which is probably owing to a small 
depression in the moon’s edge or to a projecting part of the apparent 
sun’s edge. In the fifth exposure, below the light band so produced 
there appears a similar streak. These bands give so to say repeated 
spectra of the flash (a fortunate circumstance, for the totality was 
over sooner than was calculated and the exposures were thus a 
little later than was intended) so that we obtain at one and the same 
exposure both the pure flash spectrum and the continuous spectrum 
of the sun’s limb. 

Prof. Nytanp and I have discussed together the possibility of 
ascribing the origin of double lines to disturbing circumstances, such 
as irregular motion of the siderostat, vibrations of the prismatic camera, 
light reflections etc.1), but we were not able to find any disturbance 
which could account for the observed phenomena and we must conclude 
that here we really have a property of the chromospheric lines. 

The Fraunhofer lines in the continuous spectrum are weak. This 
may in part be due to the diffusion of light by the clouds. For 
the just appeared edge of the photosphere, which plays the same 
part with the prismatic camera as the illuminated slit with an ordinary 
spectroscope, was not darkly limited, but surrounded by a marked 
aureole (this can be seen in some of our corona photographs). The 
clouds, however, cannot have been the only cause of the faintness 
of the absorption lines in the first stage after totality, this pheno- 
menon having been also observed in a clear sky *). There must therefore 
be another reason for the partial absence of the lines. Our theory 
gives such a reason immediately. For the chromosphere spectrum 
will at the end of totality become more and more like a continuous 
spectrum, because more bright lines will continually appear, each 
of which, according to our hypothesis, forms a double band in which 
the absence of the absorbed waves is not easily perceived. But as 
soon as a portion of the photosphere appears, the already existing, 
apparently continuous spectrum will be dominated by a more really 
continuous spectrum, the source of light of which is limited by two 
nearly sharp edges (those of the photosphere and of the moon). 

In this spectrum the absence of absorbed rays must show in 
the usual way as Fraunhofer lines. The light of the chromospheric 
arcs will, of course, partially overlap those lines, but compared with 


1) The mounting of the instruments will be fully discussed in the report of the 


expedition. 
2) CampBELL, Astroph Journ. XI. p. 228, April 1900. 
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the direct photospheric light it is weak enough for the dark lines 
to be visible, Thus, not considering the presence of clouds, the 
absorption lines must yet, during the transition from the flash spectrum 
to the Faunhofer spectrum, at first show very faint and with 
abnormal relative intensities, then grow stronger, intensities appearing 
normal. 

Because the double lines are not sharply defined objects, it is 
difficult to give the width of these systems. But we can make settings 
on the brightest parts of the components and measure their distance 
with a reading microscope. It differs for the different double lines, 
still it generally lies between 0.7 and 1.3 Ane@srTRém’s units. Wider 
and narrower systems follow each other in irregular succession, but 
on an average the distance of the components appears to decrease 
as we proceed from the green to the violet. Perhaps this fact may 
be important for dispersion theories. 

With some lines the stronger component is that which has the 
greater, in others that which has the smaller wave-length. It happens 
that even in the same line (e.g. in the arcs of 4, and Hs on our 
plate) the two cases occur close by one another, which means that 
in neighbouring places of the sun’s atmosphere the density distri- 
bution of the absorbing gas is different in this, that at one place 
the average density along the path of the ray increases, at another 
decreases towards the sun’s centre. 

CAMPBELL states!) that in some cases where dark and bright 
lines are to be found together, they are separated from one another 
by a distance of from 0.4 to 0.5 Anasrrém’s units. This is about 
the half of the distance between the components of our double lines. 
We may here reasonably suppose that CAMPBELL was concerned 
with cases, where one of the components was strongly marked. A 
similar case is found on our photograph in He, where the component 
with the greater wave-length is stronger over nearly its whole length 
than that with the smaller wave-length, and such is the case not 
only at the third contact but also during the second and even on 
the four plates, prepared for the corona spectrum, which were exposed 
for 5, 20, 190 and 60 sec. respectively. 


I have not found until now in any chromosphere line a peculiarity 
in the distribution of the light, which would make it necessary to 
ascribe even a part of this light to radiations, emitted by incandescent 


1) CampBELL, Astroph. Journ. XI, p. 229. 
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chromosphere gases. Now we can hardly assume that these gases 
really do not emit any light; the question is only, in what cases 
and how far the intensity of the true chromospheric emission is compar- 
able with the intensity of the abnormally refracted photosphere light. 

Perhaps the photographs obtained by our expedition are ‘acciden- 
tally so extremely fit to show the part played by anomalous dispersion 
in causing chromosphere light, that they induce one to overestimate 
the importance of the new principle. 

lt would therefore be very interesting if the plates of other 
expeditions were also studied from this point of view. 


Mathematics. — ‘Considerations in reference to a configuration of 
SEGRE”. By Prof. P. H. Scnovure (first part). 


1. In a treatise published in 1888 “Sulle variet& cubiche 
dello spazio a quattro dimensioni, ecc” (Memorie di Torino) 
Dr. C. Szare proved the following remarkable theorem: 

The locus of the right lines cutting any four planes 
assumed in the space S, is a curved space of order 
three containing besides these four planes eleven 
planes more; one of these eleven new planes is inter- 
sected by all the right lines cutting the four given 
planes. The fifteen planes pass six by six through 
one of ten points, which are double points of the 
cubic locus. 

If we call the four given planes @,/?,y,0 and if we 
denote by a@ the plane through the three points of 
intersection (v0), (Of), (Zy), by @' the plane through the 
three points of intersection (Oa), (ay), (70), ete, then the 
four points of intersection lie in one and the same 
space ¢ and the five planes form such a quintuple, 
that each right line cutting four of these planes, also 
cuts the fifth. 

In a study also published in 1888 *“Alcune considerazioni 
elementari sull’ incidenza di rette e piani nello spazio 
a quattro dimensioni” (Rendiconti del circolo matematico di 
Palermo, vol. 2, pages 45—52) the same writer gives a rather 
simple geometrical proof of the second part of this theorem, and 
then ascends to the configuration mentioned in the first part by the 
indication that the ten points spoken of are the points of intersection 
of the five planes «, /,7, O,e two by two and the ten new planes 
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are deduced out of the triplets of these five planes as @' out of 


(Py0), ete. 


In the following pages we will submit the configuration of Sure 
to a simple analytical investigation. For this let us consider, the 
dualistically opposite figure of fifteen lines and ten three-dimensional 
spaces. 


2. If we begin with the second part of the theorem, then we 
have to deal with the figure consisting of eight lines 


Gy AQ, 43, Oy, 


bi}, dey bg, Og 


corresponding in this respect with the wellknown double six of 
ScHLAFLI, that each of these eight lines intersects only those three 
of the remaining ones, corresponding with them neither in letter 
nor in index. We suppose the four given right lines aj, a9, ag, 4% 
to be given in S, in such a way that among the six connecting 
spaces (a) 42), -.-. (4344) there are not three having a plane in 
common. And 6, is then again the line of intersection of the three 
spaces (a3 44), (444g); (243), ete. To this figure which in a previous 
study we considered as the basis of a particular net of quadratic 
curved spaces we therefore gave the name of “double four” (“Hin 
besonderer Biindel von dreidimensionalen R&aumen 
zweiter Ordnung im Raum von vier Dimensionen”, 
Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 9, pages 
103—114). 

If we consider the spaces (a, ag) and (ag ay), it is immediately evident 
that each of these spaces contains four of the eight lines of the 
double four and that this is therefore broken up into the two skew 
quadrilaterals 


(a, by ag by), 
(b3 ag by ag), 


of which the sides written here under each other meet each other 
in four points of the plane of intersection of the Spaces (a, a3) and 
(ag a4). If to begin with we draw only the first of those skew 
quadrilaterals (fig. 1), then it is clear that the lines P, P, and P; P, 
connecting those points in which the pairs of sides (a;, 6.) and (a3, by) 


( 205 ) 


are intersected by this plane, will meet each other on the line of 
Intersection 1 of the planes (a) $2) and (as b,). In like manner the 
line of intersection m (fig. 2) of the planes (41 a) and (bs a4) passes 
through the point of intersection O of Ppl anders LP, 


xX, Vi 


If we now indicate the two skew quadrilaterals according to the 
vertices in the way pointed out in fig. 2 by Q) Q Q; Q, and R, Ry Ry Ry 
and if Pio, Ps4, Qi3, ig represent the points separating O harmoni- 
cally from the pairs of points (Pi, Ps), (P3, Ps), (Qi Qs), (i, Rs), it 
is easy to see that 


(Qo Piz Qis): (G4 P34 Qis)s (Re Pig Lis), (Ra Psa Ris) 
are four triplets of points on a right line, 
(Pig Ps Qo Qu Qis)s (Pie Ps4 Re Ry 1s) 
two quintuples of points in a plane and that 
Pro P34 Qo Q4 Qis Re Ry Rig 


are eight points of a same space. We now choose the five-cell of 
which O is a vertex, the four lines P, P:, Ps Py, Q: Gs, BR, Rs are the 
edges passing through this point and the space just found is the 
side-space situated opposite O, as five-cell of coordinates; this has 
the five points O, Pye, P34, Qis, 213 as vertices. By assuming the 
point of intersection of the four spaces 


(P; P34 Qi3 Ris), (Ps Pie Qis Bis), (Qi Pie Psa Piz), (21 Pig P34 Qis) 
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as point of unity of the homogeneous system of coordinates and by 
following for the rest the notation of fig. 2 we obtain the following 
table of proportions of coordinates of the points the knowledge of which 
is sufficient for the determination of the equations of the lines of 
the double four: 


Pee CG 07001) ) ee eee (Oe 
Py (HL. 0,0, 1), Oey. (000, == teen ye 
Py setes() Oy —— ba 0 0 Les Ley (0, Oe Op ome eke 
Pye OC Oya Te 00, Tieuh Ree (ONO ee ed al 
So the equations of the two quadruples of lines are 
Cieebay otitis Py fe eA ee = 
@gus «shes %o— Lpsat,g iy t1 = 0 4 4s 0 


Gig ols se + tg —\ Co == ap 4 ity =O ee 0 


Rt Bat fy. 2) Spe 4 eg aes ea 
Diet ew eae U4 Mo ter 5 Cys ON, eae 
Dieelismest ate Veit fa Pee) eet Oe Ge 
UPD ceieg, ec Oy 2 eS Be hata == Oy, as eae 
Dataw er cet eats We -— te == te og) So Ole ee) 


So the equations of the spaces (a: b;), i= 1,2,3,4, through the 
opposite sides of the double four are 


(4 5)) «2. . — a 4 ay + #3 — 4 + 5 = 0 
(ag bo.) .- 2. 8% —ate —a#e +a,1+2, = 0 
(ag bg)». « — a + &y — ag + ary + 25 = 0 
(a4b4). 2... = —ag try — a, + 2, = 0 
and these four spaces have evidently the right line 


0) = 2g 9, Http =e oe, = 0 
in common. 


( 207 ) 


Tt remains to be proved that the relation between the five lines, 
obtained by adding this new line a, to the four given lines a is 
mutual in such a sense, that all quadruples of which a; is a line 
lead back in the sritaner way to the fifth line. 

We prove this for the quadruple a;a,a3a;, and for this complete 
this to the double four 


and then verify that the four spaces (a) ¢), (ag ¢), (a3 ¢3); (a5 b4) 
have the line a, in common. 
The lines ¢, ¢, cs as the lines of intersection of the triplets 


of spaces 
(ag as) re, Remeele as 7 — Lo) = v3 + X4, 4 v5, i 0 
(a9 as) OS Keo ere a 4- V4, 4- te = 0 oe ee Cy 


(G5. Gs) a au. 2} == 


(ag as) ~~~. — # + & — #3 + % + 7 = 0 
(a, a)... . — & + % + % — ty + % = Ow... ee, 


(a, i) Uae U4, — 


(a ds)... . — % + # + 2 — % + % = 0 
(dg ag). - t) — ® — #3 + t, + 2, = 0 ee 2 2 Cg 


(a, ag). 20. — 4 — & + &% + % + 2 = 9 


are then represented by the equations 


Cy eo oe ew © v3 — ty = U5 ye oot Via teas. 0 


| 


Dip Pp made ay Oy) Bs 


Say oe ee U. 
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so the four spaces (a ¢), (aq ¢); (a3 ¢3)) (a5 4) with the equations 


(ay rep) ae irs tg ‘ ==0 
(CPSU) ins mae v3 a= 
(ag Cg) 2... @ + to — #3 — % + #4, = 0 


(a5 by) «+ + + %) — & + tg — %y + ws = 0 


really pass through the line @, with the equations 
Le — Pees oe gaa Uae 


If we complete in the same way the remaining quadruples to 
double fours out of the five lines @ according to the notation 


a) Ag ag a4 a Aq ag a5 a, Ag ay a5 a a3 Aq a5 ag ag Ay As 


’ y ’ ’ ’ 


by bo bg by Cy Cg C3 by, d, dy C3 bg ey dy C9 by é) dy C) by 


then it is also evident that the spaces 
(% dy), (a2 dy), (a4 ¢3), (a5 03) pass through ag, 
(a, &%), (43 dg), (4 ¢g), (a5 62) through ag 


and (a2 ¢@), (a3 d\), (a4 ¢), (a5 2) ” a). 


We then find for the right lines dj, d:, e, the equations 


dy eee eo Vy — 1 = Uh, Cg = 0 , % = 0 
dy me oo 6 v4, —_ 3 a vs ’ Lo = 0 ’ Ea = 0 ’ 
éy eee te Lal == &4, ’ Ea) SS #3 ’ &5 — 0 J 


by which the equations of the fifteen lines have been indicated. 

By this we are now able to point out which of the fifteen lines 
intersect each other; it is evident that each of the fifteen lines cuts 
six of the remaining fourteen according to the following table: 
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a, | by bg by Cg ¢3 dy || b, | ag ag ay Cy Cg dy || cy | a, ag as b, b3 dy 
Qq | 5, bg by € ¢g dy || bg | a ag ay cy Cg dy || ¢g | ay ag ag dy bg ey 
az | by be by cy) cg &% |] bg | ay ag ay Cy Cg & | dy | ay ag a5 dy by Og 


a4 by by bg dy dy @y ba a, ag ag dy dy @) dy a, ay az db, by Cy 


as Cy >) C3 d, dy é) Cy Ag ag as by bs dy @) ag 4, as bs bs €3 


From this it is easy to deduce that the fifteen lines are situated 
six by six in ten spaces of which four pass through each line, 
according to the following table: 


a, ag | bg by cg & az a4 | by bg cg ey 
@ 43 | bg by Cy ay a a, | by Cg dy dy 
@ a4 | bg bg &, dy ag as | by c dy dy 
ag ag | b, by cy dy az ay | bg ¢, Cg ey 
ay a, | b, bg cg dy ay a5 | by dy dy ey 


As follows from the first table each of these sextuples of right 
lines consists of two triplets of generatrices of the two systems of 
rays lying on the same quadratic surface. 

With this the configuration of Szrcre is found back analytically. 

We now point to another particularity which will soon be of 
service. Out of the first table follows that the fifteen triplets 


@, by 3, Gq b C34 ag bd) Cg, bi dg, a ¢ dy, 
a, bg Cg, Gq b3 C1, a3 bg Cy a4 bg Ay As Cg dh, 
a, by dy, Gg by Ay, a3 by ey Gy bg &, 5 Cg &% 


consist of three lines intersecting each other two by two. The 
question whether the three lines of a triplet lie in a same plane, 
pass through a same point or show both particularities of situation 
is analytically easy to answer. We immediately find that the lines 
of a triplet always pass through a same point but never lie in a 
same plane. So we find fifteen new points coanccted with the 
configuration and in accordance with this fifteen “spaces through 


three lines.” 
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If the 15 “points in three lines” and the 45 “planes through 
two lines’ are: considered as parts of the configuration, we then 
find that each of the points lies in three lines,-in fifteen planes and 
in seven spaces, each of the lines 
lies in six planes and in three spaces 
and each of the planes lies in three 
spaces, whilst reversely each of 
the lines. passes through three 
points, each of the planes passes 
through five points and through 

Fig. 3. two lines, each of the spaces passes 
through seven points, through three lines and through nine planes. 
This all is given summarily in the symbol 


Ch.(155 8) 15; 79) S15) 6,8: |) ee eb mole enol): 


by which we represent the configuration extended in this way. 

For clearness’ sake we assemble in fig. 3 the elements of the 
configuration lying in the space (4 4); the nine lines not lying in 
it are represented by their points of intersection. 


3. The fifteen found lines are written as follows in the form of 
a determinant which with respect to a peed here the diagonal 
of the missing elements, is symmetric 


ay ay, | ats a, a; | 
by | Ug | b; | Ue | | a 
2 EL EL 
4 | a | Lee] ae 
Ps | | dy Cg Yo | dy 
| Gl | qd, oy | by a 


and the following laws are proved: 
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1°, If we state that the five lines among which the relation of the 
five lines @ exists, are conjugate to each other, then each row or 
each column of the determinant contains five conjugate lines. 

2°, Hach of these six quintuples of conjugate lines leads back 
to the fifteen lines, if we search for the lines of intersection of the 
ten spaces through the lines of the quintuples two by two. 

3°. Every two rows or two columns of the determinant furnish 
a double four after omission of the two elements of which the 
corresponding ones are wanting. 

The proof for the first law is immediately given. If we connect 
with the first row one of the others, say the fourth, it follows from 
the definition of the last merely, that 


is a double four and that the four spaces (4, a1), (d2 42), (cs a4), (b3 as) 
intersect each other according to a right line, which must be az, 
the five lines a being conjugate; so the five lines of the fourth row 
are also conjugate. 

The second Jaw is immediately proved out of the second of the 
two tables. And the third follows out of the first table, when in 
connection with the above-named determinant we reduce this to the 
observation that two of the fifteen lines intersect each other when 
they belong nowhere in the determinant to the same row or the 
same column. The word “nowhere’’ inserted here refers to the cir- 
cumstance, that each line appears twice. So taken all together the 
system of the fifteen lines contains fifteen double fours; each of these 
we can call in the configuration opposite to the right line, which 
is the section of the four spaces passing through the opposite elements 
of the double four. 


The analytical representation of the fifteen right lines as well as 
the notation of the determinant leaves still something to be desired. 
In one as well as the other the circumstance that four of the fifteen 
lines a are brought to the foreground harms the regularity. Firstly 
we shall now try to improve the notation of the determinant. 

Starting from the five lines a the other ten lines are found as 
common transversals of the triplets to be formed out of those five 
lines. This leads to the idea of representing all lines by a, where 
the original lines a retain their index for the present, each of the 


14 
Proceedings Royal Acad. Amsterdam Vol. IV. 
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remaining lines however is to be indicated by an a with two indices 
derived from those two of the original quintuple which does not 
cut it. Then the ten lines 


become 


G15 9» G5 » G35 9 G45 9 414 5 Fon 1 [34 » 413 » 3 » Q> 


If moreover we add to each of the lines of the original quintuple 
the index 6 and if we allow aiz to be written az, then the previous 
determinant passes after a quarter of rotation into the entirely 
regular form: 


A 3 | 4 | 5 | “6 
M3) | 433 | 4 | a5 | a4 
G3) 439 | | 34 | a5 | 36 
M4) 49 | M43 | | 45 | 446 
451 eo | as3 | a4 | | 456 
My Ae 4% a64 465 


In this entirely regular notation two different lines a cross or 
intersect each other according to their having an index in common 
or not. In the first place we of course think here of the fifteen 
lines of the three-dimensional space which are left when from the 
27 right lines of a cubic surface a double six is set aside; for, these 
lines behave in regard to the crossing and cutting in quite the 
same way with corresponding notation. However, we must not lose 
sight of the fact, that in the configuration three lines cutting each 
other two by two pass through a point without lying in a plane, 
whilst with an arbitrary surface of order three they lie in a plane 
without passing through a point. If however we polarize the surface 
of order three to a surface of class three, for instance with respect 
to a sphere lying in the same space, then the 27 right lines, bearers 
of points and of double tangent planes, pass into 27 right lines, 
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bearers of tangent planes and duuble points, whilst. each double six 
of the surface of order three transforms itself into a double six of 
the surface of class three. In the second place — and with more 
right — we see therefore in the notation with two indices applied 
above to the lines of the configuration the notation of the fifteen lines 
of three-dimensional space forming with a double six the 27 right 
lines of a surface of class three. 

If we project the fifteen right lines of the configuration out of 
any point P, neither with two crossing lines of the fifteen in the 
Same space nor with two cutting lines of the fifteen in the same 
plane, on any space S; not containing this point P, we then have 
in S3 fifteen lines a'z:, which are really bearers of tangent planes 
of a single surface of class three. By polarization of a wellknown 
proof we find namely, that the lines 


' 
| a\2 (234 a 56 
’ , , 
D 45 461 a 93 
U ' if 
a 36 & 25 a 14 


as the lines connecting two triplets of points representing degener- 
ated surfaces of class three form the developable surface degenerated 
into nine pencils of planes enveloping a tangential pencil of surfaces 
of class three. And now the surface belonging to that tangential 
pencil touching at the same time the plane passing through a's 
and a'y, has with each of the six pencils of planes round the 
remaining lines 


four planes in common, so that this surface has all the fifteen 
lines a’z; as bearers of tangent planes. 

But this same surface of class three is moreover connected in a 
simple manner with the sextuples of the conjugate lines which in 
future we shall briefly indicate by the sign (x), where 7 stands for 
the common index of the lines. For, this surface contains besides 
the fifteen lines a’ still twelve lines forming a double six. And if 
we indicate this double six in connection with these lines @’ in the 
manner customary with the surface of order or class three by 


14* 


then each pair of opposite elements b;, ci meets the lines of the 
conjugate quintuple (w), from which ensues that the pairs of 
planes (Pui), (Pei) do so likewise. So we have proved the following 
theorem : ; 

Through any point P two planes fi, yi pass cutting 
the lines of the conjugate quintuple (vi). The six pairs 
of planes ff 7i, @=1,2,... 6), and the fifteen planes 
connecting P with the lines of the configuration are 
cut by an arbitrary space not passing through P accor- 
ding to the 27 right lines of a same surface of class 
three. 

Of the lines cutting four arbitrary planes o,@,@3,@4 given in 
S, two lie in an arbitrary space S';; for this space cuts the four 
given planes according to four crossing lines, which admit of two 
common transversals. By dualistic reversion it ensues from this, 
that through an arbitrary point P two planes pass cutting any 
four given lines a, ag, a3, az. And then the above mentioned 
theorem teaches us that the connection among the five conjugate 
lines a; is also expressed by the circumstance, that each plane cutting 
four of the five lines also cuts the fifth. This characteristic property 
forms the starting point of Dr. Smaru’s considerations. 

In the second part of this communication will be indicated how 
the analytical representation of the fifteen planes can be simplified; 
so I will have occasion to show the relation of my results to two 
studies of Dr. G. CasTELNUOVO, of the existence of which I was 
not aware in the moment this first part was passing through the press. 


Chemistry. — Professor Lopry DE Bruyn presents a dissertation 
from Dr. N. ScHoort and a communication on: “ Urea deri- 


vatives (carbamides) of sugars’. II. 


In continuation of the first communication (see report of 29 Dec. 
1900) the following has been taken from the said dissertation. 

The method of determining the molecular weight by means of the 
increase in the boiling point gave unsatisfactory results with glucose- 
ureide because, as was shown afterwards, this is decomposed by 
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hydrolysis into glucose and urea and the latter again into carbon 
dioxide and ammonia. 

The lowering of the freezing point gave an average molecular weight 
of 216, the calculated figure for Cs Hi, O;.N.CO.NH, being 222. 

Of the physical properties the following are of importance. 

The specific gravity was determined at 25° by the method of floa- 
ting im a dense liquid using mixtures of amylalcohol and ethylene 
bromide. That of glucose-ureide was found to be 1.48 and that of 
glucoseanhydride 1.544. Assuming that of urea to be 1.31 being the 
average of 1.3 (BOEDEKER) and 1.323 (ScuRrépER) we find the mole- 
cular size of: 


urea glucose glucose-ureide 
8 222 

ED Eis EAT ——— — 150 
1.31 1.54 1.48 


A slight expansion, therefore, takes place during the formation of 
the ureide from its components with liberation of water. 


CO(NHe)2 + Co Hig Og = Ce W120; . N .CO. NH, + H,O 
(46) (117) (150) (18) 

The heat of combustion as determined with BERTHELOT’s calori- 
metric bomb was found to be 3742 calories. per gram or 8307 K. 
per gram-molecule. The heat of combustion of glucose amounts to 
6736 K. per gram-molecule, that of urea 1525 K., so that the reaction 
is accompanied by a heat absorption of 49 K. 


Cg Wy, 0, + CO(NH:), = Cy H,,0;.N.CO.NH, + H,O — 496. 


Chemical properties. The reducing power towards FEeHuine’s solu- 
tion is maintained, but the time of boiling being equal it was less 
pronounced than in the case of glucose. It is in fact a secondary 
phenomenon which is preceded by the dissociation of the glucose- 
ureide by aqueous soda at the boiling temperature. Then if the solu- 
tion of glucose-ureide is reduced alkaline with aqueous soda and 
mixed in the cold with copper sulphate, the copper hydroxide is 
dissolved vith a dark blue colour. Unlike glucose this solution is 
not reduced at the temperature of the room but only after a few 
moments boiling. A slightly acid solution of copper acetate (BARFOED’s 
reagent) is not reduced by glucose-ureide, a proof that the aldehyde 
group is no longer present. 

In order to form osazone, glucose-ureide requires a more prolonged 
heating with an acetic acid solution of phenylhydrazine than glucose. 
On adding sodium acetate, the formation of osazone is still more 
retarded. 
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By oxidation with sodiwmhypobromide the ureide is very slowly 
attached at the temperature of the room and. it takes hours before 
the evolution of nitrogen has quite ceased. 

On heating to 50°, it ceases in a few minutes. The total quantity 
of nitrogen evolved amounts in both cases to nearly the theoretical 
quantity. Both atoms of nitrogen are therefore liberated. 

By the action of nitrous acid the urea-group is completely elimi- 
nated from the glucose-ureide molecule (partly as nitrogen and partly 
as ammonia) but at the ordinary, or a more elevated temperature, 
the liberated glucose is also simultaneously attached. The decompo- 
sition proceeds, however, normally and almost quantitatively by passing 
gaseous N,Ogs into the aqueous solution of the ureide cooled to 0°. 
This is, therefore, a convenient way for recovering sugar from its 
combination with urea. 

In the first communication it has already been suggested that the 
reaction of glucose and urea might be a reaction of limits. This has 
now been confirmed by the hydrolytic dissociation of glucose-ureide 
by dilute acid into glucose and urea. It appeared that this reaction 
does not proceed to the end but that an equilibrium limit is reached 
which at the same temperature and the same concentration of the 
acid equals the equilibrium limit at which the condensation of urea 
and sugar remains stationary. 

The action of alkali at an increased temperature was finally found 
to also cause a hydrolytic dissociation. At 25° this is, however, not 
the case or only in a very small degree, but still the solution at 
that temperature undergoes a rapid and strong change in rotatory 
power. This change seemed to be dependent on the temperature but 
not on the concentration or nature of the alkali. The amount of 
alkali after a few days action at 25° was found to be unchanged. 
It was, therefore, suspected that a partial shifting of atoms of the 
glucose-ureide had taken place. 

This was confirmed as fully 75 percent of glucose-ureide was reco- 
vered unchanged from the solution and also a syrupy substance which 
appeared to have nearly the same percentage of nitrogen (11.5) as 
glucose-ureide but a much higher specific rotation ({@]p = about + 39°), 
It is, therefore, highly probable that it is a mixture of ureides of 
other aldoses formed from glucose by the shifting of atoms. 

By acetylation of glucose-ureide with acetic anhydride and a 
trace of zinc chloride a fine crystalline acetyl derivate was obtained 
(m.p. 200°) which on analysis was found to contain five acetyl 
groups. As very probably one of the acetyl groups in placed near 
the urea-group (the substance does not react with alkaline- solution 
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of bromine or nitrous acid) four of the acetyl groups must be 
distributed over the five hydroxyl groups of the glucose. The sub- 
stance, however, could not be higher acetylated either by acetic 
anhydride or acetyl cloride. 

The derivative obtained by benzoylation of glucose-ureide proved 
to be the tetrabenzoyl compound (m.p. 117°). 

Of the substituted wreas and other amides the following have been 
investigated as to their behaviour with glucose in dilute sulphuric 
acid solution and found to give: 


change in the rotation. no change in the rotation. 
methylurea symm. dimethylurea 
asymm. dimethylurea »  diethylurea 
phenyl urea »  diphenylurea 


benzyl urea (asymm. diphenylurea) 
thio urea acetamide 
biuret benzamide 
urethane glycocol 
guanidine 


alanine, leucine, taurine. 


Some of the compounds glucose with substituted ureas have been 
isolated and their properties appeared to be quite analogous to those 
of glucose-ureide. 

Of the different sugars whose behaviour towards urea has been 
investigated, only those appeared to react which possess an open 
carbonyl group such as the aldopentoses and aldohexoses; of the 
bihexoses: lactose and maltose. Ketoses, however, as shown by 
experiments made with fructose and sorbose do not react with urea. 

The ureides of galactose, mannose and lactose have been isolated. 

Mannose-ureide has a different composition, as shown by the amount 
of nitrogen Cy H,,0;.N.CO. NH, + Cg Hi20¢. It reduces not only 
FEHLiIne’s solution but also BaRForD’s reagent but does not yield 
with phenylhydrazine acetate the phenylhydrazone of mannose. 

Lactose ureide has a much greater crystallising power than the 
ureides of the hexoses and could, therefore, be readily isolated from 
the products of the reaction without removing the excess of lactose 
by fermentation. The composition of lactose-ureide is 


C1. He O;,.N.CO. NH, + H, O 
and its properties are analogous to those of glucose-ureide. 


A full report of this investigation which is being continued in 
different directions will appear in the “Recueil”. 
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Mathematics. — ‘The elementary motion of space S,”, by 
Dr. 8..L. van Oss. (Communicated by Prof. JAN DE VRIES). 


In this paper the writer, starting from the wellknown properties 
of the elementary motion in 83 and from a principle already 
formerly applied in his dissertation, intends to effectuate in a purely 
geometrical way the reduction of the elementary motion in S, to 
a simultaneous rotation about two (perfectly) normal planes, or, as 
we shall call it, to a “double rotation”. 


TurorEM I. 9 and 9’ being two congruent systems in 4, 9 can 
be made to coincide with ' by two successive simple rotations. 

Let A and A’ be a pair of homologous S; in 2% and 9’, intersecting 
in the plane e=/’; then, if we determine the planes @' and /, the 
lines of intersection a@//? and a'//?' are a pair of homologous rays 
lying in the plane c=’, and consequently have a centre of rotation 
RF in this plane. If now through # we bring the normal plane 
g to @, a rotation about @ will cause Y% to obtain a double line d, 
with  (d, = a'//'). This rotation being effectuated, we choose d, 
as the common axis of two homologous pencils of planes in and 9’ 
and bring through an arbitrary point / in this axis a Ss cutting 
it normally. This $3; being homologous to itself, intersects the pencils 
of planes in two homologous pencils of rays, which being congruent 
and possessing a double point, also have a double ray da. So the 
rotation about g has caused the plane (d, d,) to become a double 
plane of % and Y'. A following rotation about this double plane 
brings % into coincidence with W’. 

Corollary. The elementary motion in S, can be represented by 
a simultaneous rotation about two planes having a point in common. 


TueoreM II. A rotation in S, about a plane can be resolved 
only in one way into two simple rotations about planes one of which 
hes in a given S 3 the other passing through a given point or being 
normal to this 3. 

Definition. A rotation about a plane being resolved into two 
components the planes of which are respectively in and normal to 
a given Ss, the rotation of this S3 caused by the normal component 
shall be called the section of the given rotation with the Ss. 


THEoREM III. If two systems of rotation in S, are equivalent, 
then also their sections with any S3 are equivalent. 


Turorem IV. If the sections with an arbitrary S; of two systems 
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of rotations in S, about planes all passing through one point are 
equivalent, then these systems themselves are equivalent. 


Corollary. The elementary rotation in S, can be reduced in an 
infinite number of ways to a pair of conjugate rotations correspon- 
ding to the conjugate rotations of its section with an arbitrary Ss. 

The reduction of a pair of (perfectly) normal planes comes to the 
same thing as the 


PROBLEM: To indicate among the pairs of conjugate axes of the 
elementary motion in S; the pair which determines with a given 
point in S, a pair of normal planes. 

It is a matter of course that we have but to search among those 
conjugate axes that cross each other normally. 


Lemma. The locus of the point of intersection of the normal planes 
through a pair of lines crossing each other normally is the circle 
having the common normal as a diameter and the plane of which 
is normal to the S; through those lines. 

If namely in fig. 1 
a and a! are the given 
rectangular lines, 2 
their common normal, 
O the point of inter- 
section of a pair of 
normal planes through 
a and a’, the plane 
(On), must be normal 
to the two lines a and 

Fig. 1. a’ (to a because it 
contains » and OA’, to a because it contains » and OA). The 
plane (On) is therefore normal to the S3 (aa’). 

Hence for the proposed reduction, only those conjugate normal 
axes of the section are to be taken into account whose common 
normal passes through the projection O' of the centre of motion 0; 
this is according to a wellknown property the normal from 0’ on 
the central axis ¢ of the sectional motion. 

When in the above figure the lines a and a’ represent a pair of 
such axes, their common normal cuts the central axis in the point 
C in such a way that 4C X CAd’=p’, p being the speed of the 
screw motion about c. The locus of the point of intersection of the 
normal planes through « and a’ consequently passes through a 


fixed point P, in the normal ot Ss through C and at a distance 
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p from this point. If the locus passes through 9, a and a’ are the 
pair of axes we looked for in our problem. 

In general there is but 
one circle through O and 
P having its centre inn; 
then the reduction is in 
general possible only in 
one way. 

However, the case may 
be, that O and P coincide. 
Then the numberof solu- 
tions 1s a”. 

If in this case w and 

Fig. 2. @' are the components 
about the planes Oa and Oa’, @ and e' the rotations about a and 
a’, then 


a@a=—asin0AA' = oF, 


Set hes, Easel wfias, Fie ae 
Pt inet Ole 


Now by the theory of the rotation in 8, : 
aX CA = pe', 
a Se O'A' = pa F 


from which ensues: 


ae? O'A' 

gt OLA) Tet iy Sens ae en ae 
whilst from (1) follows: 

oO? 

a2 Thy o'? x O# . ‘ 5 <a es s O (3) 


OAPI TAS iP 
Tm it follows from (2) and (3) that 2 = ow” , (4) 


As 


So we see that the indefiniteness of the reduction coincides with 


the circumstance, that the components of the double rotation are 
equal to one another, 
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The relations (1) show a remarkable analogy to those existing 
between the values of the rotation @ and @' about a and a’ and 
the rotation round the central axis, the latter evidently amounting 
to @, 

We have namely : 


@ = @ sin (ca’), 


a' = @ sin (ca). 

Comparing these relations to (1), we see that “O4A' = / (ca’). 

Now the plane (4a’) being the polar plane of 4, it follows that 
the rotation of this plane, when A describes the line O'A, is equal 
to the rotation of OA: in other words, the rotation of a is equal 
to that of OA, 

If now we imagine a line passing through O parallel to a, we | 
immediately see that when A describes the line O'A, the plane (0a) 
assumes a motion originating from a double rotation with equal 
components about the plane 044’ and the plane normal to it through 0. 

If finally we make the thus generated system of planes turn 
about the plane through O and the central axis c, we obtain the 
complete image of the reduction. 

The results arrived at here entirely agree with those of Dr. W. A. 
WytHoFF in his dissertation: ,De Biquaternion als bewerking in de 
ruimte van vier afmetingen.” 


Astronomy. — “On J. C. Kapreyn’s criticism of Atry’s method 
to determine the Apex of the solar motion,” By J.Sruin 8.J. 
(Communicated by Prof. H. G. van DE SANDE Baknuyzen). 


At the meeting of the Section of Sciences of Jan. 27th 1900, 
Prof. J. CG. Kapreyn has given some critica] remarks on the methods 
followed till now to determine the co-ordinates of the Apex of the 
solar motion. In his paper the writer would point out: first, that 
neither Airy’s nor ARGELANDER’s method is based on the known 
hypothesis on the proper motions: “the peculiar proper motions of 
the fixed stars have no preference for any particular direction.” 
Secondly he has tried 1o develop a method satisfying this condition. 
(Proceedings Vol. II, pag. 353). 

It seems to me that this charge against AIRy’s method is unjust ; 
and I hold that this method, even when the equations of condition 
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are treated with least squares, remains in perfect harmony with the 
hypothesis mentioned. 

For a better understanding of the question it may perhaps be useful 
to give here in short AIRy’s reasoning. 

Airy resolves the apparent proper motion into two axes at 
right angles to each other, and represents the components by the 
sum of the components of the parallactic motion of the sun, of the 
error of observation, of the error in the precessional constants and 
of the motus peculiaris. ; 

Let 7 and U be the directions of those axes, M that of the motus 
peculiaris, H that of the Antapex, 7) and vu, the components of the 
proper motion of a star, ¢ and w the components of the errors of 
observation, m the linear motus peculiaris, 4 the linear motus paral- 
lacticus and y the distance from the sun, then we have, omitting the 
correction of the precessional constants, the equations: 


h m 
rosa As Dam pei) tat 
(A) 
h m 
iS ye ae U) + —cos(M, U)+u4 
¢g 


If we resolve the parallactic motion of the sun into three directions 
at right augles to each other, and we substitute 


X cos (X, U) + Y cos(¥, U) + Zcos(Z, U) for h cos (H, U) 
X cos (X, T) + Y cos(¥, T) + Zcos(Z, T) for hcos(H, T) 


then each star will give two equations for the determination of X, 
Y and Z. 

As however the relations between the error of observation and the 
motus peculiaris are not known, AIRY proposes two different solutions 
of these equations: 1° on the supposition that the irregularities of 
proper motion are entirely due to errors of observation; 2° that 
they are entirely due to peculiar motions of the stars. In either solution 
he supposes that the errors of observation or the motus peculiares 
respectively may be considered as chance-errors, and hence he solves 
the equations in both cases so, that either the sum of the squares 
of the errors of observation or the sum of the squares of the motus 
peculiares is a minimum. 

We confine ourselves to the second supposition, and therefore give 
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to each equation — ceteris paribus — the same weight. In the first 
supposition the weights ought to be proportional to g®. As we sup- 
pose with Kaprgyn (Proceedings p. 357) that the distances from the 
sun to the stars, whose motions are considered, as equal, the two sets 
of normal equations are identical on both the suppositions. 

The three normal equations for X, Y and Z, proposed by AIRY, 
are derived from the equations for the two components t and v. 
If however for some stars one of the components is unknown, we 
can deduce three normal equations from the other component, or if 
both components are known for all stars, we can, starting from each 
of the components separately, construct two sets each of three normal 
equations. Kapreyn follows the last method, and so shall we. 

It is of course immaterial what are the directions 7 and U of the 
components of the proper motion and we may choose those that are 
the most appropriate. AIRY uses the direction towards the north 
pole of the equator and the direction of the parallel; Kapreyn 
chooses the direction towards a point near the Antapex and the 
direction at right angles to it; we shall also follow the latter method. 


2. Meaning of the symbols according to KAPTEYN: 


Ay and D, right ascension and declination of the assumed Antapex ; 
A, the distance from the star to this point; 
Zo the angle made by the declination circle with the direction 


towards this point; 

uo the component of the total proper motion « according to the 
latter direction ; 

t) the component perpendicular to the preceding; 

po the angle, made by the total proper motion with the parallactic 
proper motion. 


The symbols without index ()) will be used when the real, instead 


of the assumed, Antapex is meant. 
Let ¢ be the angle made by the directions of the star towards 


the assumed and the real Antapex, then we can put the equations 
(A) in this form : 


| ae ; Sa ; 
ip SIN A ee aR Be Lis Pa rata S dp tenn( AS) 


The two last terms of the equations for t) and v are both 
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considered as chance-errors of observation, and hence are left out 
of consideration. 


Now be 7 
e= —dyy=— (54),¢4 — (55),4? 


pe ye (5) 44 4 & ) aD. 


and neglecting small quantities of higher order we can put: 


to = sin Ao (54) dA — (54). dD 


ty =~ tiny += Aewigh (%) aa + @ p) PY: 


Sete wa. h 
Here we assume as unknown quantities —, dA and —dD,and 
¢ ¢ 


obtain from the equations for +, the two following normal equations: 


[rani] =[ (Cea) (4) (5) 


h 
Ox Oy wsox 2 : () 
fee ro( 3p )sindo| = (Ga & 53) sino) d+ (4 A rin? 2o| oP 


From the equation for uo we derive three normal equations, of 
which the first is: 


[»o sin io] = [sin® do |= +L sin Ao cos Ag (=) | - dA + 


4 [sin Ao cos Ag (5), ; dD 


The two other equations are left out of consideration on account 
of their small weight. 


For stars, distributed symmetrically with regard to the Apex 
dA 0A 
and the Antapex, both |sin A» cos Ag — d | sin Ag cos Ag ( — 
pex, bo [sin 9 60s (33), an | sin 9 Cos Ag Gon 
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are equal to zero. The same holds for stars in the same great 
circle passing through the assumed Antapex at distances of Ay) and 
180—’) from that point. Hence, when the stars are equally scat- 
tered over the heavens 


sin Ao cos Xo a and sin Ay 608 Ay (=) | =U; 
0 0 


When the stars are unequally distributed, these two values will 


h h 
yet be small with regard to sin? | . Moreover — dA and — dD 
@ g 


h 
are small quantities with regard to oe when the error in the assumed 


Apex is small. If however after a first calculation it would appear that 
dA and dD were not so small that we could neglect the quantities 
of the second order, the calculation must be repeated with more 
accurate values of 4, and YD; in this case the two last terms of 


h 
the normal equations may be neglected with regard to sin? hy |= 


We then obtain: 


; A h h [vp snag] 
[vo sin Ay] = [sin? Ag] is or a = [sin ig] ; 


If this value of tid differs from zero, it may be substituted in 
g 


the equations (B), and then the determination of dd and dD depends 
on the solution of: 


| —r0 (SA) sin 26] 4 [ (22) sine ho] ee dA + 
aa (54) GB) Ao] ee dD 
|—¥0 (52) sin io] — G4). G3 cae i,| rea dA + 


i (53), i,| ee nD 


If we have started from the correct Apex, dA and dD are both 


(B’) 


( 226 ) 


equal to zero; therefore if the Apex is determined according to 
Arry’s method, the conditions: 


[PSX sin |=0 and [rS% sina] = 0 Es) 


must be satisfied. The same conditions have been deduced by KAPTEYN 
from his fundamental hypothesis (p. 359). . 


h ; 2 - 
If however — = 0, the coefficients of dA and dD in the equations 
¢g 


(B) are zero, and further Apex-determination is out of the question. 
As a first objection against Kapreyn’s normal equations may be men- 
tioned that it is not self-evident that a solution of his equations is 
impossible in this case; on the contrary, with a given combination of 
z and v, the position of the non-existing Apex may be arrived at. 


3. We shall now try to prove that the conditions which, according 
to Kapreyn (Proceedings p. 362), may be derived from AIRy’s method 
are not correct. 

When the position of the Apex and the amount of the solar motion 
have been found, and the apparent proper motion is resolved into 
the peculiar proper motion and the parallactic one, the sum of the 
squares of the components of the peculiar proper motion, according to 
ArrRy, must be a minimum. As the component of the parallactic solar 
motion perpendicular to the direction of the true Apex is zero, the 
place of the Apex and the amount of the solar motion must be 
determined so, that: 


2 
[z?] = minimum and I o Ai sin i) = minimum 
(see Kapteyn 1. c.) 
Let g be the angle made by the motus peculiaris m with the 


direction of the star towards the true Antapex, whose Right Asc. 
and Decl. are A and D then: 


m . 
tT = — sing. 


If, however, we resolve the proper motion into two components, 
one in a direction towards a point outside the Apex (Right Asc. 
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A+ dA Decl. D+ dD), and one in a direction at right angles to 
it, the latter will be 


] 
t= e sin (q--e) + a sin (A-4-dA) sin e, 


when ¢ represents the small angle made by the direction towards 
the true Apex with the direction towards A+ dA, D + dD, or 
neglecting small quantities: 


m h 
Ty = tT + —cosg.e + —sink.e. 
g Q 
In order that [z?] may be a minimum 


m Tawi 
E ai cos q.é + Lip: sin h. | must be zero. 


If we substitute for ¢ its value — had = az dD, we obtain (dA 


and dD being independent quantities) : 


As, however, the motus peculiaris may be considered as an error 
of observation, which does not enter into the equations (A’), the 
equations of condition are reduced to: 


h 
Q 


Plea) oe (0) 


ah: cin 2] = 0 and = k sin a] 


which shows that also the equation [c?] = minimum leads to the 


h nS 
right result; for, if - differs from zero, the conditions (C) and (C’) 
Q 


h : : 
are identical; if — = 0, (C’) assumes the indefinite form 
g 


15 
Proceedings Royal Acad. Amsterdam. Vol. IV. 
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4, The reasoning which leads Kapreyn to reject the condition 
[z?]= minimum, is as follows: 
“(z?] is a minimum for 


fal = 0 and [rs] —— Oe 


and if we put 


dr Ox Or ax 


Ac dA sop ORs 


the minimum conditions are: 


[= ve%]—=0 and [ze] =o. - Ne eee) 


which differ from the right ones (C).” 


It will be seen immediately, that the set (D) corresponds to the 
solution of the equations (one for each star) : 


ro= — 0 (54) dd — 04 °<) ap Pm se 


It is therefore perfectly consequent to his reasoning, when KapTeyn 
puts Arry’s relation in this form (Proceedings p. 369), differing from 
the form given by me 


KapTEYN’s equation (Z) would be the right one, if Arry had 
formulated his question thus: To find a point so, that if it is con- 
nected with all the stars by means of great circles, the sum of the 
squares of the components of the proper motion, perpendicular to 
thuse circles, is a minimum — without considering the question 
whether a parallactic solar motion exists or not. But this not being 
the principle of Arry’s method Kapreyn’s criticism of that method 
is incorrect. 
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5. The difference between the two considerations may also be 
put thus: 

let A, and D, be the co-ordinates of a given point'at the heavens; 
(if ae is a parallactic solar motion, that point may be the assumed 
Antapex). 

10, If there existed only a parallactic solar motion, the proper 
motion for each separate star would be represented exactly by the 
formulae: 


h h 
To = —sinAsine; vyo=—sindcose; 
Q 
hence: 
dF 0X IF h 9X0 
——— == — gin A cos ¢ —— ab Gite Obs etc. 
d4n  ¢ ° 04,’ ODy dDo 


2°. Even if the proper motions are distributed arbitrarily, without 
being influenced by any parallactic motion 


Ty = Sin poy Uy = (4608 Poy 


87 8X0 9% 9 Xo 
_Y — ee pee ee gia. of 
Me whods Coden ole 
hold for each star separately. 
Arry starts from the first set, Kapreyn from the second. 


6. If we substitute in the conditions (C) 


pees = sin} — (34) df= (54) aD 


had, (5), “A (55), 2 and o4 — (54) . 


+(54) @ 4+ (5945). dD etc. 


and ueglect the small quantities, we obtain, the equations found 
before (B). 

The equations which Kapreyn (l.c.p.360) deduces from the same 
two conditions (C) differ from ours, because also in this case he 


uses the development 
15% 


( 230 ) 
r= m+ n(54). dA +, (34) dD 


which equation, in contradiction to that used by ArRy, is indepen- 
dent from the existence of a parallactic solar motion; therefore I hold 
myself authorized to consider Arry’s transformed equations (8) as 
corresponding more closely to the fundamental hypothesis than 
those of KapTEyN. 


a: h : 5 : 
7. The condition I(w — —sin i) |= minimum, may again serve 
¢ 


h 
to eliminate — from the equations (4). 


As the position of the Apex and the amount of the solar motion 
are mutually independent, we consider: 
¢ : é h 2 
1°, the relation which exists between I(e Ripa 2) | and the 
. 


position of the Apex. 
If we augment the right ascension and the declination with dA 
and dD, we get vp for v,and Ay =A + da for A. 
Now 
m ie m h 
v = — cosg + — sind and vy = — cos(q + 8) + —sindcose 
? Q Q 
or: 


m h 
uy sete cong a ein g eee cede 
@' Q 


Q 
SeNh: ] 
while — sin i= sine + bis cosh dn. 
Q Q O 


[(— Zain do) | = [Fema — 2 singe A eos a): 
eae) = ||— cosg — — sing.e — — a) |. 
; , q qJ-é mrt 


In order that I(v — ot 2) | or le cos 7) | may really bea 


minimum 


m m .. m h 
| cos g. = singe —™ covg. — cos 2h.) must be 0. 
g Q @ c 
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But as in the case in hand the peculiar proper motion m is left 
out of consideration, this condition does not teach us anything about 
the position of the Apex. 


; , I 2 
2°. the relation which exists between (eo 7 2) | and the 


h 
amount of the solar motion a 
Q 


I(v — - sin 1) ] must be always smaller than [(v _ a sin i) : 


In order that it may be so, 


i} I 
|- v (hake A da sin? i| or |- v sind + = sin? i) must be 0, 
Q ¢g Q 
whence follows 
h [uv sina] 
Qo [sin2 A] 


Thus, after the substitution of this value, we again arrive at the 
same normal equations (B’) for the determination of dA and dD. 


8. To conelude I remark that the equations derived in this paper 
become identical with those of KaPTEYN as soon as we confine 
ourselves to stars in one direction only. But even when we apply 
our theory to a great number of stars scattered over the heavens, 
the two sets will yield little differing results. For if we resolve wu 


hen 
into two parts v; - v2, where v; = ms sinh = the component of the 


parallactic solar motion, and uv, = the component of the peculiar 
proper motion, the coefficient of dA in the first of Kaprnyn’s 


equations becomes 


As according to the hypothesis there is an equal number of positive 
and negative values of v2, the second term may be neglected, by 
which the coefficient becomes identical to the corresponding one in 
our set of equations (B): The same holds for the other coefficients, 


It is superfluous to refute at large the objections against ArRy’s 
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method derived by Kapreyn from a few particular cases of proper 
motion, because it seems to me that conclusions deduced from the 
consideration of only a few proper motions, chosen quite systema- 
tically, can hardly serve as criteria of a method which, as a matter 
of course, presupposes as data a great number of proper motions 
chosen at random. Finally attention must be drawn to an important 
point. In this paper (comp. § 1), following the method of Kapteyn 
and others, I have considered separately the equations for 7 and v. 

Also in this modified form, as I have proved, Airy’s method leads 
to the right result. In Arry’s original method however, the three 
normal equations are composed from the equations for the two com- 
ponents + and v. In this case there is but one equation of con- 
dition, viz.: 


[m?] or [t?] + [(e — = ein 2) | = minimum, 


i.e. “the direction and the amount of the parallactic motion must be 
chosen so, that the sum of the squares of the TOTAL motus peculiares 
becomes a minimum.” If this condition is applied to the instances 
given by Kapreyn, it immediately becomes evident, that we arrive 
at the same Apex as Kapreyn determines by applying the con- 
dition [¢ = 0]. 


Astronomy. — Reply to the criticism of Dr. J. Stein 8.J. by 
J. C. Kapremn. 


It appears to be very probable that Dr. Stern has not completely 
understood my paper in the proceedings of the February meeting 
of last year. This fact, and the fear that on the other hand I may 
also have misunderstood STEIN’s reasoning (for one part at least of 
his paper this is certain) have led me to make my reply more 
circumstantial and elementary than might otherwise seem necessary. 

With a view to the importance of the application of the method 
of least squares for the whole problem, it seems desirable to recall 
to mind the following elementary points relating to that method. 

a). Let a system of equations of condition be given, thus: 


ae¢-+by¥=n, 
dgt + boy = ng ute) kes Make (rire ma ouaints mare (1) 


ag t + be y = ng 
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where the »’s represent observed quantities all having the same 
weight, and let the number of equations exceed the number of 
unknowns. 

If now we take arbitrary values for # and y, and substitute these 
in the equations (1), there will remain certain residuals (A). A 
second set of values of « and y will be regarded as more probable 
than the first set, if it gives rise to a smaller value of = A?. 

Therefore, in order to find the most probable values of 2 and y, 
the adopted values of these quantities must be made to vary until 
=' A’, or, as is commonly said, the sum of the squares of the errors 
of observation !) reaches its minimum value. 


b). The equations of condition must not be regarded as ordinary 
algebraical equations. 
It is not allowed to 
eliminate unknowns 
from them, to multiply 
some of them by a 
constant factor, etc. 

Let S be an arbi- 
trarily chosen star, 
of which the observed 
proper motion is 
Su =; 

P the North pole 
Fig, 1. of the heavens; 


A (coordinates A and D, at The position of A and the 
distance 2 from the star S) an 
arbitrarily adopted position of the 
Antapex ; coincide with the most probable 

ee, Sake position of the Antapex and the 
eo cot sh US One? most probable value of the parall- 
value of the parallactic motion; | actic motion, if certain minimum- 

conditions are satisfied. 


h 
value of — are variable ;_ they 
) 


1) The expression is, of course, not literally correct. The true errors of observa- 
tion, and consequently also the sum of their squares, are constant quantities, which 
ean have neither maximum nor minimum, Exectly in the same way the expression 
or?= minimum, is not literally correct when ¢ is defined as the projection of the 
p-m. on the line perpendicular to the direction of the Antapex. The true meaning 
of the first expression is explained above. That of the latter is entirely analogous, 
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v the projection SC of « on SA; 
t the projection « C of « perpendicular to the former; 


The values of 7 and wv evidently vary with the position of the 
point A. 


Let further x be an arbitrary fixed point on the celestial sphere ; 


Sex the great circle joining S to that point and Sy the great circle 
perpendicular to Sz and let : 


X= the angle PSA; 


r= , , PSs. Then, according to Stern’s notation, 
e=I—y. 


Up, T) == the projections of se on Sz and Sy respectively. 


These projections do not vary with the position of A. 
For the present purpose we can confine ourselves to the case that 
all the stars which are considered are at the same distance from the 


Ah. 
sun, so that 35 is constant. 


We can then say that Arry’s method is based on the hypothesis 
(Hyp. A): that the projections of the motus peculiares may be treated 
as errors of observation, and that the most probable values of 


h 
A, D, — are those for which the sum of the squares of the projections 
¢v 


of the motus peculiares on two mutually perpendicular directions is 
a minimum. 


2. This being premised, it is easy to form a judgment about 
the value of Dr. Stern’s criticism. 


Everything depends on the choice of the directions on which 
the motus peculiares are projected. 
Airy takes the parallel and the declinationcircles ; 


Srrin takes the great circles through the fixed point 7 and the 
circles perpendicular thereto. He takes the point « in the 
neighbourhood of the most probable Antapex. 


Kapteyn takes the circles through the point 4A and those perpen- 
dicular to them. 


In the first part of Srgmy’s criticism his own decomposition and 
mine are confounded. (Further on, e.g. in the enunciation of the 
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problem: “if Arry had formulated his question thus:...”, there 
seems to be no such confusion). He says: “Kapreyn chooses the 
directions towards a point near the Antapex and the direction at 
right angles to it.” 

The words relating to this point are however (Proceedings 1900, 
Febr. p. 362). “The direction from the star towards the Antapex 
and the great circle through the star at right angles to the former” 
while it is moreover abundantly clear frum the contents of that 
paper generally, what the meaning is. 

Reading STEIN’s paper one gets the impression, that the author 
considers my decomposition either as impossible, or as identical to 
his own, if only care is taken to choose for the point # a point 
which coincides (or even approximately coincides) with the definitive 
most probable position of the Antapex. Neither of the two is true. 

It might perhaps be considered a sufficient reply to the principal 
point of STEIN’s criticism, to have pointed out this confusion. I 
think however that by going into somewhat fuller details the 
question as a whole will be more easily understood. 


3. If the total sum of the squares of the projections of the motus 
peculiares on the two directions is considered, then the methods of 
STEIN and of Kaprsryn lead of course to the same result. For in 
that case, amongst all the different positions which can be given to 
the point A, that one will be (according to ArRy) considered as the 
most probable position of the Antapex for which ') 


according to Kapreyn = (Da?+- Sa®) minimum . . . (2) 
according to Srrmn!) (U0? + Sb?) minimum . . . (3) 
or 
ian a ee 
= jr + (w — — sin i) minimum (Kaptnyn) . . (4) 
Q 
and 


Ses } 2 hog 2) 
=} (ro — — sinh sin (r—7)) a (vy — — sink cos (TF — x)) race (5) 
g g 
minimum (STEIN) 
1) I have supposed that by Srety’s ,,xea/” Antapex is meant what has been defined 


above as the point 4, and which might be called the variable Antapex. If this is 
not the case, then his reasoning seems to me unintelligible. 
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respectively, both of which evidently may be reduced to 
='SD? minimum 1). 4. ae ee) 


However, if it is true that the two components of the motus 
peculiaris may be treated as errors of observation, then there is 
evidently no reason why it should not be allowed, so far as possible, 
to base the determination of the elements of the solar motion on 
one of these components only. That this is the generally adopted 
view, is apparent from the fact that generally a result is derived 
both from the right ascensions and the declinations separately. 

Airy himself says expressly : (Mem. of the Roy. Astr. Soc. XXVIII) 
»we must consider the elements of motion of the different stars as 
,being, to all intents, chance quantities, to be treated in the same 
»way as chance errors of observation,” and a little earlier (which 
also shows clearly which meaming is attached by Arry to the words 
elements of motion): ,in the instances in which evidence as to proper 
»motion in one element fails, it enables us to take account of .... the 
,evidence derived from the proper motion in the other element alone.” 


4. To this, however, Srrin does not object. The real point at 
issue is this, that, according to my contention, such a determination 
from one component alone may lead to an unacceptable solution, 
a solution which, for the particular case of stars situated at 


) To avoid all mistakes, even at the risk of falling into repetitions I give here 
in extenso the reasoning by which the formulae (2) and (8) are derived. The reasoning 
is essentially the same as that which was used in § 1 (a). Suppose for a moment that 
the Antapex is at the arbitrarily chosen point 4 (fig, 1), at a distance a from S, and 

A 


take the arbitrary quantity 7 sin A== SB for the parallactic motion. In the supposition 


that the Antapex is at 4, this parallactic motion is in the direction S.4 and the motus 
peculiaris SD is such that the resultant of SY and SB is w- The projections of 
this motus peculiaris are, always in the same supposition, 

for my decomposition Da and Sa, 

for Stern’s decomposition Dd and Sd. 


If now we successively take other points for the Antapex and other values for fe 


then also the direction of the parallactic motion and the amount of the motus pecu- 
liaris and its components will change. According to Arry that point 4 will be regarded 
as the most probable position of the Antapex, for which the minimum conditions (2) 
and (3) respectively are fulfilled. 
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one and the same point of the sky, does not generally fulfill the 
condition 


Bere ONAN ae eh nord eee (1) 


while STEIN asserts that this condition will be satisfied. 3). 
To refute my contention he shows that a determination from the 
components y, i.e. from the condition 


I 2 
= (r — = sind sin (2) ) minimum. . . .- (8) 
d 


for stars at one and the same part of the heavens, does indeed lead 
to the condition (7). 
I never denied this. 


1) The determination from both components ¢ogether does satisfy the condition (7). 
h 
For if the derivatives of the expression (4) with respect to —, 4 and Dare equalled 
to zero, and if the values 


Cree Oy A LOF es OY. “OU 2 OO are 07 
aD 


Cee onndD 1. dbl 0A. AGA’ | oD. 


are introduced, we have for the determination of the three unknowns the three normal 
equations 


[rw od + (= sina —v) (= coo 5 +752) =o 


[rh 4 (Zaina —v)(— oma See |=o. 


For a group of stars, situated at one and the same point of the heavens, these 
are reduced to the following: 


Ms sind =v. (v= mean value of v) 


¢ 
[7] =0. 
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I only showed that a determination from the components 7, 1. e. 
from the condition 


= v2 MiniOTUM, 2 4 ee ee) 


does not fulfill this condition. 

Srern’s reasoning thus misses its aim. 

As has been remarked above it seems to me that, in STEIN’s 
opinion, the conditions (8) and (9) are identical, if only care is 
taken to choose the point # near enough to the position which will 
ultimately be found to be the most probable position of the Antapex. 
Perhaps the great difference between the two conditions is best seen 
by comparing the results which they give for the position of the 
Apex in the example which I used formerly to show the inadequacy 
of Arry’s principle. 

Suppose, therefore, two stars at one and the same point of the 
sky, having equal pro- 
per motions Sw and Su! 
forming an obtuse 
angle. We suppose 
(which can safely be 
admitted for the pre- 
sent purpose) that the 
magnitude of the pa- 
rallatic motion is equal 
for the two stars (say 
=="S'4 == SA") 

It is easily seen that 
in consequence of the 
conditions imposed the 

Fig. 2. Apex must lie either 
on the line QQ’ (in which case the parallactic motion is SA') or on 
the line VV" (in which case the parallactic motion is SA). The 
question is only on which of these two lines the Apex must be 
sought. 


Now according to my contention, the condition (9) gives the line 
QQ', because: 


=v° for Apex at Q'< = 1 for Apex at V, i.e. because: 


eB? + WC? < uA? + WA? 


According to STEIN’s contention the condition (8) gives the line 
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VV", because, all the projections being taken on the same line QQ’, 
= proj.” mot. pec. for Apex at V <= proj. mot. pec. for Apex 
at Q', i.e. because 

MA + WA? < (uA — SA’? 4+ (WA + SA'S? 


The two contentions are nowise contradictory. They are in fact 
both true. They have nothing whatever to do with each other. 


5. STEIN does not however confine himself to the assertion that 
for stars at one and the same point of the heavens (8) leads to (7), 
he also tries to prove directly, in two different ways, that (9) gives 
a determination which is identical to that by (8). In fact he tries 
to prove that both of these conditions lead to his conditions C. 

It must already be evident from the above, that this proof must 
be impossible, and that consequently there must be an error in STEIN’s 
argument. 

The condition (9) evidently gives rise to the two equations 


fe aA] = [2 ap| iy 


In STEIN’s second proof he simply derives the values of the deri- 


pee 08 or re 
vatives aD and aA from the equations of condition 
h A 
1 = —sinIesine vy = — sin cos 8. 
Q 


Here, therefore, he falls into the error, against which was warned 


ise l(b); 
In the first proof of Stem I cannot point out the main error, as 
I have been unable to follow the author’s reasoning. '). 


1) Still I will remark that if, as is done by Srery, in the equation 


m oy hye y a 
[pe enna 4 +r =n sant) 


the first term may simply be left out of account, because the motus peculiaris may 
be considered as an error of observation”, then with the same right the other 


component vy — — sin A of the motus peculiaris may he neglected, so that in the 


second term we may write w for — sin A. The equation thus becomes no other than 


the contested one: 
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6. The above will be a sufficient refutation of STEIN’s criticism. 
I think I have shown: 

a. That Sremn’s equation B cannot prove anything against my con- 
tentions, because it is not to the point. 

b. That his direct criticism of my treatment of the question is 
erroneous. 

I may however be permitted to make the following remark, 
which will perhaps explain how STEIN was led to his erroneous 
views in the matter. He asserts: the second component (i.e. in his 
decomposition the component wo, in my decomposition the component 
v) “does not teach us anything about the position of the Apex”, 
or again “The two other equations” (the normal equation by which 
the position of the Antapex would be determined) “are left out of 
consideration on account of their small weight.” 

If this was really true, the determination of the position of the 
Apex would, as well for my treatment of the problem as for his, 


depend solely on the components + and t — Z sin 4 sin (I — y) 


respectively and it would thus be possible, merely by a different way of 
decomposing the motus peculiares, to derive from the same equation 
(6) (for this is, as already remarked, equivalent to both (4) and (5)) 
different results for the position of the Apex, which is absurd. 
From this point of view there was thus every reason for the belief 
that either my treatment or his own was affected by some error, 
and it is explicable that the author, not finding this error in his 
own work, looked for it in mine. 

As a matter of fact however the error is neither in Srern’s 
determination based on (8), nor in my own based on (9) but only 
in his contention about what can be derived from the second 
component. This component does actually give a determination 
of the Apex of which the weight, compared to that of the determi- 
nation from the first component, is generally not at all small. 

To show this it is sufficient to write down the neglected normal 
equations. They are: 


[sm Ag cos Ag (| - a+ cos Ao (=), = dA + 
+ [eos Ao (5), (jy = aD = Ee cos Ay (5), 
[sin Ao cos Ag (5) | = -- cos? Ao (5), (= 1 dA + 


+ [ore St 20= fawnsB)). 
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For brevity’s sake I will suppose that we consider a group of 
stars distributed uniformly over the whole sky. In that case we find 


h h 
at once that Fig and ‘4 dD are determined with the weights 


[cos ho an and [oos? Ao =), 


If the same quantities are determined from the first component 
(see STEIN’s equations B) they have, in the case here considered, 


the weights 
[ sin? Ao (2) and si? Ao (@ 1 : 


x . 
@ LOOT PG LE Gh pene 4 


435 0D OD csD OA 


Now 


It is thus clear at.once that the weights of the two determinations 
are entirely of the same order of magnitude. 

The same thing is true of the analogous component in my 
treatment. A determination of the position of the Apex actually 
derived from this component was published by me some time ago. 
(Astr. Nachr. N°. 3721 Meth. IV). 


7. It may be urged that the objections made by me would not 
apply to Arry’s method if it were understood as is implied by the 
equation (4), i.e. if the sum of the squares of both components of 
the motus peculiares together were made minimum. 

This is quite true. I now‘) go even further, and express as my 
opinion that the equations, which would be derived in this way 
for the determination of the Apex, must be considered as very 
acceptable. The confidence which they would deserve could however 
not be derived from the hypothesis (Hyp. A) of Atry. For, if it 
is admitted that STEIN’s criticism is erroneous, it was shown by me 
that a legitimate application of this hypothesis may lead to un- 
acceptable results. 

This confidence must therefore rest on quite another basis. For 
me this basis is the following: the equations which are derived 


1) Now, because at the time when I wrote my communication of Febr. 1900, my 
attention had not yet been drawn te Bravais’ method. 
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from (4) are identically the same as those which Bravats derived, 
long before Airy, from a quite different, mechanical, ole 
(Journal de Liouville 8; 1843, p. 435). 


8. With a view to the two last breaks of STEIN’s communication, 
the wording of § 3 and the note to § 4 may seem somethat strange. 
The reason of this is that these two paragraphs failed in the M. 8S. 
which the author kindly permitted me to use. 

The reply to the last part of this addition is however already 
contained in the above. The first part strikes us as very peculiar. 
The author thinks “it is superfluous to refute at large the objections 
against Arry’s method derived by Kapreyn from a few particular 
cases of proper motion,” not, as might be expected, because he has 
proved before that the treatment of these cases is erroneous’), but 
because “conclusions deduced from the consideration of only a few 
proper motions chosen quite systematically can hardly serve as criteria 
of a method...”. 

It looks as if the author is not very strongly convinced of the 
stringency of his own proof. Moreover the facts are not quite fairly 
represented. 

The special cases to which the author refers were treated, not as 
proof of any particular thesis, but only as examples to illustrate 
the different conclusions to which the conditions [v7] = 0 and [zv] = 0 
can lead. As such I do not think they are badly chosen. That, in 
my opinion, especially the first example incidentally has some con- 
siderable direct power of proof, I will certainly not deny. The 
absurdity to which a treatment of this example by Arry’s method 
leads is very much of the same sort as that which would be involved 2), 
if from the indication of two clocks showing 8 minutes to and 8 
past twelve respectively it was concluded that most probably the 
time is either a quarter to or a quarter past twelve, but on no 
account twelve o’clock. 

Does Dr. Stern really mean to say that there is nothing in such 
a result that throws any doubt on the method by which it was 
obtained ? 


1) For Srern thinks he has shown that the condition [r?]=0 for stars at one and 
the same part of the sky is equivalent, not to [rv] =0, but to [r]=0, which both 
according to Ais and to my opinion, is the correct solution. 

*) In order that my reply might still be printed in the Proceedings of October, 
the dutch text had to be written within a few hours after I got sight of the last 
paragraphs in STEIN’s criticism. Owing to this haste the illustration contained in the 
last lines was not so well chosen as I could wish. I have taken the liberty to 
remedy to this defect in the translation. 
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Botany. — “On the Hydrosimeter”. By Prof. J. W. Mott. 


Many years ago I published the results of an investigation on 
the exudation of drops and injection of leaves 1). The greater part of this 
investigation was made with cut branches into which water was 
driven by means of pressure of mercury. The instrument used for this 
purpose was as simple as possible and consistedof nothing but a U-shaped 
tube with a short and a long leg. The branch was fixed on the 
short leg of the tube filled with water, after which mercury was 
poured into the other leg until the desired pressure was obtained. 
This apparatus was rather imperfect, the pressure rapidly changing 
on account of the falling of the mercury in the long leg and the 
rising in the short one, and never remaining constant for a moment; 
so that in the experiments taken with this apparatus after some 
hours the pressure was generally for the greater part or entirely 
neutralized. ‘The measuring of the quantity of water driven in could 
take place but imperfectly; it would have given rather much dif- 
ficulty to arrive at a greater precision. 

In the meanwhile the apparatus was sufficient for the purpose I 
then had in view. Yet the question arose in my mind whether it 
would not be possible to construct a better one, with which the 
driving in of the water could take place under constant pressure, 
whilst at the same time there would be a possibility of measuring 
accurately at any moment of the experiment the quantity of water 
driven in. Such an apparatus being of use for various botanical 
investigations, I have thought it worth while to solve this problem, 
and in this manner the apparatus has been made which I will now 
describe under the name of Hydrosimeter ”). 

In this apparatus constant pressure has been obtained in the 
following manner. 

The mercury causing the pressure is in a flask of Martorrs, to 
which an india-ruber tube is attached, so that it can be placed 
higher and lower. In this way a constant higher level is obtained. 
This tube conveys the mercury finally into a U-shaped tube, placed 
upright with the curve downwards and sealed into in a glass- 
reservoir filled with water, to which also the plant under observation 
has been attached. In this manner the constant lower level is 


1) Untersuchungen tiber Tropfenausscheidung und Injection bei Blattern. Proc. and 
Communic. of the Royal Acad. of Sciences, Sect. Physics, 2nd Series, Vol. XV. 
2) From {wp = water and dois = thrust, so gauge of waterpressure. 
16 
Proceedings Royal Acad. Amsterdam. Vol. 1V. 
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formed, for if liquid is driven from the reservoir into the plant, it 
is replaced by the mercury which flows off over the open leg of 
the U-shaped tube. So in this apparatus there is neither a falling 
nor a rising column of mercury; the lower level of the column of 
mercury being always equal with the upper edge of the open leg 
of the U-shaped tube. The volume of the overflowing mercury is 
equal to that of the water driven into the plant; this mercury can 
be drawn off and measured at any time. These are the principles 
on which the apparatus is founded. 

I shall now pass on to a brief description of the various parts, 
for which I wish to refer the reader to the plate added to this 
paper, and in the first place to ask his attention for fig. 4. At the 
top on the right side at 1 is the mercury reservoir which can be 
placed at different heights. It is arranged as will be seen like a flask 
of Mariotre, so that on the level a there is always atmospherical 
pressure. The tube 0 fits on the neck of the reservoir as a stopper 
and to secure it better is closed wich mercury. 

The mercury flowing from the reservoir passes through an india- 
rubber tube (2), with a wall-thickness of 2,5 mm. and a lumen of 
the same diameter, to the water-reservoir 3, to which also the plant 
is attached. Into this the mercury enters through the U-shaped tube 
c which possesses a glass tap d outside the reservoir. When the 
plant takes in water out of the reservoir 3, an equal volume of 
mercury will flow at e’ over the edge of the open leg of the U-shaped 
tube, and collect at the bottom of the reservoir 3. So the lower level 
of the pressing column of mercury is always in the plane ee’ and 
the distance ae, to be regulated arbitrarily, indicates the constant 
pressure under which water or any other liquid is driven into the plant. 

Three tubes more are attached to the water-reservoir 3: 


1°, the tube f leading to the plant; this tube is fixed high on 
to the reservoir, to let this contain as much mercury as possible thus the 
necessity of frequently drawing off the mercury being avoided. However, 
the tube soon bends downwards, passing into an open horizontal end. 
By this arrangement joining-pieces of simple shape can be used at 
g into which nevertheless the plant can be easily fixed with its 
plane of section in the level ee’. The connection at g is formed by 
means of the same thick-walled kind of india-rubber tube, which 
draws the mercury from the upper reservoir. This tube is so firm, 
and the surface upon which the pressure operates is so small, that 
even with a pressure of a full atmosphere the expansion is not of 
the slightest importance. The joining-pieces may have any shape, 


J. W. MOLL. The Hydrosimeter. 
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so that branches of any size or even entire plants with their roots 
can be connected with the apparatus, or pieces of wood through which 
fluid must be driven downwards. By using long joining-pieces it is 
also possible to place the plant in a glass case or any other appa- 
ratus, which if necessary can be put up at a tolerable distance from 
the hydrosimeter, whilst the reading of the result on the latter 
remains possible. On the plate the apparatus is shown as it is used 
for the injection of the leaves of Rhododendron. 


2°, a lower tube with a glass tap (); through this the mercury 
can be drawn off, tlie volume of which is to be determined. 


3°. a topmost tube, likewise with a glass tap k, which tube ends 
in a reservoir 4 filled with water. This is necessary to replace the 
mercury which is tapped through tube h. 


After this description of the apparatus shown in fig. A I wish to 
draw the attention to fig. B giving a representation of a metal 
clip, one attached to each of the three glass taps. The hydrosimeter 
is arranged for the use of one atmosphere as maximum pressure, 
this being at least for botanical investigations more than sufficient, 
whilst for the rest there are no obstacles to the use of a higher 
pressure, though it might make some further precautions necessary. 
But already with pressures of less than one atmosphere we meet 
with the drawback that not only do the taps leak, but that even 
the whole tap-stopper is pressed out. This is indeed not to be won- 
dered at, considering the stopper being always more or less conically 
shaped and especially the holes being never entirely perfect at the 
edges. To overcome this drawback each of the taps is furnished 
with a clip which makes the ieaking and the pressing-out of the 
stopper quite impossible. Fig. B gives at 5, 6 and 7 three different 
views of such a clip. It consists of two brass rings in the shape 
of a horse-shoe and acting like a spring, so that they can be easily 
fixed round the neck of the tap to fit well. The ring o fits round 
the thinnest part of the tap-stopper, the ring n on the contrary 
round the tube in which the stopper turns, the thick edge of this 
preventing the sliding off. 

As is seen, both rings are provided with two projecting metal lips. 
These lips of the two rings correspond in place and size to each 
other, and are connected by two screws (p), so that they are easily 
adjustable at different distances from each other. It is clear that 
when such a clip is placed on a tap, the stopper can be fixed 
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very firmly by means of the screws into the tap, whilst the latter, 
when well greased, will remain easy to turn. As was said before, 
each of the three taps is provided with such a clip. 

To put the apparatus into operation first of all the necessary 
amount of mercury must be brought into the reservoir |, the india- 
rubber tube 2 and the u-shaped tube c, after which the remaining 
part is filled with water. Then the taps have to be tried, in a way 
I shall not describe here in details, whether they close well, and 
finally the plant is connected with the apparatus in the manner 
shown in fig, A. 

It goes without saying that during the experiment one can measure 
as often as one likes the water driven into the plant during a cer- 
tain time. To do so tap d is closed and the pressure for a moment 
neutralized, to which in most cases there will be no objection. The 
mercury is drawn off and replaced by water, when for a moment 
the taps h and & are opened simultaneously. The experiment can be 
immediately continued by causing the pressure to operate again. 

In order to make the tapping of the mercury possible the tube 
leading off the mercury may not be too narrow at m and its lumen 
must at least amount to 3 mM. The drawn off mercury can now 
and again be poured into the reservoir 1, so that for lengthy expe- 
riments a limited amount of mercury is sufficient. 

The size of the drops overflowing at e' the edge of the U-shaped 
tube depends on the width of the tube and can thus be regulated 
within certain limits according to special wants. In the apparatus 
I am using at present, the top of the U-shaped tube measured on the 
outside has a thickness of about 2mM. The size of the drops, which 
is very constant, amounts to 0.02 cM%. So the apparatus enables 
the experimentist to make very accurate observations. Moreover in 
such cases when one wishes to take measurements at not too long 
intervals without neutralizing the pressure, one can easily attain 
one’s aim by counting the drops flowing over. 

The apparatus has been made according to my directions by the 
frm J. C. TH. Marius at Utrecht and is brought by the same 
into the trade. 


(November 21, 1901). 
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(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 


Afdeeling van Zaterdag 30 November 1901, Dl. X). 


Contents: “Some observations on the resolying power of the Micuexson echelon-spectroscope”. 
By Prof. P. Zupman, p. 247. — “Considerations in reference to a configuration of 
Srcre” (2nd Part). By Prof. P. H. Scnours, p. 251. — “On the influence of dif- 
ferent atoms and atomic groups on the conversion of aromatic sulphides into sulphones”, 
By Dr. J. J. BLanksma. (Communicated by Prof. C. A. Lopry DE Bruyn), p. 264, — 
“On function and structure of the trunkdermatoma”’. By Prof. C. WinKLER and 
Dr. G. van RignBERE, p. 266. — “Contribution to the determination of geographical 
positions on the West-coast of Africa”. By C. Sanpers. (Communicated by Dr. 
E. F. van DE SANDE BAKHUYZEN), p. 274, 


The following papers were read: 


Physics. — “Some observations on the resolving power of the 
MIcHELsoN echelon spectroscope’, by Prof. P. ZEEMAN. 


§ 1. On a recent occasion ') I have given a few observations on 
this subject. The acquiring of some new data induces me to return 
to it in this place. 

In his “Investigations in optics” Lord RayLEIcH *) expressed the 
wish that spectroscopists in possession of powerful instruments would 
compare the actual resolving power with that of which they are 
theoretically capable and remarked that a carefully arranged suc- 


1) Bosscua Collection of Memoirs, Archiv. Néerl. sér. Il. T. 6,-p. 219. 1991. 
2) Phil. Mag. 1879, 1880. 
17 
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cession of tests of gradually increasing difficulty would be of 
especial value. 

I remembered these remarks as I tested the very original echelon, 
invented by MICHELSON. 

The echelon at my disposition, made by Hizeer, London, consists 
of thirty plates each about 7,8 m.m. thick, made of light flint-glas, 
set with 1 mm. steps. A clear aperture of 1 m.m. is left beyond 
the width of the largest glassplate. The number of apertures 7, 
operative in the formation of the spectrum is hereby one more than 
the number of plates. The mounting was somewhat improvised. 
Telescope and collimator belonging to a KIRCHHOFF spectroscope 
were employed. The telescopes had object-glasses of 50 em. focus 
and 38 m.m. aperture. It is evident that in order to get greater 
intensity, glasses of shorter focus would have been preferable. 

Denoting by dd, the difference of wave-length of spectral lines 
when they are just distinguishable as separate in the spectroscope, 
by ¢ the thickness of the plates of glass, and by n the above mentioned 
number then, we know 


dy A 1 


Lb aa 
due 
= wl) = ee 
a cee ee ay 
The resolving power is given by 


f= Se ee) 


For the green line 4 = 5460 A. M. we obtain in the case of 


0,63. 31. 7,8 d 
"= 280000 and ¢ le 3,6. 10-6, 


our echelon r= 5460. 10-7 7 


In the calculation of & I used the following values of the refractive 
indices given to me by HILGER 


Mo == els 
Ln Os 
Mr = 1.5853 
Me = 1.5936 
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Henceforth I will denote by q the theoretical value of the limit 
of resolution calculated according to (1), by ge the experimental 
value. By means of a Horrmany direct vision spectroscope the 
light of the vacuum tubes (driven by a RunMKorFF) undergoes the 
necessary preliminary analysis. In some cases absorbing media were 
therefore sufficient. In some experiments the mercury arc-lamp of 
Fasry and Perot was used. 


§ 2. The very intense green (5460) line of mercury was inves- 
tigated first. Using the echelon in a position in which two strong 
lines of equal intensity corresponding to successive orders of the 
radiation were visible, I could distinguish also 5 faint, very narrow 
lines between the principal ones. The distance between two pairs 
of these lines was very small. 

As I could not find a table of the wave-lengths of these feeble radia- 
tions, I addressed myself to Messrs Fasry and Perot. I am very much 
obliged to Messrs Perot and Fasry for their kindness to investi- 
gate for me anew the green radiation of the mercury arc in vacuo. 

The following scheme represents the constitution of this very 
complex radiation according to their observations. The ordinates 
are approximately proportional to the intensities. 


ar $e —14 ~9,5 Ott 5 hs 


The given numbers are only approximate, especially (— 14) 
and (— 9,5). 

The radiation (+ 1,5) was observed by Fasry and Peror only 
in the radiation of a MICHELSON tube; it is too approximate to the 
principal radiation to be seen separately in the are light. In the 
photographical reproduction in the Astrophysical Journal +) of the 
interference fringes of the green mercury line the radiation (— 41) 
coincides with the radiation (+ 15) and is therefore invisible. 

I could distinguish very clearly the radiations (— 9,5) and (—14) 


——_—_* 


1) Fapay and Pexor Astrophysical Journal. Vol. 13. p. 272. 1901. ts 
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dh 
as separate lines. For these radiations 7= iy ==4,5.10-% or r= 222000 


and hence g, rather smaller; calculation gave ‘g: = 3,0.10—°. 
Using the green line of thallium?) I extremely easily distinguished 


di, Any 
the faint radiation at a distance aR 21.10-% from the principal 
radiation, but I could not see as a separate line the one determined 

—— = LO: 
by 7 
Hence gq, exceeds 3.10—* but is smaller than 21.10—%. 
Indeed for the thallium radiation (5440) 


5440.10—7 

—= —__——— = 3,6.10-® . 
geen RENEE ad 

For the green (5086) line of cadmium it was just possible to 
see that this line is a double one. The distance of the components 
; : dh 
is according to Fapry and PrERoT ie S082) Honea S0S67 
calculate g¢=3,2.10—-%. Hence with the mentioned echelon it is 
possible to almost reach the limit of the theoretical resolving power. 


§ 3. Perhaps the best series of tests of gradually increasing 
difficulty can be obtained by observation of the change of spectral 
lines in magnetic fields of gradually increasing intensities, a Nicol 
between source and apparatus being used in order to reduce the 
complexity of the radiation. In this manner all values between 
eg. 0.001 A.U. to about 1 A. U. can be obtained. Corresponding 
herewith are the values g:=0,2.10-* and r=5000000 resp. 
qt = 200.10-§ and r=5000. The performances of echelons and 
interferometers and of ordinary spectroscopes with a few glass prisms 
lie between the limits indicated. This test I have not yet applied 
systematically to the mentioned echelon. | 

In order however to show its fitness I will use some observations 
of Lord BryrHswoop and Dr. Marcuanr’). In their $6 , Results 
obtained of the Zeeman Effect on the Chief Lines of the Mercury 
Spectrum” p. 397 these authors communicate observations with an 


1) Fasry et Pzror. Ann. de Chim. et de Phys. (7) 16. p. 134. 1899, 
5) les ps LSa: 
3) Phil. Mag. Vol. 49. p. 384. 1900. 
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echelon spectroscope concerning the difference in wave-length between 
the components of the outer components of the sextet of the blue 
(4358) line of mercury. The following table is an extract (OAs in A.U.) 


H ah 
SOC eta Wa ale pan eS es 
T2C LOOM pe mer ere Rr a ee ont 
12.900 0.052 
20.000 0.098? 
21.800 0.09 

23.400 0.098 


For a value of the field between 12.100 and 12.900 the splitting 
up of the lines becomes sufficient to make them appear as separate 
lines on a photograph (upon which the measurements were taken). 
Two lines can of course be seen separated at a considerably smaller 
distance. 

0,052 
4358 
For the echelons of these observers we have t= 7,5, n= 15, 

With these data I calculate g; = 5,3.10—°, 

Thus it appears from the data given in this paper that it is 
possible to manufacture echelons, performing nearly as well as they 
are theoretically capable. 


Thus now ¢= = 11,9.10—-° and ge considerably smaller. 


Mathematics. — ‘Considerations in reference to a configuration 
of Sucre’. By Prof. P. H. Scnours. (Second part). 


5. We have already remarked that the form of the equations 
of the fifteen lines obtained in the first part of this communication 
was not yet a quite regular one. If we shorten #, — 73 =; into 
(1 — 3), 7} = into 12 and if everywhere we omit tle equations 
a, = 0, v= 0,...#;=0, then the following table gives the obtained 
result in the form of the determinant repeatedly used 


“(1—3) | (2-4) | (8-2) | (4-1) | (12, 34) 


(4—2) | (8-1) | d—4) 


(3—4) | (1—2) |(23, 24) 


(14, 23)} (2—1) 


This table shows that so far there is regularity in the irregularity, 
that each conjugate quintuple as to this irregularity corresponds 
with the quintuple of the lines a;. 

Before we pass to an entirely regular form of the equations of 
the fifteen lines, we determine, also to show the fitness of the 
system of equations, the locus of the planes cutting the four lines 
a given originally. For this we search for the conditions, under 
which the space 


De =P, % + Pot, + pg tz + pats + Ps %s = 0 


contains such a plane. The number of planes cutting four lines 
given arbitrarily in S, being twofold infinite, this investigation must 
lead us to a homogeneous equation f(p)=0 in the five spacial 
coordinates pi, the tangential equation of the curved space enveloped 
by the spaces p,— 0. 

The coordinates of the points of intersection of the space pz— 0 


with the four lines a, a, a3, a, are the elements of the four rows 
of the matrix 


P3 — Ps Nii tae el Gatiog sya) 0 , pips 
Ons Ps — Ps» 9 5 (Pat Ps) Po + ps 

Oo os ps Ps): Po — Ps» 0 Meal 
Ps Ps) Oars Omi) Pi— Ps. Pit Pa 
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by putting this matrix equal to naught, we let the space pz= 0 
satisfy the given condition. Here, however, an obstacle seems to 
present itself. For the five equations obtained by putting the deter- 
minants comprised in the matrix equal to naught, furnish in general 
two respectively independent relations, which cannot be the case 
here. However, as is immediately evident after development, each of 
those five determinants consists really of the form 


(pit pe + ps + ps) P? + P2P3 Pat Pi P3P4 + Pi P2Pa t+ Pi PaPs 


every time multiplied by another linear form, and we find the 
wanted equation of the enveluped surface by putting this common 
factor equal to naught. 

The same obstacle seems to appear when we make use of the 
following method to determine the equation of the enveloped space. 
If pr=0, gr = 0 represent an arbitrary plane, it intersects the 
four lines a, ag, a3, a, under the conditions 


Pi P3 Pa P2 P4 Ps P3 P2 Ps P4 P1 Ps 
71 93 V5 = 0, 92 9495 | = 9, 73 9295 | = 9, 9491 %5| = 9 
=a Ih Sb al ==, Il gl il —111 = IL jl qi 


and by eliminating ¢), 92, g3 We arrive at the equation 


ene 0; —(rerPs): (Pi TPs) % 
i‘) oe eres 0 Pov OR OKITA a Mae 
OM ech 1 Pe) Pe Pb? (potps)9s| 

Ey ps)s Oges Os (imps) da + (Pit+Ps) 95 


which also furnishes two equations, as it must hold good for all 


values of the quotient Ey We recognise in these two equations 
15 


immediately those which are obtained by omitting from the matrix 
found above respectively the last column and the last but one. 
By the way we notice that the second method can prove in a 
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simple way how each plane intersecting aj, a, ag, a4 also cuts 45. 
If we introduce for the determinant pe gi — qipr the notation (Al) 
the four conditions can be written in the form 


(58) + (51) + (13) =0 
(54) + (52) + (24) = 0 
(25) + (85) + (28) = 0 | 
(15) + (45) + (14) =0 


So addition gives 


(18) + (14) + (23) + (24) = 0, 


which is the condition that the plane cuts the line a;. For 
substituting 


into pr = 0 and gz =0 we find 


(p1 + Pe) %2 + (ps + pa) %4 = 9, 


(91 + 92) % + (93 + 94) %4 = 0; 


by eliminating the quotient = we get 
4 


PLT Pes Pa pe 


91 +9. > w+ % 


which can be immediately developed into 


(13) + (14) + (23) + (24) = 0. 


6. Now that we have found the equation of the enveloped 
space the full investigation of it may be omitted. We shall confine 
ourselves to some ready observations. 
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. In the first place it is evident that the ten “spaces through six 
lines” with the spacial coordinates 

ES Tus a eas 

Cox d Crecente a aa uae peak Pa) 

(ate Bie ee Gap Aviles Olin Op 0) 

(SR sit Cons ices anes a Ue 

(ay alan cst Ls 0, 0, 00) 

Coe 0, kOe lie Ole 0) 
(aja;,)-...( 1, —1, —1, TL) 
‘eats nate a en toliaines ca Nene, Prvinan baler 
Os via pet AS Oe race Feit yaa 

ae A Ws ke es aes ES 


(4 a5) 


are double spaces of the enveloped space, so that this must be of 
order four and cannot admit of an eleventh double space, because 
a space of order two cannot be of class three. 

Moreover it is evident, that the fifteen “points in three lines” 
are points for which the tangent planes of the curved space, passing 
through it, envelope a conic space degenerated into three nets of 
planes (all planes through a line). So the three lines a;, cs, e cut 
each other in the point 


7] = %g = To = Uy % = 0 
with the equation 
Pi + Pe + Ps + Pa = 0 


and the combination of this with the equation of the cubic envelope 
causes the latter to be transformed by elimination of p, into 


(pe + ps) (Ps + Pi) (pi + 2) = 9; 
which in connection with the first furnishes the planes 
Pot ps =9 siesta es, 
’ 2) 
Pi t+ ps = 9) po + p= 9 Ps + ps = 


with the axes ¢, ¢3, 45. 
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But the following must be pointed out particularly: the surface 
of the third ‘class out of n° 4 is connected in a simple way with 
the enveloped space. In the cone by which this surface is projected 
from the point P taken there, we have namely before us the envelope 
of all the tangent planes of the cubic space, passing through this 
point P. This will be clear if we resume in the following form 
the dualistically opposite results forming an extension of the theorem 
of SEGRE mentioned in n®% 1: 

If we take quite arbitrarily in 20s) four planes @3, 
14, Oy5, yg, and if we determine the planes aq, Gq. G95» 
@, forming with the former one a double four 


Gg 5» &4 » Bp » 6 
Gog 5 Hog 9 Aon 3 a6 


— where two planes have a point or a line in common 
according to their symbols having a common index 


or not —, then the four points of intersection of the 
opposite elements of the double four — placed here 
under each other — lie in a same plane @jp. 


If we add this plane aj, to the assumed planes, we 
obtain a quintuple of “conjugate planes” with the re- 
markable property, that each of those planes plays 
the same part in reference to the double four, of which 
the four remaining planes form one of the two qua- 
druples, as @ . in reference to the above mentioned 
double four. 

If we complete all quadruples to be formed out of 
this quintuple to double fours, we find fifteen planes 
in all, which can be characterised by symbols ex in 
such a way, that two planes have a line or point in 
common according to their symbols having a common 
index or not. We then find that ordering of those sym- 
bols in form of determinants — as the corresponding 
a, in n°. 4 — gives six rows or six columns of conju- 
gate quintuples (g;),i=1,2,..6. Each line intersecting 
four planes of aconjugate quintuple alsocutsthe fifth. 

Kach triplet of planes (co, a4, ase), cutting each 
other two by two in a line, lie in a same space indi- 
cated by Six, 3,56; in this space they pass through a 
same point Pio,3456. There are fifteen of such spaces 
and points. 
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Each sextuple of points as ‘(ay) G19) G99) O45, Oagr O50), 
built up of two triplets (a9, a3, a3) and (@451 G4g 5g), With 
the property that each plane of one triplet cuts each 
plane of the other in a line, pass through a same point 
Pies, 456. There are ten such points. 

A threedimensional space Ss; taken arbitrarily cuts 
each of the six conjugate quintuples (g;) in five lines, 
which admit of two common transversals (4, c); these 
six pairs of lines (&,«%) are opposite elements ofa 
double six of a surface F° of order three of which the 
27 right lines consist of these twelve lines and the 
fifteen lines of intersection of S, with the planes a, 

The locus of the lines intersecting four planes 
belonging to a same conjugate quintuple — and so 
also the fifth — is always the same curved space S34 
of order three and class four through the fifteen 
planes az, whichever of the six quintuples (g;) are 
taken; so this space S34 contains six different twofold 
infinite systems of right lines. It has the ten points 
Pio3, 456 a8 double points, the quadratic conic spaces of 
contact of which contain the sextuples of planes 
passing through those points; itis cut into three planes 
by each of the fifteen spaces Sjo, 34,56. Its section 
with the above introduced arbitrary space S,; must 
contain the double six of the pairs of lines (4, ¢) as 
well as the fifteen lines of intersection of S,; with the 
planes az; and so it must coincide with the surface Fs 
found there, of which the points lying outside these 27 
lines are points of intersection of S; with lines of the 
locus S34 not situated in 8s. 


7. If we apply to the equations 


ager gs tg =O oh tye 0 \ 
oer te 5 Ee eg = 0 
Da Mg te et ae Oy grea 0 
fy Ope ls Ro = 5) 0 


tj] = &g ) %3 = V4, ’ fa==, 0 
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of the lines a,, a,... + a5 the transformation 
| — ® fp &y + Ws + ty — oI) 
@ — Lo + az + % — %5 = Yo 

@ + % — a3 + ty — % = Ys), 
a) + ty + & — ty — 5 = Y4 


— 24, =Y5 


which it is possible to write in the reversed form 


4 =—y+ 42+ 93 + ¥4— Ys 
4% = n— YotystYsa— Ys 
4¢3= yt+¥2—Y¥st+Y4— Ys ps 
44,= Yt+4%+4¥3— Y4— Ys 
27> Se 


these equations pass into 


Y=Y + Yo=Ye 1 Ys=O 
Yo=Ys 1 MW=Y¥3 1 Ye=O 
Ys=Ys > W=Ye o Y= 
Ys= 9s » Yo=¥s » Y= 9 


Y= Yq 1 Y=, 2 YB =O 


Moreover the equations of all the fifteen lines of the configuration 
present themselves in the collective formula 


Y=. Yr=Y¥s1 w=, 


where p, 9, 7, 8, t indicate one of the permutations of the five 
Indices 15-2), 

The regular representation of the lines obtained in this way 
allows of a very simple geometrical realization. If we suppose for 
simplicity’s sake that the homogeneous system of coordinates y; 
with respect to the five-cell of the spaces y; = 0 is a system of 


( 259 ) 


normal distance coordinates, then it is evident that the fifteen lines 
of the configuration are the lines connecting the mid-points of 
the pairs of edges of that five-cell crossing each other. So, if we 
suppose (fig. 4) 


five points 1, 2,3,4,5 not lying in a three-dimensional space to be 
the bearers of equal masses and if we determine the barycentres 
12, 13,...45 of the ten pairs of these masses, then the lines 
(12, 34), ... , (23, 45) connecting two of these points belonging 
to four different masses will form the fifteen lines of a configura- 
tion of SEGRE. These lines pass through one of the barycentres 
1’, 2', 3', 4', 5’ of four of the five masses; moreover the five lines 
(1. Le ee jena) UD, 5') pass through the barycentre 6 of the 
five masses. Out of this figure we easily find the remaining elements 


of the configuration 


Ct. (15, 8, 15, 7 | 3, 15, 6, 3 5, 2, 45, 3 | 1p oh 15). 
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For we recognize in the ten barycentres 12, 13, . . , 45 of two 
masses and the five barycentres 1’, 2',.., 5’ of four of the five 
masses the fifteen points, in the thirty planes (12, 34, 35, 4’, 5’) 
and the fifteen planes (1', 24, 35, 23, 45) the forty-five planes, in 
the ten spaces (12, 34, 35, 45, 3’, 4', 5’) and the five limiting spaces 
of the five-cell the fifteen spaces of the configuration. And if we 
assume in the points 1,2,3,4,5 entirely arbitrary different masses 
instead of equal ones, then the special case represented in fig. 4 
passes into the general one. If we then also call the barycentre 
of those unequal masses the point 6, we arrive at the following 
simple representation of the configuration : 


If in space S, six points 1, 2,..,6 are taken in such 
a way that no five of these points lie in a three-dimen- 
sional space, we can find fifteen three-dimensional 
spaces Ry(!:=(3456), Rg(t-9)—(2456),.., Ry =(1234) each one 
of which contains four of the six points. Of these 
spaces S,¢*) any three, the indices 7,4 of which complete 
each, other to 15:2, ... , 6; pass-through a samenlane 
furnishing in all fifteen lines. And these same lines 
forming with each other the chief part of a confi- 
guration of SEGRE are also found if each of the lines 
lio ig - +, 456 connecting the six points two by two is 
cut by the opposite space #02), R08),.., R68 by which 
operation we obtain fifteen points 12, 13,..,56 charac- 
terized by the property that any three points the 
indices of which complete each other to l, 2,..,6 are 
lying on a right line. Every five lines containing 
together the fifteen points 12, 13,..,56 form a quintuple 
of conjugate lines. 


8. The simple representation we have now given of SEGRE’s 
configuration is closely related to results published already in 1888 
by Dr. G. CasteLnvovo in his treatise ,Sulle congruenze del 
terzo ordine dello spazio a quattro dimensioni” (Atti 
del R. Istituto Veneto, serie 6, vol. 6). If namely we assume the 
five points 1, 2, 3, 4, 5 as vertices p;=0,7=1, 2, 3,4; 5, of 
the five-cell of coordinates and the point 6 as point of unity 
Pc =(P1 + P2 + Ps + pa + ps) = 0, then the pair of equations 


Pitp,=% pp tp, 
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into which the system 
= ty t= ty, w= 0 
passes by means of the relation 
Px = Pit + Po ®e + pz tg + Paty + Ps Xs = 0 


between the coordinates x; of points and the coordinates p,, of spaces, 
can be completed by 


P5 +p, — 0 


and from this is evident, that each of the fifteen lines of SeGRn’s 
configuration is represented by a triplet of equations of the form 


Py pa — 9; Ps + 4 — 03 Ps 1 Ps — 0 


and that the lines are situated six by six in ten spaces with the 
coordinates 


Meee ee Wet), 1 al de], Pel, 9 1)) (1), 161s 1s 1): 
So the six lines 
(14, 25, 36), (15, 24, 36), (16, 23, 45) 
(14, 26, 35), (15, 23, 46), (16, 24, 35) 


are situated in the first of those ten spaces, etc. 
In the quoted treatise CasTELNUOVO has represented the fifteen 


planes of the dualistically opposite figure by the system of the 
fifteen corresponding triplets of equations 


2 +a=9, a + a, = 0, a + a, = 0. 


Though the connection between the above-mentioned treatise and 
these considerations have already hereby been indicated, yet I desire 
to acknowledge that not until the existence of that treatise had 
been brought to my notice by Sxa@re did I succeed in deducing 
from my considerations founded upon the double four the above- 


given simple representation. 
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Out of the fifteen triplets of equations 


Pitp=0, pptps=9, ps t+ po =9 


it directly ensues that the curved space of class three enveloped by 
the pencils of planes with one of the lines of the configuration as 
axis must have the equation 7 


Pie + po? + ps? + pa? + ps? + po® = 9, 


the first member disappearing for each of those triplets. 
So the six points p;=0 are for this curved space of class three 
what the pentaeder of SYLVESTER is for the surface of order three. 


9. In asecond treatise published in 1891 and entitled: ,Ricerche 
di geometria delle rette nello spazio a quattro dimen- 
sioni” (Atti del. R. Istituto Veneto, series 7, vol. 2) CasTeLNuovo 
has represented the curved space 


Qo == 2 ate a ae ry SS ae ag 0 


on our space Sz in such a way, that the spacial sections of v? = 0 
correspond with quadratic surfaces passing through five fixed points. 
In that case the fifteen planes correspond to the five vertices 
and to the ten faces of a complete quintangle in S3, whilst the 
ten double points of g’=0 correspond to the ten edges of this 
quintangle. Instead of continuing these researches we put the 
question in how far the configuration of fifteen lines is unique in 
its. kind. 

Of course it is not difficult to point out in the poly-dimensional 
spaces configurations having characteristics in common with the 
configuration of SzeaRe. So we find one in each group of n-+ 2 
points taken arbitrarily in S, when n-+ 2 is not a prime number. 
Let us take as an example nine arbitrary points by. 238 9 
in S; and let us represent the point of intersection of the ee 
(1, 2,3) with the space S; through the six remaining points by 
the symbol Pig; then each three points Pips, Pyso, Pigg, whose 
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indices complete each other to 1, 2, 3... , 9, will be situated 
on a right line. It may be, that the easiest way of proving this is 
by the aid of a system of parallel forces in equilibrium applied to 
the points 1, 2, 3, . . , 9. As is known the parallel forces applied 
to the points 1,2,3,..,8 may be chosen in such a way that the 
resultant acts on point 9; if we add to these eight forces a force 
applying in point 9 equal and opposite to this resultant, then such 
a system of forces in equilibrium has been obtained. It is now 
evident that point Pye is the point of application of the resultant 
of the three forces working at the forces 1, 2, 3 as well as that 
of the resultant of the six remaining ones. For, these points 
of application must coincide, on account of the equilibrium, in a 
point situated in the plane (1, 2, 3) as well as in the space S; through 
the six other points. If we reduce the nine forces to three by 
compounding those operating in 1, 2,3 and those operating in 
4,5,6 and those operating in 7, 8,9, we obtain those parallel forces 
applied in Pjo3, P45. P7g9 and these three forces can only then be 
in equilibrium when the three points of application lie on a right 
line. So the figure of the nine points S; leads to (9); = 84 points 


1 : : 
P23, situated three by three on a (9)3. (6.3 = 280 lines, whilst 


reversely ten of those 280 lines pass through each of those 84 points. 
So we can deduce out of 12 arbitrary points in Si), performing the 
decomposition of 12 into two factors in different ways, 66 points 
Py, 220 points Pies or 495 points Pj,5, and remark that the points 
Py. are situated six by six in 10395 spaces S,, the points Pjog four 
by four in 15400 planes and the points Pigs, three by three in 
13305600 lines, etc. 

Although the configuration of Se@re is undoubtedly a part of 
the general group indicated here, it is certainly distinguished from 
most of them and probably from all of them by the property that 
it is determined by a quadruple of crossing lines taken arbitrarily 
and these lines fix in a narrower sense a fifth of the fifteen lines, 
which group of conjugate lines then bear together the fifteen points 
of the configuration. Indeed, in S, the system of six points as well 
as that of the four lines is dependent on 24 parameters and so 
these figures agree in number of constants, according to an expres- 
sion of ScHuBERT. If on this point we examine the configuration 
deduced from the nine points of S;, it is even evident by merely 
consulting the numbers of constants 63 and 12 of the nine points 
and of a line in S,, that it is impossible to determine the 280 
right lines (123, 456, 789) by some of them crossing ae other ; 

Proceedings Royal Acad. Amsterdam. Vol, LV. 
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for 63 is not divisible by 12. In the second example of the 
twelve points: in Sj) this is likewise proved for the configuration 
of the 13305600 lines from the fact, that 18 is not a factor of 120. 
However, the numbers of constants of plane and four-dimensional 
space in Sj), namely 24 and 30, being factors of 120, considerations 
of another kind only can teach us that the 15400 planes and 
10395 spaces S, cannot be determined by some of them crossing 
each other. So a characteristic difference between these two examples 
in Sj) and the configuration of SzaRe would already appear if it was 
proved that five planes in a narrower sense do not lead to 55 planes 
through the 220 points, and four spaces S, in a narrower sense 
not to eleven spaces S, through the 66 points. And should this 
prove to be the case in one of the two, there still remains the 
difference that in S, five lines are found intersecting six arbitrary 
planes and that these lines are related in such a way that each 
line cutting four of the five lines also cuts the fifth; whilst according 
to a general formula of ScHupertT (Mitt. der math. Gesellschaft in 
Hamburg, vol. 2, pag. 87, 1883) in Sy) are found not only 55 but 
116848170 planes and not only 11 but 689289872070 spaces S,, 
which have respectively a point in common with each of the 24 
arbitrary spaces S, and with each of the 30 arbitrary spaces Ss. 

Finally we must stated that H. W. Ricumoyp has made the figure 
of the six arbitrary points in the space Sy, called by him “hexastigm”’, 
the subject of two papers (Quarterly Journal of Math., vol. 31, 
pag. 125—160, 1899 and Math. Ann., vol. 53, pag. 161—176, 1900). 
In these important studies the configuration of SgaRe and its simplest 
analytical representation is brought into close connection with 
G. VeRoxese’s theorems about the PascaL hexagram; but, com- 
paratively spoken, the curved space of Srere is only cursorily 
mentioned. 


Chemistry. — Professor Lopry pe Bruyn presents a communi- 
cation from Dr. J.J. BLANKsMA: “On the influence of different 
atoms and atomic groups en the conversion of aromatic 
sulphides into sulphones.” 


It is known that organic sulphides may be converted first into 
sulphoxides and then into sulphones by means of oxidising agents, 
nitric acid for instance. From the following observations it appears 
to what extent atoms or groups which occupy an ortho-position in 
regard to the sulphur atom, render the latter unoxidisable. 
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If picrylsulphide is heated on the waterbath with nitric acid of 
1.52 sp. gr. the unchanged substance is obtained on diluting with 
water, while tetranitrodiphenylsulphide (1. 3. 4) when treated in 
the same manner, is entirely converted into the corresponding sulphone. 
Picrylsulphide may even be heated with the same nitric acid for 
some hours at 200° in a sealed tube without undergoing any 
change. 

If we look into the formula of picrylsulphide we notice that 
four nitro-groups occupy an ortho-position in regard to the sulphur 
atom. It was therefore probable that the sulphur atom is protected 
by these nitro-groups against the oxidising action of the nitric acid; 
a case, therefore, of so-called sterical obstacle (liindrance). 

After this had been confirmed the following questions arose: 
1°. Are perhaps two nitro-groups, when occupying an ortho-position 
in regard to the sulphur atom in one of the benzene nuclei, alone 
sufficient to prevent the oxidising action of the nitric acid? This 
was not quite improbable after Victor MeyeR’s researches on 
esterification and those of HoLLEMAN on the protective action of 
ortho-placed nitro groups during the action of Cl and Br on 2.6. 
dinitrotoluene etc.'). 2°. Are there other atoms or atomic groups 
which exercise the same influence? 

To answer the first question trinitrothioanisol, prepared by the 
action of methyliodide on sodium thopicrate, was treated with 
nitric acid. The trinitrothioanisol m.p. 98° was converted into a sub- 
stance with m.p. 210° whilst the analysis showed that oxygen had 
indeed been absorbed; the two ortho-placed nitro-groups alone were 
consequently insufficient to protect the sulphur atom against the 
action of the nitric acid. 

To answer the second question two of the ortho-placed nitro- 
groups in the picrylsulphide were replaced by cyanogen in such a 
manner that a CN-group was present in each of the benzene nuclei. 
This compound seemed also to be stable towards nitric acid. After- 
wards the compound was tested in which two nitro-groups of the 
picrylsulphide were replaced by CH; This compound also was not 
changed by heating on the waterbath with nitric acid of 1.52 sp.gr. 
It therfore appears that the cyanogen and the methyl-group as 
well as the nitro-group can protect the sulphur atom against the 
oxidising action of the nitric acid. 


1) Compare Scuoxtz, Raumerfiillung der Atomgruppen. 


Se 
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Formation of sulphone does therefore not occur with: 


xX xX ; 
NO, Sere »S< Wi NO, in which X may be 
NO, NO, ; 


NO,, CN or CHs; it takes place however, with: 


NO, NO, 


NO, 
and with: a SCH; 
NORE 
NO, 


The influence of other atoms and atomic groups such as Cl, Br, COOH 
and also of three ortho-placed groups will be further investigated. 


Amsterdam, Nov, 1901. Org. Chem. Lab. Univ. 


Physiology. — “On function and structure of the trunkdermatoma.” 
By Prof. C. WINKLER from researches made in connection 
with Dr. G. vAN RIJNBERK. 


The basis on which is founded the actual physiological knowledge 
of the innervation of the skin by the posterior roots, through which 
we are taught in what manner the arca’s of those roots are ranged 
on trunk and extremities, is to be sought in most ingeniously con- 
ceived and eminently well-executed vivisections, made by Lupwie 
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Turck ?) in 1856 on dogs, and by SHERRINGTON *) from 1893—1900 
on monkeys. 

Careful dissections of the nerves of man and monkey, have led 
Bot *) to represent a schema of the arrangement of the area’s of 
the posterior roots — the dermatomata — which, arrived at by ana- 
tomical proceedings, offers great analogies with the results of the 
above-mentioned physiological researches. 

Clinical experience too, registering methodically the sensory 
troubles, found in individuals with organical lesions of the posterior 
roots, set up a topography of the dermatomata, (by the researches 
of Ross*), AcLEN Srarr*), Txorsurn‘), Kocaer7), Heap dE 
WICHMANN °), agreeing well enough with the representations of 
Torcx, SHERRINGTON and Bouk. 

All these researches consider the dermatomata as unities and agree 
to a certain degree with one another as to the way in which they 
are ranged on trunk and extremities, but they hardly teach us anything 
about the constitution of that unity itself or about the manner of its 
functioning. 

And yet the supposition that the posterior root represents in itself 
a unity, is by no means proved beforehand, because it is composed 
of different bundles (in the animals we experimented upon, from 


1) C. Wept. Ueber die Haut-Sensibilitits Bezirke der einzelnen Riickenmarkspaare 
von weilen Prof. Dr. L. Térck. Aus dessen litterarischer. Nachlassen zusammengestellt. 
Denkschriften der Wiener Akademie 1869. Vol. 29. S. 299. 

2) Cuarzes S. SuereincTon. Experiments in examination of the peripherical distri- 
bution of the fibres of posterior roots of some spinal nerves. Phil. ‘Trans, R. S. 1893, 
B. Vol. 184. 

Cuartes S. SHERRINGTON. Experiments in examination of the peripherical distri- 
bution of the fibres of the posterior roots of some spinal nerves. Part, I. Phil. Trans. 
R. S. 1898. B. Vol. 190. p. 45. 

3) Louts Bork. Een en ander uit de seementaal-anatomie van het menschelijk lichaam 
Ned. Tijdschr. voor geneesk. 1897. 12 Juni en 4 Sept. I. pag. 982. II. p. 365, voorts 
Louis Bok in Morph, Jahrb. XXIJ, XXIIf, XXV, XXVI, XXVII, XXVIII. 

4) James Ross. Distribution of anaesthesia in cases of disease of the branches and 
of the roots of the bracchial plexus. Brain. Vol. 7. 1885. p. 66. 

6) ALLEN Srarr. The surgery of the spinal Cord. 1889. 

ALLEN Starr. Local anaesthesia as a guide in the diagnosis of lesions of the upper 
portion of the spinal cord. Brain. Vol. 17. 1894. p. ise 

6) Witi1aM THORBURN. On injuries of the cauda equina. Brain. Vol. 10. 1888. p. 381. 

7) KocuEr. Grenzgebiete der Medicin. 

8) HENRY Heap. On disturbances of sensation with especial reference to the pain 
of visceral disease. Brain. 1893. Prt. [ and IL. p 1 ete. 

*} BR. Wicumann. Die Riickenmarks-Nerven und ihre Segmentbeziige. Wiesbaden, 
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4—7) and the question arises whether the root-bundles, whose com- 
mon area of innervation is the dermatoma, do not possess as Just a 
claim to be called unities. At any rate we desire to know how each 
root-bundle separately behaves itself in reference to the whole of the 
dermatoma, the more so now one of us!) has demonstrated that 
clinical experience demands a still further analysis of the dermato- 
mata. The question whether a separate area of innervation within 
the dermatoma ought to be attributed to each root-bundle, and if so, 
whether these area’s of root-bundles. ought to be ranged east 
cranio-caudally or dorso-ventrally, has to be solved Sar gnuiedl 

For this reason there have been made in the laboratory for neuro- 
logy at Amsterdam, a great number of experiments on dogs, in view 
of solving this question for the trunk-dermatomata of that species. 


First of all we must observe that the form of the trunk-dermatoma, 
as it has been deduced from the experiments of TURcK and SHERRINGTON, 
and from the dissections of BoLK ought to remind one of a trapezium 
stretched longitudinally. Because the dorsal part of the trunk from the 
1st to the 12 vertebra of the chest, is much shorter than that 
part of the trunk situated ventrally between manubrium sterni and 
symphysis pubis, the base of the trapezium lying adjacent to the 
mid-ventral-line must be stretched and thus made longer than the 
side lying adjacent to the mid-dorsal-line. 


fig. 1. 
Ideal form of the (arched) dermatoma, between two (dotted) insensible area’s 2), 


1) C. Winxxer. Feestbundel Dr. Sape Tatma aangeboden. Klinische bijdragen tot 
de kennis der wortelinnervatie van de huid. 

*) In all these figures arbitrary demarcation-lines have been traced, limiting the 
sensible area above and below. The exact situation of these demoreaione will oceupy 
us further on. 
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Supposing the animal to be cut open along the mid-ventral-line 
and the skin from the right half of the body bent to a level, in such 
a manner that the mid-ventral line is situated to the right, then the 
form of the ideal dermatoma isolated by SHERRINGTON may be repre- 
sented in the manner indicated by fig. 1. 

What exceeds the mid-dorsal (d) and mid ventral (v) lines then sig- 
nifies SHERRINGTON’s crossed overlapses. This ideal form however is 
never to be met with in dogs, when a trunk-dermatoma is isolated 
in the manner indicated by SHERRINGTON, by cutting through two 
or more roots above and beneath the root which is left intact. 

The results obtained in this way were not always the same. What 
follows here gives an account of them. 
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fig. 2. 
The isolated sensible (arched) between two insensible (dotted) area’s showing 
an important narrowing of the ideal dermatoma-area. 


1. Between two insensible area’s, there may continue to exist a 
sensible area, broadest towards the mid-dorsal-line and narrowest at 
the mid-ventral-line and therefore much smaller than the ideal der- 
matoma-area, and different in form. (fig. 2). 
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fig. 3. 
Further narrowing of the sensible dermatoma-area, 
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2. Or the sensible area situated between two insensible area’s 
may take the shape of a stretched triangle, whose base is lying 
adjacent to the mid-dorsal-line and whose top does not reach the 

mid-ventral-line (fig. 3). 


Narrowing of the sensible dermatoma-area with transversal division into a dorsal 
and a ventral piece of the dermatoma. 


3. Or the sensible area situated between two insensible area’s 
not only does not reach the mid-ventral-line, but forms even no 
longer an uninterrupted area. 

It is divided into two parts by a transversal insensible zone. The 
isolated ventral piece of dermatoma may in this way have become 
either greater or smaller (fig. 4). 


fig. 5, 
Dorsal piece of the dermatoma. 


4, Or the sensible area situated between two insensible zones, 
above and beneath it, is found only next to the mid-dorsal-line in 
the form of a short nena Of a ventral piece of dermatoma there 
is no longer any trace to be found. (fig. 5). 
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5. Lastly it may sometimes be stated, that only next to the mid- 
dorsal-line some remnant of sensation is left, localised in single spots 
as indicated by fig. 6, surrounded by a broad insensible area. 


fig. 6. 
The part of the dermatoma retaining sensation longest. 


As soon as in the posterior root of the dermatoma, isolated in the 
manner indicated before, one or more bundles are cut through, results 
are obtained similar to those mentioned above and represented in 
fig 2,0, 4, Hand. 0. 

The narrowings of the dermatoma-area’s to triangular zones with 
or without transversa! division, are also found, if any bundles of the 
intact root are sectioned, it making no difference whether caudal or 
cranial bundles of that root have been cut through. It must however 
be understood, that in proportion as greater experimental] ability is 
acquired in isolating the trunk-dermatomata, a simple isolation will 
in most cases offer the sensible dermatecma-area described sub. 1 
(fig. 2), whilst the cutting through of bundles in the posterior root 
of this dermatoma generally will present one of the area’s described 
sub 3—5. 

It may thus be rightly supposed that the more or less important 
narrowings, or even shortenings with transversal division of the der- 
matomal area’s, often to be found after simply isolating the dermatoma 
must be accounted for by unintentional lesions of the root left intact 
or of the medulla (profuse hemorraghe, pressure of coagulated blood 
etc.). There exists only a difference in degree with the results 
obtained by the intentional lesion, effected by partly cutting through 
the root-bundles. 

One single spot of the dermatoma, lying adjacent to the mid- 
dorsal-line, preserves sensation longest, in whatever way the operation 


may be made. 
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This spot justly deserves to be called the “ultimum moriens’’ of 
the dermatoma. 


These facts may induce us firstly to distinguish in the dermatoma 
between a central area, having the form of a knotted triangle the 
base of which is lying adjacent to the mid-dorsal-line and the narrow 
side directed towards the mid-ventral-line, and the remainder of the 
dermatoma, extending on both sides (cranio-caudally) of the first area, 
and which may be called the marginal area. he latter may be 
represented by two triangles, whose bases are lying next to the mid- 
ventral-line, and whose tops next to the mid-dorsal-line, whilst the 
central area is enclosed between them (fig. 7). 


Fig. 7. 


This distinction is necessary. The central arca, as it is clearly 
demonstrated in favourable cases by the isolation of the dermatoma, 
is by itself sufficient for sensation, without assistance from the sur- 
rounding dermatomata. The marginal area by itself is insufficient 
for sensation. It can only be made sensible by means of the central 
or marginal area’s of neighbouring dermatomata, by which it may be 
overlapsed. 

Evidently the marginal area is not to be identified with SHERRINGTON’s 
antero-posterior overlapses; for the central area’s too overlap one 
another partly. Still there may be found in SHERRINGTON’s researches 
an indication pointing towards the schema demonstrated here: where 
he states that the periphery of the dermatomata often possesses only 
a very imperfect sensation, and sensation diminishes rapidly from 
the centrum to the periphery. 


( 973 ) 


The marginal area possesses too great a threshold-value to preserve 
any perceptible sensation when isolated. Because this part does not 
possess any sensation, as long as it is functioning separately (without 
assistance from neighbouring central or marginal area’s) it cannot 
be demonstrated by isolation. 


Secondly, the transversal division that may be observed and 
the manner in which the dorsal piece of dermatoma presents 
itself as “ultimum moriens’, compels us to accept for the 
central area at least two maxima of sensation, one situated next 
to the mid-dorsal line, the other next to a lateral line of demarcation. 
If therefore the intensity of sensation is expressed in ordinates, that 
will rise higher, in proportion as sensation is longer preserved, on 
abscisses, taken on axes parallel to the mid dorsal and the mid-ventral 
lines, then those thus formed curves situated to the left (a, figure 8) 
represent the sensation in the central- and marginal area’s. If taking 
the axisline of the central area for absciss, the intensity of sensation 
is put thereon as ordinate, then the two-topped curve 0, will represent 
the sensation in this axisline. Both groups of lines then represent 
a schema of the distribution of sensation in the dermatoma. 


This unequal distribution of sensation in the dermatoma is tho 
more remarkable, because already VoicT believed to have demon- 
strated by means of anatomical proceedings a lateral minimum of 


innervation. 

Finally we are bound to conclude that every bunile of roots exerts 
an influence on the whole central areca, as this area can preserve 
sensation over its whole extension, it making no difference whether 
root-bundles situated cranially or caudally have been sectinoned. 
That in reality every bundle of roots exerts its influence on the 
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whole of the dermatoma, will be made clear by the two following 
experiments. . 

Experiment of September 22‘ on a brown male dog. The medulla 
is laid bare, and the dura mater opened. The originating bundles 
of the 19, 20th, 21th and 22t posterior roots then were distinctly 
visible. On both sides a few caudally situated bundles of each of 
these roots are cut through, whilst the bundles situated cranially 
are left intact. ‘ 

The next day there is found on abdomen and back a not very 
strictly defined hyperalgetic area, corresponding to the extension- 
area’s of the four partly injured roots. Nowhere however, analgesia 
can be found. 

As counterpart to this experiment, another is made Oct. 22‘ on 
a white female dog. The cranial bundles of four posterior roots 
(the 17, 18th, 1yth and 20) are cut through, whilst the cadual 
ones remain intact. 

The result on the next day is again a hyperalgetic area, now 
perfectly well defined, roundabout the trunk, with strong hyper- 
reflectory reaction, nowhere however in that area analgesia can be 
pointed out. 

A few bundles only, may they be caudal or cranial (provided the 
normal conditions of overlapping of the dermatomata do exist), are 
sufficient for the innervation of the whole dermatoma, and make 
sensation possible everywhere. If they are cut through in an isolated 
dermatoma, then sometimes the whole central area may appear, but 
in most cases those narrowings, resp. transversally divided shortenings 
of that central area, represented in fig. 3, 4, 5 and 6. It must be 
understood withal that as long as one bundle remains intact, at least 
in that part of the dermatoma lying adjacent to the back, sensation 
is preserved 


Astronomy. — “Contributions to the determination of geographical 
positions on the West-coast of Africa.” By C. SanpeErs. 
(Communicated by Dr. E. F. van pr Sanpe Bakuuyzen). 


I. The instruments used. Determinations of the corrections 
and the rates of the chronometer. 


The hope expressed in my paper, read at the meeting of the 
Academy of January 1900, of soon having at my disposal a small 
universal instrument, by means of which a much higher degree of accuracy 
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could be given to my future observations, has been fulfilled. In 
August 1900, at Chiloango, my present station, situated on the 
mouth of the Chiloango-river in Portuguese West-Africa I received 
a universal instrument made by G. Heype at Dresden, and in this 
paper I take the liberty of communicating {0 the Academy the 
results of the observations for the determination of latitude and 
longitude of Chiloango made till now with this instrument. 

The instrument has circles of 14 ¢.m. in diameter, which both 
are movable and hence different parts of the limb may be used. 
The circles are divided to 10' and each of them is read by two 
microscopes. The distance of the threads of the micrometer screws 
is such that two revolutions correspond with an interval of 10’ 
and each micrometer head is divided into 60 parts so that one 
division represents 5’, of which tenth parts may be estimated. The 
telescope placed at the end of the horizontal axis is 28 m.m. in 
aperture and 25 cm. in focal length and has a magnifying power 
of 30 times. The reticule consists of 2 horizontal threads at a 
distance of about 50" and 7 vertical ones, it may however be 
turned 90°. 

The value of a division of the two levels is 5” according to the 
instrumentmaker, and as till now the instrument has been used almost 
exclusively for observations of zenith distances, I have for the present 
investigated the alidade-level only. This level is graduated from 
0 to 25. For readings for the middle of the bubble between 9 
and 16 (the Jength of the bubble being here always equal to 9—10 
parts) I have found for the valuc of a part on 3 days: 


1 p. = 5"14 
5 .50 
5.57 


mean result 1p. = 5'40 


Towards the ends on the contrary the value of a part was found 
to be about 3”.5. 

As the soil about Chiloango is so elastic as to render the obser- 
vations very difficult, if the instrument were mounted on a wooden 
or iron tripod, I had a stone pier made. This pier is surrounded 
by an insulated floor, and is protected by a zine roof which can 
be opened in two directions and can moreover be moved, so that 
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all parts of the heavens may be observed without much difficulty. 

That in this way I have succeeded in rendering the stability of 
the instrument very satisfactory, may be séen from the results of 
the transit observations in the meridian which I have lately made 
for finding the time. 

The observations of 6 October may serve as an instance. Within 
a space of 1 hour and 15 min. 9 complete levelings of the horizontal 
axis were made and the greatest difference between the results 
obtained amounts to 3'.0; as, however, no regular variation can 
be seen, it is probable that these differences are due for the grea- 
ter part to errors of observation. 

To facilitate the mounting of the instrument in the required 
position, I determined the azimuth of the harbour-light situated 4 
kilometers to the south and found therefor 1° 23' 7". 

Before the arrival of the universal instrument I used a sextant and 
an artificial horizon for finding the time and the latitude. It is 
obvious that these earlier observations are of no value for determining 
the latitude which has been found much more accurately by means 
of the universal instrument. Yet from another point of view 
they deserve notice. The sextant used was a different instrument 
from the one with which I formerly observed at Ambriz and San 
Salvador. Its errors have been investigated in 1899 by Mr. 
L. RoosenBurg, director of the Amsterdam branch of the Netherland 
Meteorological Institute; they were found to be lying between 
+ 7" and — 6". 

The chronometer used was one of THomas Hewirr; its rate was 
tested at regular intervals by determinations of time. 

Except of late these determinations were made by means of 
observations of zenith distances at great hour angles, first from 
March till August 1900 with the sextant, after that time with 
the universal instrument. With the latter instrument I always 
observed the zenith-distances of stars. The way in which 1 made 
these observations will he described in the next section. Here I 
only give the formulae borrowed from “Caspart Astronomie pratique”, 
by means of which the mean hour angle was derived from each pair 
of observations made in the two positions of the instrument, using 
only an approximate vaiue of the zenith-point. 

Let 2 and 2’ be the two zenith distances, t and ¢' the corresponding 
hour angles; let 


cos Z = cos $ (2 — 2') cos $ (2 4 2') 
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and 7 the hour angle corresponding to the zenith distance Z, then 
we have finally: 


; cos T' 

cos$ (t+ t’)=— arth 

Whereas the observations were always made at large zenith 

distances, z—z" is small, therefore we sce that an approximate 

knowledge of this difference and accordingly also of the zenith-point 
will be sufficient +). 

I always made several pairs of pointings; sometimes two stars 
have been employed. 

Here follow the results obtained for the correction of my 
chronometer and the daily rates derived from them for the period 
including my observations for latitude and longitude discussed in 
the following sections. 

The corrections of the chronometer as given here are corrections 
on the mean time of Chiloango. J’or converting sideral into 
mean time the longitude of Chiloango was taken to be: 48 min. 
32 sec. east of Greenwich. In January 1901 I began noting down 
the temperature once a day, namely at 9 o'clock in the morning; 
therefrom the mean temperatures have been derived for the periods 
between the time determinations. They are given in the last column 
of the table. 

If we leave out one interval of only one day, the agreement of 
the daily rates appears to be very satisfactory. The fact that here 
temperature varies little and only very slowly, will certainly have 
contributed to this result. Yet it is clearly visible that smaller daily 
rates correspond to lower temperatures and this is confirmed by the 
observations before October 1900; for between 15 August and 5 
September the mean daily rate was + 0.501, and between 5 Sep- 
tember and 5 October + 0.526. 

Afterwards it will be possible to apply small corrections to the 
results given here, especially for the division errors of the vertical 
circle. For the determination of the latitude the errors left as yet in the 
chronometer corrections are of no consequence and for the approxi- 
mate reduction of the observations for longitude, which is as yet 


1) As cos4(z—2') and cos 4 (¢ —¢') differ little from unity we may also in a known 
way compute the differences between Z and }(z-+-2') and between }(¢-+-?') and 


T directly by means of approximate formulae. 
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the only one possible, they are of little moment. At a final computation 
of the latter observations, however, it will be necessary to account 
for them. ; 


Dy AMisE: M. ‘T. CHRON. CORR. | Dee | TEMP. 
1900 Oct. 5 618 + 54 m 41833 
j 0s 48 
» 16 6.3 46.58 
+0.50 
Nov. 28 7.9 55 7.98 
+0.18 
» 380 8.8 8.34 
0.58 
Dec. 8 8.3 12.98 
+0.64 25.0 
1901 Jan. 9 6.6 33.34 
+0.64 24.8 
» 18 8.2 39.12 
+0.83 26.0 
Sa 8.8 4h 94 
+0.84 25.8 
Febr. 6 8.7 54.98 
+0.91 26.5 
he By 8.4 56 0.43 
+1 .04 26.0 
Yue 19 8.2 7.74 
2 0.87 26.2 
» 8 8.4 15.53 
+0.94 95.8 
April 47 6.2 57 0.84 
Arh Oe 
7 49 7.7 2.34 ey : 
.85 26.2 
» 25 9.2 7.44 Bhs 
.99 26.4 
» 28 8.0 10.38 a 
.86 OBST 
May 9 8.1 19.84 1a 
48 a4 4 | 
sy Bs 8.4 Aeo7T He 
.68 24.7 
ie DH 8.2 27 .42 is 
+1 .48 25.6 
my OD 8.6 28 92 
: +0.73 24.7 
» 30 8.3 34.74 
.60 24.4 
June 10 7.6 41 34 we 
0.53 23.6 
yaa WP 45.03 
.29 21.8 
July 5 ah 50.16 ae 
.18 21.0 
» 16 7.8 52.16 Be 
24 21.0 
| BB} 8.3 54.35 a. 


0.09 24.0 
Aug. 7 8.4 58.54 ie 
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Il. Determination of the latitule of Chiloango from circum- 
meridian altitudes. 


To determine the latitude of Chiloango a great number of obser- 
vations of circummeridian altitudes of stars have been made. For these 
observations the vertical circle was turned successively in different 
positions and in each position one or more pairs of stars were 
observed, each consisting of a northern and a southern star culmi- 
nating as near as possible (within a few degrees) at the same zenith 
distance. In this way we already eliminate in each position of the 
circle besides the flexure of the telescope a great part of the periodic 
division errors, while the influence of the latter, especially to be 
feared with a small instrument, is further diminished by the combi- 
nation of the different positions, 

At first observations were made in the 4 positions, indicated by 
zenith-point 0°, 90°, 180° and 270°; of these however the 1s* and 
34, and also the 274 and 48 bring the same divisions under the 
two microscopes. After this the two positions 225° and 135° were 
added. But before the observations in the last position had com- 
pletely succeeded, I resolved to start an entirely new series of 
observations, consisting of the 4 positions 0°, 45°, 90° and 135°, 
which moreover allowed me to improve upon the arrangement of 
the observations themselves. 

Hence my observations may be divided into two series. ‘The second 
series by its arrangement would seem to be the more accurate; it 
was found however, that the weight of the first series was not so 
much less. Therefore I have only rejected my very first observations, 
and of the later ones only those where the pointings had succeeded in 
one position of the instrument only. 

I now proceed to describe the arrangement of my observations. 
The star was always bisected by the horizontal middle thread, or 
jn the position the reticule had before February 1901, alternately 
by the two horizontal threads. Near the meridian the pointings 
were made by means of the screw for slow motion ; but whenever 
possible I let the star come on the thread by its own motion and 
determined the moment of bisection. The readings were always made 
with each of the two microscopes on the preceding and on the 
following division. Care has always been taken that the bubble 
of the alidade level did not deviate more than three divisions from 
the middle; in the second series the deviations were generally even 
smaller and were equalised as much as possible in the two positions 
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of the instrument. This was much facilitated by the stability of the 
mounting. 

As already stated before, the pointings have always been made 
in the two positions of the instrument, and though the zenith-point 
has also been determined a few times by means of the harbour-light, 
the results thus obtained have not been used in the computation. 
On an average a complete observation consists of 5 pointings in each 
position; a few times clouds prevented me from making more than 
two. In the first series the instrument was usually reversed only 
once in the middle of the observation, in the second series the 
pointings were made alternately in both positions. Symmetry with 
respect to the meridian was secured as much as possible and I never 
observed in hour angles greater than 30 min. 

For the reduction of my observations all microscope readings were 
first corrected for the error of runs. The amount of this error was 
always derived from all the observations of the night, and the 
required corrections were computed by means of small tables. 
For the level correction, the value of a division could always be 
taken = 5.40. 

The reduction to the meridian was computed by means of the 
usual development in series; it was always sufficient to retain only 
the terms depending on sin? 4¢ and sint}+t. The refractions were 
computed from CaILLet’s tables in the Connaissance des Temps ; 
afterwards small corrections have been applied to reduce them to the 
tables of Rapau. The barometric pressure was read on an aneroid, 
of which the correction for a temperature of + 25° amounts to 
— 1.5 mM. as derived from a comparison with a barometer of 
Fuess. Except in one case (2 = 62°) the zenith distances at which 
the observations were made lie between 40° and 60°. The star 
places are. taken from the Nautical Almanac and therefore rest on 
the catalogue of NEwcoms. 

As an example I give here the original data for one observation 
and choose therefor out of the second series the first at which six 
pairs of pointings were made, viz. that of Crucis on May 31. The 
first column of the following table gives the positions of the in- 
strument designated by & and JZ as the telescope and circle were 
either to the right or to the left of the observer at the ocular, the 
second column gives the chronometer times of the pointings; the 
third and fourth give the readings of the two divisions at micros- 
cope A, the fifth and sixth give the same for microscope B, the 
seventh gives the readings of the level. 


POS CHRON. MICROSC. A M.B LEV.| HOUR A. | LATIT. 
R 6h 43m 32s | 189° 10’ 55” | 59”) 56") 54) 14p1 | 26m35s8 | — 8°49! 
L 49 34 80 55 37 | 39 | 57 | 58 | 12.4] 20 32.8 423 
R 54 42 | 189 1 27 | 25 | 97/25] 41.7] 143 923.9 
L 59 50 Sipe 2) 38 SO 27 | 422 10, 1531 4.10 
R 7 4 42 | 188 57 6 | 14 | 12 | 12] 44.5 5 22.3 
L 9 25 SU Se 18a ie 36a 0334) 12.0 0 38.5 1.25 
R 15 1 | 188 56 54 | 58 | 56 | 55 | 13.4 4 38.4 
L 19 22 Siem 2 ese Age eote| Ade 7 9 20.1 2.25 
R 23 ALY) 489520 47) | 4977 19-\:46 | 13.1] 13 39.8 
L 28 13 8057 30 | 29 | 54) 50 | 11.77 48 12.6 3.34 
R 32 34 | 189 6 59 | 60 | 62 | 60-| 12.3] 22 34.3 
L 37-32 80 48 29 | 33 | 54 | 50 | 13.7] 27 33.6 3.26 


From this observation and from one of 7 Ursae Majoris on the 
samme night I derived as value of the run correction for 10’ and for 
the mean of the two microscopes + 0”.68. The temperature and 
the barometric pressure were found to be 25°.3 ©. and 760.7 res- 
pectively, while for the chronometer correction + 57™ 358.5 was 
accepted. 

These data allow us entirely to reduce the observations. In the 
table above I have added in the eighth column for each pointing the 
computed hour angle, and in the ninth the value for the latitude 
derived from each pair of pointings, from which we obtain as 
mean result — 5°12’ 3.07". 

Leaving out of consideration the observations discarded on the 
principles stated above, we retain 23 observations, which reduced 
in the manner explained yield the mean results given in the table 
below. In this table the first column shows the position of the 
circle indicated by the reading for the zenith, the 2¢ and 34 give 
the date of the observation and the star observed, the 4th and 
5th the readings in the two positions & and ZL in full degrees, the 
difference of which is twice the zenith distance, the 6 the num- 
ber of double pointings made and the 7 the mean result for the 


latitude. 
19* 
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ZENITH P.| ° DATE STAR Rood | P  yobATIIUDE 
eae LL SOO Dead? @ Eridani 53° | 807° | 6 | — 5°14/58"88 
4901 Jan. 11 é Persei 45 | 315 3 68 77 
Febr. 11 (3 Aurigae 30 | 310 | 5 67.77 
» 42 Canopus AT~| 313 | 4 55.87 
90 Apr. 29 @ Argus 148 31 8 44 69.05 
om vy Ursae maj. | 149 | 30 | 4 60.36 
180 » J20 fe Ursae maj. | 227 | 132 | 2 11 68.72 
9» ft Argus 293 | 136 | 4 36.90 
270 4900 Oct. 11 a@ Gruis 312 | 298 | 4 41 68.65 
1901 Apr. 19 fe Argus 313 | 226 | 8 68.C0 
oO A Ursae maj. | 318 | 221 | 8 60.79 
May 2 (2 Ursae maj. | 332 | 208 | 6 89.54 
225 r 13 Y Ursae maj. | 284 | 166 | 5 41 64.78 
ro Y Crucis 276 | 174 5 65.43 

2¢ Series. 
0° 1901 June 12 n Ursae maj. | 55° | 305° | 4 | — 8°41! 6836 
, 45 [3 Centauri 85 | 305 | 6 59.04 
Woy Qt, Centauri 55 305 2 58 .86 
45 May 9 y Crucis 96 | 333 | 3 44 65.34 
June 10 7” Ursae maj. | 100 | 350 | 5 63.28 
90 Hye ks /? Crucis 144 | 36 | 4 14 67.29 
n 6 4% Ursae maj. | 145 35 | 6 61.15 
135 May 31 /? Crucis 489 | 81 | 6 41 63.07 
” ow 7] Ursae maj. | 190 80 | 5 64,90 


From these results mean values must be computed for each position 
of the circle (i. e. combining 0° and 180°, and 90° and 270°), sepa- 
rately for the northern and the southern stars. 

Before combining the two series for this purpose, I have derived 
for each the mean error of the result of a double pointing by com- 
paring these separate results with the mean result for the whole 
observation. In the first series I have combined for this purpose 
the first pointing with the last, the second with the last but one 
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etc. A regular variation of the zenith-point during the observation 
will then reveal itself in the differences between the separate results. 
Contrary to the expectation an almost equal value was found for the 
mean error in the two series, namely : 


1st series Mean error of 2 pointings + 1.51 


at a 1.59 

Hence the influence of a variation of the zenith-point is not at all 
perceptible. Yet after all I thought better to assiyn a smaller weight 
to the observations of the 1s* series, considering that for this series 
the uncertainty originating from the level may be greater, and that 
less attention had been paid to the equality of the zenith distances 
for the different observations. Thus I assigned to the mean result 
of the positions 0° and 180° together in the 1st series, the same 
weight as to the position 0° in the 24, to 90° and 270° in the 
1st series the same weight as to 90° in the 24, and lastly to 225° 
in the first series half of that of 45° in the 24. When two 
observations made under the same circumstances had to be combined, 
the number of pointings was not considered, except with the obser- 
vations of /? and @, Centauri on June 15, of which the results were 
combined with weights 2 and 1. Lastly the observation of (7 Ursae 
majoris on May 2 was rejected owing to the diverging zenith 
distance. 

In this manner the results, given in the following table, were 
obtained. In this table column 2 and 3 give the mean zenith distance 
for the northern and the southern stars, column 4 and 5 the results 
derived for the latitude from these two groups, column 6 their diffe- 
rence and column 7 their half sum. 


TEMPO Ne S| NORTH | SOUTH’ |° N—S Bens 
Sopot |), PO Rot aa758 
0° gic | BAe 6843 8768 | — 1073 | 12°3”06 
48 36 52 63.78 65.37 | +. 41.89 4.58 
90 34 52 60.86 67.99 | + 7.43 4.42 
135 5S 54 64.90 63.07. | =< 1.83 3.98 
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From the mean error of 2 pointings + 1”.55 follows for that of 
the result of a star with 5 pairs of pointings, apart from the systema- 
tical errors, + 0.69, and for that of the mean result from a northern 
and a southern star + 0".49. Hence we see that there are conside- 
rable systematical differences between the results from the northern 
and the southern stars, which points towards considerable values for 
the systematical division errors, but at the same time we find con- 
firmed that their influence is eliminated already for a great part in 
the mean value $(N +S) for each position of the circle. 

If once more we take the mean of the results of the different 
positions, we finally arrive at: 


gp = — 5° 12'4".01. 


If we had kept the two series separated until the end, we had 
found in the same way: 


18t series — 5° 12’ 3”.85 
Coes = A OS 


or if we had used in the first series only the 4 positions 0°, 90°, 
180° and 270° 


— 5° 12'3".54. 


Hence it appears that after all it does not matter much which 
relative weights we assign to the two series and as final result for 
the latitude of my place of observation I consider the value: 


y = — 5° 12'4".0 


a vaiue which probably will be not more than 1" in error. 

Although we have thus obtained a result as free as possible from 
the influence of division errors and flexure, I wanted also to know the 
value of these errors themselves, especially in order to be able to 
determine their influence on the chronometer corrections derived 
from my observations. 

Let p be the zenith-point and z the zenith distance of a star: 
we can derive from each observation an equation in which Avan 
the difference between the division errors for the points pte and 
p-—2 and the flexure for the zenith distance z. But much simpler 
and with a sufficient degree of accuracy we may proceed as follows. 
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Let the correction for the periodical error of division in a 
reading @, be 


asin2a-+bcos2a 
as more than 2 terms cannot well be determined. 
If we assume that in each position the mean zenith distance is 


53° the influence of the errors of division on the arcs of 106° 
measured is: 


a {sin (2 p + 106°) — sin (2 p —106°)} + b {cos (2p + 106°) — cos (2 p—106°) 
= 2 a sin 106° cos 2 p—2 b sin 106° sin 2 p 
while the influence of the flexure of the telescope on the zenith 
distance will be csin53°. Hence we may represent the differences 
N—S found above, by a formula: 
N—S=c' + a'cos2p+ b' sin2 p 


and we find 


c= 2csin 538°= —0".96 
a= 2 asin 106° = —8".94 
b' = —2 bsin 106° = +1".71 
whence: 
c= —0"60 
a= —4.65 
6b = —0.89 


Finally we find: 
Corr. for Division errors = +4".74 sin (2 a—169°. 2) 


Corr. for Flexure = —(".60 sine 


and it is found that after having applyied these corrections, the mean 
results for the different positions are in good agreement. 

The correctness of these formulae may be tested by the results 
of an observation of y Crucis on May 15, not considered before, 
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in which the circle was brought successively in 6 positions differing 
30° inter se: .The following table gives the 6 results obtained directly 
as well as those after correction for division errors and flexure. 


— a nee 


Zen. P. @ uncorr, @ corr. 
Oo 59 04 6403 
330 58.64 62 07 
300 63.03 61.97 
270 67.70 63.62 
240 61.93 59.44 
210 58 85 60.84 


The corrected values agree as well as might be expected. The 
mean of them is 2."00 

Finally I have also corrected all the observations individually and 
these are the corrected results: 


Ist SERIES 2nd SERIES 
a Kridani 0"83 n Ursae maj. 3750 
é Persei 3.70 (? Centauri 3.90 
2 Aurigae 2.72 ug Centauri 3.72 

Canopus 0.95 y Crucis 5.02 
6 Argus 5.40 7 Ursae maj. 3.62 
vy Ursae maj. 3.94 (2 Crucis 3.00 
“ Ursae maj. 3.63 n Ursae maj. 5.03 
“ Argus 1.97 ? Crucis 4.39 
a Gruis 4.42 n Ursae maj. 3.58 


Argus 3.75 
A Ursae maj. 4.97 
2 Ursae maj. 2.87 
y Ursae maj. 5.05 
vy Crucis 5.03 
y Crucis 2 00 


It would be possible to combine these results in various ways, 
yet I will only give the mean values resulting from the two series 
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if we assign equal weight to each observation. We obtain in 
this way: 


1st series 3.42 + 0.38 
2nd series 4.01 + 0 .22 


By means of a simple triangulation I have connected my obser- 
vation pier with the harbour-light and with the flagstaff of the 
residence at Landana. We derive from it the following differences 
of latitude: 


Harbour-light—Obs. Pier — 2'13".2 
Residence—Obs. Pier —114.3 

whence: 
Latitude Harbour-light — 5°14'17".2 
. Residence —5 1318.3 


The last value is in good harmony with that found by Mr. Nunez 
Portuguese Commissioner for the demarcation of the boundary between 
French and Portuguese Congo. According to a photography kept at 
Landana of the map drawn at that occasion, the latitude of the 
Residence is: 


— 5° 13'17". 


On the English Admiralty-chart ,Landana-bay from a sketch- 
survey of Sub Lieut. Robbins H.M.S. Widgeon 1897” the latitude 
of the harbour-light, which here is wrongly placed just in front 
of the residence, is — 5°11'15", hence 3' too much to the north. 


Ilf. Corrections to the latitude of Ambriz and of San Salvador. 


Among the observations with the sextant and artificial horizon, 
made during the first months of my residence at Chiloango, were 
also some of circummeridian altitudes of stars, and from them I 
derived the following values for the latitude: 


from @ Crucis ON obe = > 12-19" 42 2".8 
a Ursaemaj.20 , —5°11'55"243".2 


0 
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The mean of these values is 


12'S aye le 


in sufficient agreement with the result obtained above. On the 
other hand we find for the difference of the two: 


g Northern star — @ Southern star.= + 24".2 + 4".2 


which result points to the existence of considerable systematical 
errors. 

As the errors of my sextant had been investigated before (comp. 
above) and as the adjustment of the mirrors and the telescope 
was always tested, while moreover the readings for the two stars 
differed only 20°, I was led to conclude that the difference between 
the two values results from a personal error in making the two 
images of the star coincide. The value of this personal error would 
then be 12”. 

If I conclude that this is the case and assume that such a personal 
error already existed in my observations in 1894 and 1895, then 
I have to apply corrections to a few results obtained from the 
zenith distances of «Crucis for the latitude of Ambriz and of 
San Salvador!). By doing so the agreement between these results 
and those derived from observations of the sun would much improve. 

Therefore I hold this supposition not improbable and I will 
indicate how, if it is accepted, the values formerly adopted for the 
latitude of the two places must be changed. 

For Ambriz we find (see l.c. pag. (405) 8) as the result of the 
meridian altitude of a Crucis: — 7° 49'57".5, while 6 observations 
of the meridian altitude of the sun give 57.2 and the mean result 
becomes 57”.3 instead of 59”.0. 

The mean result from the 3 series becomes then: 


— 7° 49'59".6 
instead of 60".2, or it remains: 
— 7 50'0". 


1) C. Sanpers, Determination of the latitude of Ambriz and of San Salvador 
(Portuguese West-Africa). Proc. Acad. Amsterdam, vol. II, p-. 398, 
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For San Salvador the 3 corrected values (I. c. p. (406) 9) become : 


Sun ==On LD) 12'59 
A 10.0 
a Crucis 14.0 


Mean value — 6° 15' 12" 


Thus the mean result for San Salvador changes 4” and seems at 
the same time more reliable than before. 


IV. Preliminary determination of the longitude of Chiloango. 


To determine the longitude of Chiloango I applied the method 
recommended by Katsrer!) for use in the Dutch Indies as it has 
been developed with regard to the reduction of the observations by 
Prof. J. A.C. OUDEMAxs*), who himself has reduced in this way the 
observations of Messrs pe Lange for determining the longitude of 
Batavia °). 

I commenced my observations on January 22d of this year and 
since that date I have obtained on 9 nights 19 observations of equal 
altitudes of the moon and a star. All these times however I observed 
the first limb of the moon, as with the limited time I had at my disposal 
observations after the full moon did not yet succeed. But I hope to 
continue my work and then to be able to obtain also observations 
of the second limb. 

In the first 7 observations, made in January, the times of transit 
were observed over the 2 horizontal threads; after the reticule had 
been turned 90°, the 7 horizontal threads were used. Therefore the 
first observations will be less accurate. All the observations were 
made with the telescope to the right, as a reversal of the instrument 
was of no use here. Care was always taken to keep the deviations of 
the level bubble as small as possible; the difference between the 
readings for the corresponding observations of the moon and the star 
was always less than one division, and generally much less. 


') F. Karser. De sterrekundige plaatsbepaling in den Indischen Archipel enz. 
Amsterdam 1851. 

2) J. A. ©. Oupmmans. Over de bepaling der geografische lengte door de waar- 
neming van gelijke hoogten der maan en eener ster. (Versl. en Med, Akad. Amst. 
6e deel, pag. 25. Amsterdam 1857). 

3) J. A. C. Oupemans, Verslag van den geographischen dienst in Nederlandsch-Indié 
van Januari 1858 tot en met April 1859. Batavia 1860. 
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Besides thit the number of the observations obtained leaves still to 
be desired and especially that they are deficient in that they all relate 
to the same limb, owing to which circumstance the resulting value 
for the longitude may be considerably vitiated by my mode of observ- 
ing the limb, there is still another reason why the results given here 
must be considered as only provisional. This reason is that not until 
later we chall be able to use in the computation places of the moon 
which are as accurate as possible. The provisional reduction was 
made by means of the data given in the Nautical Almanac, but 
the coefficients of the differential variations of these data were com- 
puted after the formulae of Prof. OupDEMANS, so that afterwards it 
will be easy to apply the required corrections. For the moment I 
have only applied provisional corrections for the mean error of the 
moon’s Right Ascension, as found at Greenwich for the year 1900’); 
from these observations we get: Corr. R.A. N. A. = + 08.13. 

In my reduction I started from the value for the longitude of 
Chiloango — 48™ 328 i. e. 48™ 328 east of Greenwich and until now 
my observations have yielded the following provisional corrections 
for this value: 

dL Daily Means. 
1901 Jan. 22 — 1686 


» > + 2.7 — 68.9 

> 23 + 5.2 + 65.2 

> 25 + 4.2 

> >» + 3.5 

> > + 46 

s » — 10.7 + 0.4 
Febr. 25 + 1.4 + 1.4 
March> 63) —— 143 

» » — 13.6 

> > — 17.0 — 15.0 
May 1 —13.9 — 13.9 

» 21 + 5.4 

» » — 5.0 + 0.2 

> 23 — 3.1 

> >» + 17 — 0.7 


July 22 1+ 12.9 
> » + 13.5 


> > + 9.1 + 11.8 
Mean value — 13.6 — 18.9 


1) Monthly Notices R. A. S. Vol. 61. p. 202. 
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Besides the individual results I have given in the table above 
the daily means and either the former or the latter may be 
combined with equal weights. Probably, as the results of one day 
agree better with each other than with those of other days, the latter 
method will be the best, but we find that here this makes little 
difference. 

Hence I accept as provisional result of my observations of the 
moon : 


Longitude of Chiloango — 48™ 33.89 


The differences between the daily means are still rather large, 
but we may expect that a final reduction will improve this. 

Finally mention must be made that three times I had an oppor- 
tunity of comparing my chronometer with Greenwich time as shown 
by the chronometers on board the ships that touched at this port. 
In that way I found for the longitude of my place of observation: 


— 48m 3787 
8.0 
14.7 


Mean value — 48™ 2051 


It will be seen that as yet no great weight can be assigned to 
the result of this mode of determining the longitude. 


(December 24, 1901). 
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KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN 
TE AMSTERDAM. 


PROCEEDINGS OF THE MEETING 


of Saturday December 28, 1901. 


———0 0 


(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 
Afdeeling van Zaterdag 28 December 1901, Dl. X). 


Contents: “Contributions to the knowledge of van pew Waats’ y-surface. V. The dependence 
of the plait-point constants on the composition in binary mixtures with small 
proportions of one of the components”. By W. H. Kresom. (Communicated by Prof. 
H. Kameriincu Onngs), p. 293. — “On function and structure of the trunkdermatoma”. 
(II). By Prof. C. Wiyxver and Dr. G. van RignBerk, p. 308. — “The shape of an 
empiric isothermal of a binary mixture”. By Dr. Pu. A. Kounstamm. (Communicated 
by Prof. J. D. van DER Waats), p. $20. — “Factorisation of large numbers”, (I). 
By F. J. Vars. (Communicated by Prof. P. H. ScHours), p. 326, (with one plate). — 
“A formula for the volume of the prismoid”. By Prof. Jan DE VRIES, p. 337. — 
“The dispersion of the magnetic rotation of the plane of polarisation in negatively 
rotating salt-solutions, II. Further measurements with potassium ferricyanide’. By 
Dr. L. H. Srertsema. (Communicated by Prof. H. Kamerrincu Onnzs), p. 339. — 
“A new law concerning the relation of stimulus and effect”. By Prof. J. K. A. WertHeim 
Satomonson (Communicated by Prof. C. Winx ER, p. 341, (with one plate). 


The following papers were read: 


Physics. — W. H. Keesom: “Contributions to the knowledge of 
VAN DER WAALS’ y-surface. V. The dependence of the 
plait-point constants on the composition in binary mixtures 
with small proportions of one of the components.” (Commu- 
nication N°. 75 from the Physical Laboratory at Leiden by 
Prof. H. KAMERLINGH ONNES). 


§ 1. In § 2 of Communication N°. 59a (Proceedings June 1900 
p. 276) KamERLINGH OnNES has drawn attention to the question 
as to how far, for the study of VAN DER WAALS’ y-surfaces, we can 
avail ourselves of the law of corresponding states by applying this 
to the homogeneous phases (stable and unstable) of mixtures of 


20 
Proceedings Royal Acad. Amsterdam. Vol. IV. 
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two normal substances, especially, in how far from an empirically 
correct representation of the isothermals (and thus of the w-lines), at 
different temperatures for a simple substance we can find the y-lines 
for mixtures of different composition « at one temperature, and 
hence also the unstable part of the w-surface. In Communication 
N°, 595 (in collaboration with Rerveanum) this method appeared 
permissible even with entirely arbitrary mixtures of carbon dioxide 
and methylchloride; also when the mixtures under observation differ 
only a little in composition, as when investigating the critical 
phenomena in a normal substance with small impurities, it promised 
to be very useful. For a long time (comp. Communication N°. 68, 
Proceedings March 1901 p. 630) investigations for this work have 
been made at the Leiden Laboratory, in which I have taken part 
by making some measurements. As the first part of them we may 
consider VERSCHAFFELT’s measurements on the conduct of mixtures 
of carbon dioxide and hydrogen, in so far as they concern mixtures 
with a small proportion of the latter substance. They show, as 
VERSCHAFFELT!) has demonstrated in Communication N°. 65 that 
the law of corresponding states indeed is nearly applicable to these 
mixtures, and that by means of the said law, the critical tempera- 
ture and pressure of the homogeneous mixtures can be determined. 

In the following pages we will examine in the first place what 
may be derived from VAN DER WAALS’ investigation of the mixtures, 
by the aid of the law of corresponding states, about the course 
in the pZ-diagram of the plait-point curve of binary mixtures in 
the case that the proportion of one of the components of the 
mixture is very small. Then the formulae obtained are compared 
with VERSCHAFFELT’s observations. Lastly by means of the law of 
corresponding states I have derived an expression for the variation 
of the plait-point volume with the composition. 


§ 2. As a starting point some formulae given by VAN DER WAALS 
in the Proceedings May and June 1895, Arch. Néerl. t, XXX 
p. 266 and 278 are used, which formulae may be also derived using 
the property that in the plait-point: 


where 6 =y- pv, if w represents the free energy. 


*) Arch. d. Se. Néerl. (2) t, V p. 644, Comm. Phys. Lab. Leiden n° 65. 
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The first of these equations states that the plait-point is situated 
on the spinodal line, the second that the isobar on the w-surface 
drawn through the plait-point, does not enter the plait. 

VAN DER WAALS finds (Proceedings May 1895) for 7=0, a 
formula (5), which we write: 


Ge a a a 


pl 


GH 


noe 


where it is taken into account that at the critical point of a simple 


substance 
(Sa) & (sear): 


Besides VAN DER WAALS finds an equation (9) (Proceedings June 
1895) which we write: 


92 
aT p = “Ge ees Gar o ts (18) 
a MRT, oa ) 
for « equal to zero. From these two equations follows: 
op\* 0°p 
ve = (te ae (2 r) oe pia! ( dw dv - ; (16) 
rine were (Sra) 


Here 


point temperature and pressure with small admixtures, 7, is the 
critical temperature of the pure substance. 

We may now naturally introduce the law of corresponding states 
into the equations given above. By means of 


att ana “fe. indicate the variation of the critical plait- 
dz dx 


— : V0 WU7k 3 ie 
Pp = 7 Prk s ake 9 zx 
207 
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where prky vxz and T,, respectively represent: critical pressure, 


volume and temperature of the mixture taken as homogeneous, and 
therefore : 


n= f(o,7); 


we find 


(2) 3 oy ek _ Pak Do, ¥ es Pak aT xh es 


Ox dx Unk du do a eTey dz or] 
ells _ 1 dpa (=) Pak Tak ae Prk Wak ce 
Ox dv va, dx \do vx, dx \da vx dx xa) 


__ -Pzk <r ( a0) 
Tak Vxk dx 0@ OT ; 


This becomes for «= 0, as then t= ao=t=1 


Groka lean. 


in which we have called: 


bad cere : a Hp 
Ty. dz Dk da 


With these we have for equations (16) and (1c): 


1 ety ey MEG) ee 
Ly de eam Bree “ch! th 


e—« (5) 


ee ee 
(soa) 


See 


if 
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MRT, 
C, — ’ 
Pk Vk 


which two equations also give immediately the slope of the plait-point 
curve in the Tp-diagram at the critical point of the pure substance. 
Hence we see that the variation of critical plait-point temperature 
and pressure due to the presence of small admixtures is entirely 
determined by the two quantities @ and /. 

From these two equations follows also that for very small values 
of #: 


Ppl — Pek (F (3) 
Dy Ta Ta) sin sigh inte 


d, : d; , 
if (sr), is the = for the saturated-vapourpressure curve of the simple 


substance at the critical point. In this way we again find the relation, 
given by VAN DER WaaLs Proceedings Nov. ’97, p. 298. 

If therefore we connect in the p7-diagram the critical points of 
the homogeneous mixtures with the plait-points of these mixtures, 
these connecting lines at the critical point of the pure substance 
are parallel to the vapourpressure curve of the latter. 


§ 3. In order to be able to compare these formulae with observations 


2 
on mixtures =) and C4 ( <=) are required. 
(=) can be determined in two ways. For according to a thesis 
Tt 
we : f) 
of VAN DER WAALS iS at the critical point = ea , where 
or T coée 


Teoéx represents the maximum vapourpressure. Prof. VAN DER WAALS 
was so kind as to communicate to me the following proofs for this 
thesis, as develuped many years ago in his lectures. 


1. Maxwew.’s criterium at a coéxistence pressure independent 
of the volume is given by 


Ud 
Deoex (Vd — Wv) = pd, 
Uy 


where v, and vg refer respectively to liquid and vapour. By differen- 
tiating this with regard to 7, we have 
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dp dva if dvq vy 
(a) a0) + Poi ara )=S@) eer ee aaa 


or 


vd 


(He IG 


Vy 


and in words: S ae is the mean value of (: =) between the volumes 


coéx 
vy and vg. At the critical temperature the mean value is the 
pressure-variation co-efficiént itself or 


M(H) ‘a= (3), es 


2. By integrating the isentropic relation 
on Op 
ie Ie (=). 


dp . 
and by putting (vd — wy) (=) instead of y7a—nv and proceeding as in 1°. 


coéx 


3. By using the pvT-surface. 

At the critical point a tangent to this surface may be drawn 
parallel to the v-axis. The tangent-plane at the critical point is thus 
at right angles to the pZ-plane, and its section is a straight line. 
Each curve on the pvZ’-surface which passes through the critical point 
and whose osculating plane at the critical point, while cutting the 
tangent plane to the p»7-surface at an angle, is not perpendicular to 
the pT-plane as is the case with the tangent plane to the pel-surface, is 
projected on the pT-plane as a curve touching the above named section. 
Hence 1. the border curve, of which the osculating plane co-in- 
cides with the tangent plane to the pvT-surface at the critical point, 
2. the section of the pvZ’-surface by a plane at right angles to the 
y-axis, 3. the isentropic line for the critical point, etc. All these 
lines have projections on the p7-plane, touching each other in the 


e,¢ 2s. + d 
projection of the critical point and hence give ( a) values with dif- 


ferent indices v,7, coéx., etc. which are equal to one another at the 
critical point. 
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Analytically we bring this into the tollowing form. As for each 
point of the pvT-surface 


dpa (4), dv + (3) aT 


= nestey Au Vow ; 
and as at the critical point (=) is equal to zero, we obtain for each 
vid 


curve passing through that point 


ap _ (op 
a= (Gz), 


We are uncertain of the equality only when the curve has an 
element in common with the isotherm. In this case the value of 


dp\ a ae poe 

& = must be more closely investigated. This strict investigation 
v/T 

would therefore be also required for the border curve were this not 

rendered superfluous by the proofs 1 and 2. That the relation 
d : 

(3) =(3) holds for the border curve must be ascribed to the 
AT) cote oT v 

circumstance that the latter lies in a cylinder surface, as mentioned 

above, which touches the pvZ’-surface at the critical point. 


From a graphical representation of p as function of v in the 
neighbourhood of the critical point according to AMAGAT’s data 
for the isothermals of carbon dioxide I found: 


(8) = 19 wt 6, (EE) =— 02 


putting the critical volume 0.00426 and C,= 3.45 while 


@) =e 


would follow from an extrapolation of AMAGAT’s observations for 
the vapour pressures. 


With this uncertainty in (=) it may be well to investigate what 
T 


would be yielded by different equations of state. 
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VAN DER WAALS’ equation: 


1 —? ! 
ae “k 
pee : (v — b) = MRT 
Vv | 
| 
as well as CLAUSIUS’ : 
K 
1p + eo (v—b) = MRT, 
T (v + nbp 


give : 
é oY 
(S)=% Cs (s593) = — 8 


I would also have availed myself of the equation of state given 
by Drerericr (DRupDs’s Annalen Bd. 5 p. 51—88, May 1901), but 
found that there has crept an error into the derivation of this to which 
I draw attention in the following section. 


§ 4. DreTERicI puts p= in which vq is derived from » 


Va — %a 
by means of the equation: 
Va 
dv v, Ty 
jee sh odes 
v 
1 "Oe" 2 
ba = be — 5 —, Om wean 


where a is a constant to be calculated for each substance from the 
critical data, for instance for isopentane a = 2.116. 
From these equations we find: 


fy 

T /dp 3. pel. 1 v2 
irs Ae) Bose og ae pe A Sait 
tie aR OE ae 


which for the critical point becomes 


Te (Op\ _ Sh 
(an),= 1+ 5e}i-> = 
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Te (0p . 
h for is —|( — ; 
ence for isopentane eo tae 4.174, which does not agree with 


the observations. Indeed Digrerict wrongly supposes that his 


formulae also represent the correct isothermals for volumes smaller 
than the critical. 4) 


He derives (l.c. p. 74) the following formula for ay 


d 
01% T'h 7 — 2.116 » RT Eh, 


where p, represents the saturated vapourpressure and v, and v, the 
volumes of saturated liquid and vapour. 
This formula gives at the critical point: 


T 
Lu dps __ ag 
pr aT 


According to the thermo-dynamic thesis laid down in § 3 


a= (52), 


at the critical point. Hence the two results contradict each other. The 
explanation may be found in the circumstance that DIETERICI has 
assumed that 


if 
LPP 
v—b 


prt 


and if @ is the internal latent heat of evaporation. This would be 
true if « were not a function of the temperature; as this is however 
the case with Diererici the internal latent heat of evaporation must 


be found from 
r.e=f"[r() - |. 


Yy 


1) See Danrex Bertuenor, Arch. Néerl. d. Sc. (2) t. V. p. 441. 
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: Op, 
Hence the circumstance that DieTerici’s formula for _ gives a 
a é 


good representation of the observations proves that his original equa- 
tions do not do so. Hence his equation of state must be left out of 
consideration. 


2 : On 0° 
§ 5. The existing uncertainty about a and C, (<—), for a 


da@dr 
also be diminished) is a great impediment in the application of our 
considerations to mixtures; we may, however, accept that we are not 


: ON ps5 dare. 022 
simple substance (when (=) diminishes, probably c, ( :) must 


far wrong, when with VAN DER WAALS we put es = 6.7 and 
Tt 


0°n 
ol an, ) = — 82.2. 

§ 6. We will apply the equations (2) and (3) to the observations 
of VERSCHAFFELT. He gives (Communication n°. 47, Proceedings 
Febr. 99 and Communication n°. 65, Arch. Néerl. série II t. V p. 
646) for two mixtures of carbon dioxide and hydrogen 7); and py, 
for three mixtures 7,4 and pzx as he has derived them by superim- 
posing the logarithmic isothermal-systems, and also for carbon 
dioxide 7; and px as calculated by him from AMaGat’s isothermals 


0.1990 248.7 | 54.8 
1 /dT. 
To derive from this «= — (=) when 2 is small, we may 
Ty \ de /z=0 ; 


put T= T;, (1+ ee + a'x*) and compute the co-efficients @ and 
a' from the observations for x = 0.0494 and «= 0.0995. Thus we 
find « = —1.219 #=— 1.645. If on the contrary we compute 
a and / from the formulae accepted by VERscHAFFELT (Communi- 
cation n°. 65, Arch. Néerl. t. V p. 649) to represent Tz and paz 
as functions of z: 


by b,3 
where 
SOLS eye een 2 
—= 1— 1.402 : —= 20 2 — 0.0 
= +0180, f= 1+ 0.526 2 — 0.085 af 
then we find: 
a=—0.968 f= —1.489. 


It appears therefore that much uncertainty exists about the 
values of @ and /?. This must partly be ascribed to the uncertainty 
in the determination of 7,, and pzz following the method of Ravgau 
(from VERSCHAFFELT’s quadratic formulae I calculate for « = 0.0494: 
To, = 290.89 C., por = 68.35 atm., while VERSCHAFFELT found 
Tx, = 287.8° C. and per = 68.1 atm.), and partly to the small 
number of observations, from which the variation of 7,4 and p,, 
with « must be derived. 

However this may be, where the uncertainties in @ and / are added 

vf 0% 027 
to those in (=) and C4 (= x 
from the comparison of the observations with the formulae (2a) and 
(2b). It is even easy to choose within the limits of uncertainty values 


f) 0° 
for a, /3, a C( ae , that lead to results for =z and 


Vit is obvious that nothing can be derived 


0a OT 
appl 


; which are entirely at variance with the observations. With 
oo 


] 


the selection we made, as stated above, of @ =06, 79. cand 


C (= ) = — 32.2 we should derive by me f th 
+\a597/] = ; y ans of the values 


of @ and 72, found from the quadratic formulae, in which VERSCHAFFELT 
expressed his observations: 


oat =0068 ; P= — 140: 

a 1d 
ete) Ny a0 |W, at oes 8.68. 
Ly ae pk dx 


which values might be made to agree with the form of the plait- 
point curve according to VERSCHAFFELT. 
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Of greater importance is the test of the relation (3), which not 
only for hydrogen but for every substance mixed with carbon 
dioxide will hold with 2 exceedingly small: 


Ppl — Prk 


=n Ole 
Ppt — Pox 


For we find for this proportion with 
w= 0.049427 1.88; 
20.0995 : 2.12, 
so that the value 1.61 for z=0 will come near to the truth and 


therefore in this respect theory and observations confirm each other 
sufficiently. 


d aT. 
LO ade 


§ 7. In the same way as we have considered —— ; 
ve 


, we 


‘ dv ie. ee : ° 
can also consider a for «0, a quantity important with a view 
x 


to the determination of the critical volume of a simple substance. 
In the equation: 


et =(£) Appl © aT pi @ 


op 2T dae oT px “da Ow pr (4) 


: dv dv dv a ey 
the co-efficients Gaus (=) and Gel are all infinitely large for 
e = 0 and such that in the development their terms cancel one another. 
Therefore in the development of a etc. the finite terms, in that 
dp ee : 
appl dT yl : 
of —H and —* the terms with the first power of z must be kept. 


As a starting point I have chosen the relations 


(i og = Ye : 


of § 2, which hold for the plait-point. 
If in equation (4) we substitute the values < cee =?! which we 
av 


obtain by the differentiation of the above relations: 
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086 
=(s5 oe 2 (5332), SE 


= (22 ) Appl ( 045 aT yt & 


03 Op/7 de ' \de OT /, de Oat) oT’ 


while we write 


we find: 


dv 0 0 
tus (2) 4 San zon (Gi) (St) 
4 Be 3y 2 3 
he da (53) (55 oe (Fe) ey 


(5 


To determine (=) with « small we may avail ourselves of the 
pr 


equation 


@ oT (9 te (-P), = os 
We put 


y = MRT {(1—2) 1 (1—2) + @la}+o 


v 
p=—{ pee 


where therefore 


If we call 
= 0" Gatar=? 
then 
Gaon ages a 
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Hence 
e mee @" _ MAT | MRT + 9" 
a, OO, O, 


+ terms with x in the denominator. 


In a similar way we develop each of the differential quotients 
in (5), always retaining the terms of the highest order but one. 
We shall not repeat here the rather lengthy computations; it must 
be remarked that in the reduction of the differential quotients ot 
n we have started from the fundamental form 


dea The nde en 


We obtain 


: ae ae ($5 as eh. "8 (=) 0 2 
0° 0 0° 
a (seme) Gale moh Ge 


08n\ . : 
In the same way =) E determined by means of «. 
i 
(3) 1s expressed by means of differential quotients of yw, where 


d8v en hes 
among others a =)! and (53),° occur. The equation (538) @ = 0 
3p 03v 
gives a value for (s3),3 after which (— ).¢ can be determined from 
the equations obtained ie differentiating 


p=f(veT) 


three times with regard to x, keeping 7 and p constant. 
All this performed, we finally obtain: 


') Comp. van per Waats, Continuitét IT pag. 125, 
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f) 
@), GE). (2), 


dvpl te MRT; 
“de (MRT,)3 | MRT; (MRT)? 


dx eo 


(ser) ( (apn? ap \I 
fade 2 | (gz), + MBE =) 


(3:37) ) as 


If once more as in § 2 we introduce the law of corresponding 
states, this form may be reduced to: 


p—a@) 

1 1 dup) 1 Or 

ea ai anf Di Soa 

ra ERO 


x [C (5) | oe « (=) 


— (serar)|O-#()\—86soae)4] «+ 


; 1 av 
where for e—/? we may write: - a 
ve ade 


In this formula two new constants occur, to be derived from the 


equation of state, viz. 
C\(Fas) 24 (gap) 


According to VAN DER WAALS’ formula with ae “* for the 
molecular attraction (as well as for Cyavsius’ formula) at the critical 


point 
2/ 020 3/0°2 512 
O(ssm) = 256, cs) nd Bait ° 


In consequence of the results found during the testing of the 
formulae (2a) and (26) it is obvious that the observations do not yield 
sufficient data to test formula (2c), the more as higher differential 
quotients of occur. For the comparison of observation and calculation 
formula (3) is for the present the most important. 


T,—T 
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Physiology. — “On function and structure of the trunk dermatoma.” 
II. Communication made by Prof. C. WINKLER from researches 
in connection with Dr. G. van RIJNBERK. 


In our last meeting a communication was made about experiments 
tending chiefly to elucidate in what manner the function of the 
trunkdermatoma was destroyed. 

These experiments led to the conclusion that in the dermatoma 
a distinction ought to be established between a central area, being 
by itself capable of sensation, and a marginal area, owing its value 
for sensation only to the assistance of neighbouring dermatomata. 

At present the results will be given of a few other experiments, 
that are not only perfectly in accordance with this conception, but 
would even become unintelligible without it; they will supply further 
informations as to the ranging of the trunkdermatomata, which is by 
no means so simple as might generally be supposed. 


If in experimenting on a dog one posterior root or one pair of 
roots (an anterior and a posterior root) of the chest-medulla are cut 
through, without any more, a research into the sensibility of the 
animal made the same or the next day, gives the following result: 
Along the mid-dorsal line sensation has been preserved. Along 
the mid-ventral line 


Fig. 9. Insensible triangle, lying adjacent to the mid-dorsal (dotted area) after 
cutting through one pair of roots. 


an insensible spot is to be found, shaped like a triangle. The basis 
is lying adjacent to the mid-ventral line and is rather broad. The 
top usually does not reach the lateral boundary-line. The triangle 
is encompassed by a narrow hyperalgetic area, which in most cases 
may be pursued until the mid-dorsal line (fig. 9). 


| 
|| 
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Tf, in experimenting on a dog, two succeeding pairs of roots, 
without any more, are carefully cut through, the result is not —as 
might be expected — an uninterrupted analgetic area all round the 
trunk, similar to that found often after isolation of a dermatoma 
above and beneath the sensible area, but two analgetic triangles, 
separated by a highly sensible, usually hyperalgetic area. 

In this case too, a hyperalgetic area encompasses on both sides 
the analgetic. areas. (See fig. 10). 


Fig. 10. Consequences of cutting through two succeeding pairs of roots of the chest 
The insensible (dotted) area has been divided into two triangles by a hyper- 
algetic band on the lateral boundary-line. Towards the mid-ventral line the 
insensible area is much broader than towards the mid-dorsal line. 

The first fact cannot possibly be made intelligible — and this 
communication is only aiming thereat — without taking note of 
other experiments, made on carefully isolated dermatomata, whose 
central areas must be as large as possible, and without some knowledge 
at least of the ranging of the trunkdermatomata. 

In the first place the analgetic band, that has been found after 
the isolation of one trunkdermatoma above and beneath the sensible 
area, demands a closer examination. 

If the boundaries of the analgetic bands on the animal under 
experiment are designated by black or white stripes on the skin, 
and if then a photograph be taken from the animal (after measuring 
the breadth of the sensible and insensible areas on those spots that 
are judged of some importance), the thus obtained photographs will 
procure a lasting image of the changes found on the day after the 
operation. 

Reproduciions of such photus may not always be of use for sub- 
sequent measurings. Therefore the simpler method may be sometimes 

| 21 
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to surround the trunk of the animal with transparent paper, to 
transfer the stripes on this paper and to preserve them. 

Still similar photographs as those directly counter-drawn from 
the negative in Fig. 11 and 12, reproduce with sufficient clearness 
an image of the fact, that towards the mid-dorsal line the analgetic 
areas (occasioned by the sectioning of two roots) above and be- 
neath the sensible area (dependent on one root left intact) are both 
of nearly equal breadth, whilst each of them is as broad as the 


sensible area. 
Cranially. Caudally. 


at an = we @ 


Fig. 11. Dog XV. 
On the 15th of Sept. 1901 the 18th dermatoma is isolated on both sides by 
extradural sectioning of the 16th, 17th, 19th and 20th pair of roots. On Sept. 
16th, 1901 sensation is determinated. On Sept. 17th the photograph is taken. 
The insensible (dotted) area is on both sides adjacent to the mid-dorsal line, 
and is equivalent to the sensible area cranially as well as caudally. dd = mid- 
dorsal line, 


o* . 
pe oes *) Caudally, 


Fig. 12. Dog VII. 
Aug. 8th, 1901. The 16th, 17th, 19th and 20th pair of roots are cut 
through on both sides extradural. 
Of the 18th to the right, the first most cranially situated rootbundles are 
sectioned intradural in the posterior root. 
Of the 18th to the left, the most caudally situated rootbundles are sectioned 
intradural in the posterior root. 
On Aug. 9th sensation is determinated. On Aug. 13th the photograph is 
taken. Autopsy on Aug. 15th confirms that the four caudally situated 
bundels to the right and the three most cranially situated bundles to 
the left are intact. 
Notwithstanding this, the insensible (dotted) area is nearly equivalent to 
the sensible area towards the mid-dorsal line, 
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This is not quite accurate. The analgetic area situated most 
caudally is always a little broader than that situated cranially, 
whilst the sensible area is midling in breadth between those two. 

Many more or less important deviations from this rule may occur 
besides"); it may safely be stated however that, proceeding carefully, 
the analgetic areas will always be much narrower than double, 
and much broader than half the breadth of the sensible area. 

In most cases their relation is such that, taking the sensible area 
for unit, the analgetic area situated cranially is from 0,8—1,1, and 
the one situated caudally from 1,1—1,4. 

Consequently the breadth of the sensible area towards the mid- 
dorsal line is nearly equal to that of each analgetic area, though 
the latter represents two sectionned roots, the former only one root 
left intact. 


These two facts: 


Ist. One sectioned root does not cause analgesy towards the 
mid-dorsal line. 


224, One root left intact commands a central area, which towards 
the mid-dorsal line is nearly as broad, as each analgetic area 
(dependent on two sectioned roots) is towards that region, 

may teach us something about the manner in which the derm- 
atomata are ranged on the mid-dorsal line. 


Since the researches of SHERRINGTON it is known that the derma- 
tomata overlap one another in antero-posterior direction, itis known 
too that these overlappings must be rather important, but the two 
facts mentioned above, connected with the facts already previously 
communicated, teach us something more about them. 

If, notwithstanding the lesion of the root on which it is depen- 
dent, the central area preserves a considerable breadth towards the 
mid-dorsal line, the marginal areas cannot be very broad towards 
that region. During the whole of the following demonstration the 
lawful supposition has been taken for granted, that towards the 
mid-dorsal line each marginal area can be equivalent at the utmost 
to half of the central area only. 

This supposition needs not to be proved here, and it simplifies 
all calculations in a most important way. 


1) As to the trunkdermatomata, situated cranially and influenced by the growth 
the upper extremity, or caudally and influenced by that of the lower extremity, the 
conditions are very much more complicated. 


PA he: 
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The first thesis, then following directly from the experimental 
facts, is this: 

1+, The mutual overlapping of the dermatomata, must extend 
farther than half-way. 

Two cases may present themselves here. 

a. Hither the central areas don’t touch one another, or 

b. They do touch one another. 


/ J S 
b onal o-+- --@eamess- --}-- <a - +} - - GE > 
t- -<—4¢— --+-- 4 
th eae 6: 


Fig. 13. The ranks of the dermatomata towards the mid-dorsal line if they overlap 
one another halfway. 
a. if the central areas don’t touch one another. 
b. if they do touch one another. 
wa central areas --- marginal areas. 


In both cases (see fig. 13a and 13d) the destroying of a derma- 
toma denudates the non-overlapped marginal areas of the precedent 
and of the following one. Analgesia must be the consequence and 
would be contradictory therefore to the first fact. 

If on the contrary one dermatoma was isolated, e.g. the fourth, 
by taking away the 274, 3rd, 5th and 6th the gap, made analgetic 
by non-overlapped marginal areas became twice as large as the 
isolated central area (fig. 13d) or even larger (13 a). 

The second thesis which follows immediately is: 


ged, Even if the overlapping extends farther than halfway, the 
ranks of dermatomata must be filled more thickly, than would be 
consistent with mutual contact of the central areas, without their 
overlapping one another too. 


Fig. 14. The ranks of the dermatomata towards the mid-dorsal line, if the 
central areas touch one another, the overlapping extending farther than 
halfway. In isolating the 4th dermatoma, the analgetic area becomes 
equivalent to double the sensible area. 

me central areas --- marginal areas, 
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For if the marginal area’s are supposed to be larger — even until 
their overlapping the whole of the nearest central area —, still in 
isolating the 4t» dermatoma (see fig. 14) the analgetic areas (always 
dependent on two dermatomata) remain twice as large as the sensible 
central area, which they encompass. In other words: the central 
areas necessarily must always overlap one another. 

The third thesis which follows immediately is: 


34, The ranks of dermatomata are not filled so thickly, that 
each central area overlaps one half of the next. The case is repre- 
sented by fig. 15. 


Pig. 15. The ranks of the dermatomata towards the mid-dorsal line, if the central 
areas overlap one another halfway. In isolating the 4th dermatoma the analgetic 
area becomes equivalent to 4 of the sensible area. 

w= Central areas. ---— Marginal areas. 


Truly, this being the case, after taking away one dermatoma, 
the uninjured central areas of the neighbouring ones would under- 
take sensation, which would be in accordance with the first fact. 
But the isolation of one dermatoma is only possible between analgetic 
bands half as broad as the sensible area (or even narrower, if the 
marginal areas exert any influence). 

Consequently each central area must possess a part, not overlapped 
by one neighbouring central area, but by two marginal areas of 
neighbouring dermatomata. 

If both pre-supposed experimental facts may be taken for granted, 
it would follow thence: 


4th, The central areas overlap one another each for one third, 
the remaining third, situated in the midst is overlapped by two 


marginal areas. 
For if, as in fig. 16, that part of the central area, overlapped 


by a neighbouring central area, is called y, and the part, of the 
central area overlapped by marginal areas x, then the central area, 


isolated as sensible area is @ + 2y. 
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Fig. 16. 


A. 


The ranks of the dermatomata towards the mid dorsal line. y is representing that part of the central area overlapped by 

a neighbouring central area, and z that part of the cextral area overlapped by two marginal areas. (Drawn for the 

special case of Dog XV, see fig. 16). 

If in isolating one dermatoma the sensible area is equivalent to the analgetic areas of two dermatomata, then it follows: 
e+ %ay=22%r+ty or t=y 

or in isolating two dermatomata, 22 ++ 3y is equivalent to the analgetic areas of three dermatomata 32 + 2y etr., 

provided the marginal areas remain smaller than the central area. 

Above each dermatoma the curve of sensibility bas been traced. The thick tracing represents the threshold that has to 

be passed, to make any “sensation” possible, 

The addition of the curves in B presenting a schema of sensation along the mid-dorsal line. From this schema may be 

deduced directly the copsequences for sensation, e.g. curve a if one root is cut through, 4 if one root left intact is 

situated between two sectioned roots above and two sectioned roots beneath it ete. 
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Accordant to the 1st fact mentioned above, each marginal ared 
must at least possess a breadth =; as long however as the marginal 
area does not reach a larger breadth than is expressed by x + y, 
the following view may be accepted: 

The insensible area (e.g. in fig. 11 and fig. 12) is the total of 
both central areas of the sectioned roots, but because they overlap, 
the total must be diminished by three times the central-area-over- 
lapping y, which they give one another reciprocally, and receive 
from the two neighbouring central areas. 

Thence the insensible zone produced by sectioning two roots is 
2X(@+2y)—3y=2x+y, and it it is proved experimentally: 
that the sensible area is equivalent to the insensible area, then 
2 2y must be = 22-+-y or x= ¥: 

This holds good only, if the marginal area does not exert a 
narrowing influence on the insensible area, which may only occur 
when the former is larger or equivalent to 2%-+ y — in our case 
equal to the central area. ‘The marginal area however, must 
possess a minimum breadth zx. For our purpose the marginal area 
hitherto possesses only any value, because it must supply, together 
with another neighbouring marginal area, the sensation for the 
band x. For the rest it may even extend 1/,y farther, but there 
it even may have a sensation-value so low under the threshold, that 
even the assistance of a second marginal area cannot enable it 
to be sensible. 

If the marginal area extends only until x is overlapped, the derm- 
atoma overlap one another for °/;, if however it extends to a breadth 
of x+1/,y, then they overlap one another for 2/3. The central areas 
always overlap one another for 1/s, if the analgetic area is equivalent 
to the sensible area. In this case the dermatomata are ranged in 
such a manner, that the first does rest against the fourth, the 274 
against the 5, the 3rd against the 8. This is represented in 
Fig. 16, and above each dermatoma its curve of sensibility has been 
indicated. 

The thick line represents the threshold that must be passed to 
make any sensation possible. (fig. 16 B). 

By addition of these curves, as is done in fig. 16 C, the curve of 
sensibility along the mid-dorsal line has been expressed, representing 
a schema of sensation, by means of which may be calculated directly, 
what breadth sensible and insensible areas ought to possess with 
different sectionings. That the destroying of one dermatoma does 
not necessarily cause loss of sensation, is shown by the dotted 
line a, remaining above the threshold-line; whilst by the interrupted 


Fig, 17. 


Left. 
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Dog 1. On Dec. 27th 1901 the following sectionings were made: to the left, sectioning 


of two pairs of roots (extradural) 16th and 17t¢ 
and to the right: 

Sectioning of two pairs of roots, (extradural) situated more cranially, 14th and 

15th root. Two succeeding pairs of roots (extradural), 16th and 17th, remain intact. 

Sectioning of the two succeeding pairs of roots (extradural), 18th and 19th root. 


? 


A Three (dotted) areas, insensible, one sensible, towards the mid-dorsal line. Their 


relation stands in reason of 2.5, 2.6 or 2.7: 4.6, or as 0.58:1. (Calculation was in 
reason of 0.6: 1), 


B Three (dotted) insensible areas, one sensible, towards the mid-ventral line. Their 


relation stands in reason of 6.2, 6.5 or 4.7:3.9, 
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line it is shown that isolation of one dermatoma leads to equivalent 
bands. 

This schema is pretty well in accordance with the facts, as may 
be seen from the following instance. 

In experimenting on a dog the 16th and 17" root to the left, 
the 14%, 15%, 18 and 19 root to the right, are cut through, 
Dec. 17% 1901. The 16% and 17% root to the right remain intact. 

Along the mid-dorsal line there are found therefore two analgetic 
areas on the right, one on the left. From the animal’s back these are 
directly counterdrawn on transparent paper (see fig. 16 A). 

According to the requisites of the schema the sensible area on the 
right ought to stand towards the analgetic areas in reason as 5:3 
or 1: 0.6. The relation found in reality is: Analgetic areas on the 
right 25 and 2.7, on the left 2.6 c.M.; sensible area 4.6 c.M., 
consequently as 1: 0.58. 


Towards the mid-ventral line other conditions prevail. 

As has been made evident in a previous communication, the 
central areas towards that region are placed so far between, that 
mutual overlapping is impossible. Here too the ranging of the 
dermatomata may be found, if the supposition be taken for granted, 
that the marginal area, however much it may have been enlarged 
at the cost of the central area, can never become so large that it 
overlaps the neighbouring central area '). 

Starting e.g. from the relations found on dog I (fig. 17 B) towards the 
mid-ventral line, the sensible area in that region has a breadth of 
3.2 c.M., the opposite (somewhat prefixed?) insensible area of 6.5 cM., 
the upper insensible area of 6.2 cM. and the lower one of 4.7 cM. only. 

Supposing that a relation may be stated between the insensible 
and sensible area at the mid-ventral line as 6.5: 3.2, or that the 
sensible area being = 1, the insensible area is = 2, then fig. 18 
represents the calculation. 

Calling in this case the centra] area &, and the marginal area, 
inasmuch as it overlaps another marginal area y, inasmuch as it 
overlaps a central area a, it will be made clear by a simple 
reasoning that the two isolated dermatomata must cover an area 
equivalent to 24-+-y (for the marginal area does not extend beyond 
the neighbouring central area). Jt is clear too that the analgetic 


1) Afterwards, when treating about the middle of the dermatomata, it will perhaps 
become clear why these suppositions concerning mid-dorsal and mid-ventral line 


ought to be taken for granted. 
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Figs 18; “As The ranging of the dermatomata along the mid-ventral line. That part of the marginal area overlapping another central area, being 


called z, and that part of the marginal area, overlapping another marginal area, being called y. (Represented for the special case of 
Dog 1 fig. 17). The central area is called k, 


The sensible area from two dermatomata then is = two central areas + y = 24 + y. 
The analgetic area from two dermatomata — 2 central areas + 37 = 24 + 3y, 
If therefore on dog I the sensible area (3.2 cM.) is = 4 of the insensible area (6.5 eM.), then 2X (24 + y) = (24 + 3y) or 
¥ = 2k. Supposing always 2 not becoming larger than 4. 
- Curve of sensibility traced above each dermatoma. The thick line represents the threshold line. 
The addition of the curves in B presenting a schema of sensibility along the mid-ventral line. From this schema the consequences 
of each sectioning of roots for the abdomen may be directly read; e.g. @ when, as in the case of Dog I, two succeeding roots are 


onl. 


? 


cut through, the two following left intact, and then again two cut through 


( 319 ) 


area must be equivalant to 2 k+3y. As however in this special 
case experiment teaches that 2 (2k +y)=2k+3y, it follows that 
Op Dike. 

In fig. 18 this has been represented, and in the same way as 
for fig. 16 the curves of sensibility are traced above each dermatoma. 
From the addition of these curves the curve of sensation along the 
mid-ventral line has been deduced (fig. 18 C). Here again the upper 
curve presents a schema, that may be further controlled by experiments. 

Towards the mid-ventral line therefore the ranging of the derm- 
atomata is different from their ranging towards the mid-dorsal line. 
There the first is placed against the 34, the 274 against the 4¢” ete. 

Dog I however teaches us something more. 

The sensible area on the back has its origin in two central areas 
it is therefore °/; central area = 4.6. The dorsal central area is 
therefore = 2.7c¢ m. 

The sensible area on the abdomen is 2k4+y=4k=3.2 cm. 
The ventral central area therefore is 0.8 c.m. The insensible area 
is=2k+3y=8k=6.5 c.m., the central area thus being again 
==10,9 C1; 

The ventral central area is therefore midling between 1/3 and 3/4 
of the dorsal central area. On dog I the situation of central and 
marginal areas may thus be easily described for a special case. 
Fig 19 represents the ranging of the central areas. 


Fig. 19. Ranging of the central areas in the special case of Dog I (fig. 16). 
Ventral central area= 0.8 cM = ky 2ky +y=3.2, 2ky + 3y = 6,5 cM. 

Y= 1.6¢cM. 

M = ka 2x-+ 8y = 4.6 2x-+-y =2.8 cM. 

x= 0.9 cM. y=09 cM. (See text) 


Dorsal central area = 2.7 
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By the three figures 16, 18 and 19, the fact is made intelligible, that 
sensation is lost towards the mid-ventral, not towards the mid-dorsal 
line. For this fact again the contrast between central and marginal 
areas of the dermatoma is necessary. Only by a quite separate series 
of experiments however, concerning sensibility in the middle of the 
dermatomata, (on the spot where the central area possesses a minimum 
of innervation) can it be made clear where the top of the insensible 
area must be situated, and in what manner is caused the interruption 
in the analgetic zone when two roots are sectioned. 


Physics. — Dr. Px. A. Kounstamm on: “The shape of an empiric 
isothermal of a binary mixture.” (Communicated by Prof. 
J. D. VAN DER WAALS). 


In § 8—§ 10 of my thesis for the doctorate I have discussed the 
shape of the empiric!) isothermal of a binary mixture. Without 
writing it down, I start there *) from the equation: 


v = try + vg 


where v,; and vg represent the actually measured volumes of liquid 
and vapour, and » the total volume. If we assume that we have 
to deal with a molecular quantity, v is at the same time the molecular 
volume of the mixture; » and vg, however, are no molecular volumes. 
Now I have shown, that the shape of the course of v as function 
of p, so also the shape of the empiric isothermal cannot differ sensibly 
h from the shape of the course of vg and after 
having drawn up a formula for vg, I derive 
by differentiating this formula the shape of 

the empirie isothermal. 

Perhaps we can arrive at this fundamental 
formula in a simpler way by not starting 
from the really measured vapour- and liquid 
volumes, but from the molecular volumes. 


z We have then (see fig. 1): 
Fig 1. 
' U 
7% — & &— 
v= Vl 5 : Ud 
yg — ey % — Xy 


I ne there of vderived” isothermal. The name chosen here is perhaps clearer. 
p. 141. 
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Here »v is the same quantity as above; v1 and vg, however, are 
now the molecular liquid and vapour volumes; 2’, # and «gy are 
respectively the composition of mixture, liquid and vapour. We may 
write this equation: 


v= r+ 


! 
2 — 2X 
i (vg —— Vyl ). 


Here we must not neglect the second term with regard to the 


first, as the factor z'— 2, approaches 0, but in the second term 


By 


we may neglect vy with respect to vg and put for the latter 


differentiation we get now: 


MRT 2'— 2x 
dv = dvyi +d ( ) 


Lg — % 


or, if we take the molecular liquid volume as invariable: 


MRT «' — 2x, 
do = 4 (—— ) 
geo vrs 


and so proceeding in this way we arrive also at the general formula 
for the shape of the empiric isothermal given on p. 140 of my thesis. 
Let us apply this formula in the case that the px line is a 
straight one, what comes to about the same thing as equal critical 
pressure for the two components. }). 
In this case the pa line is a hyperbola *), soifpa4 and pz°) represent 
the vapour-tension of the components : 


p= pa(l —'a) + par 
and 
PA PB 


P= yB(L — 9) + PA % 


If we now take p, and po for the greatest and the smallest 
co-existing pressure which can occur with the composition 2’, so 


1) See Zeitschrift fiir phys. Chemie 36, p. 52. 
2) Van DER Waats. Proc, [X p. 172. 
3) We shall allways assume p> pa. 
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the pressure when the whole is vapour or the whole is liquid, we 
get also: 


py = pa(l — 2’) + pee’ 


PA PB 


m= pa(l—2) + paw 


If we substitute ee values in our differential equation, we find: 
(pB—p)° pa S — % py (ps —p) (pi—P4)—(Pi—P) (P—Pa)]- 


d 
So we find that = is always < 0, as it ought to be, for 
P 


PB—P > Pi—p and pi—pa > P—PA- 
For the second differential coefficient we get 


2uppo 
(pp —p) p—pA) 


dv 
(pp —p) (P—pay 5 = 
dp 


x (pa +pB—2p) (pp —p) (p1—pa) + (p—pa)? (pi—P)]- 


ap dp\8 d®v dp dp 
Now — -_(@ ) and as — is always negative —— h 
dese aon) daa do TT hae te) oc 
d2v 
the same sign as —. 
dp? 


Hence it is clear, that when 2p < pa+pz, soz < 1/5, the convex 
side of the curve is always turned downward (fig. 21). If on the 
other hand * >1/., then the whole factor is negative for p = p,; it 
is therefore clear that on the side of the greatest pressure the empiric 
isothermal for those mixtures must begin with having its convex 
side turned upwards. But there can be but one inflection point, if 
any. For: 


F (p) = (pa + 7B —2p) (pB —p) (pi — pa) + (p—pa)* (p\—p) 


F' (p) = — 3 [(pi—p)? + (P1— pe) (PA + 2B — p)] 
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F'(p) is therefore always negative; the further we therefore get 
from p,, in other words the smaller p becomes, the greater becomes 
F(~). So if the isothermal is first concave, it can become convex 
further on, but it cannot be convex at a certain value of p and 
become concave at a smaller value. 

Let us now examine for which mixtures the inflection point, 
which has entered the isothermal at z = }, has reached the other end 
and we accordingly pass from the case of fig. 2 IT to that of fig. 2 III. 


vA 


A 


Fig. 2 II. 


Fig. 2 III. 


It is obvious that the pv, for this point must be greater than 
1/,(pa-+ pas), for then the first term of F'(p) is positive, so a 
fortiori the whole expression. In order to find the exact point 
where the inflection point makes its appearance we substitute in: 
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APB 
F(p) = 9 the value p= pp, = ie 
pA PB "Pi 
and solve 7}. 
This furnishes: 
1 


P=PpB— L+V p*sp?s—p*a] 
° Pid i Bo PAD ee 


Now it is clear that only the positive sign is possible, else we 
could get a p,; > pp, and as p;=pa+2'(pa—pa) we get for the 
composition of the mixture that separates case II from case III: 


Therefore the inflection-point will appear for every mixture, for 
which !/,<2'<,2'. Hence we see that the region which remains 
for the entirely concave curve, depends only on pa/ps. 

In order to examine this dependence more closely, I have inserted 
in my thesis a needlessly elaborate calculation, which I shall not 
repeat here, the more, because it contains an error of calculation 
which I could not correct anymore. In the formula for g”(y) on 
pag. 153 9y° ought to be substituted for 10y°. In consequence of 
this fig. 16 is not quite accurate. Therefore I should like to sub- 
stitute what follows for the passage of my thesis which applies 
to this. 

If we introduce in the formula ,2’: 


pA 
~ pa 
we get: 
12" = lass — fee Ae —. ; 
1-y (l—y y)(+yy3) 1+ yy 


dyx' 3 Vy 
dy = (14743)? 


From this formula follows that for y= 0, so p4a='0, 92’ = 1-80 
isothermals which are concave throughout their course do not exist. As 
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soon, however, as pa gets a value, they appear and the region of the 
isothermals with an inflection-point decreases regularly, as appears from 
the differential coefficient which is always negative, till for y= 1, so 
PA=ps, \e'=1/2, At this limit the region for isothermals with an 
inflection-point has quite disappeared, and only entirely concave or 
entirely convex isothermals exist, but it is clear that for PA== Pp 
also all other pressures become equal in this case. 

In order to solve the problem to its full extent, we have still to 
examine, at what pressure the inflection-point eventually appears in 
the derived isothermal. It is clear that in order to find that 
dependence between p and ', we have simply to substitute in the 
equation F'(p) = 0: 


Pi=pa +2'(pB—Ppa). 


In order to determine the pressure at the inflection-point belonging 
to the mixture 2’ we get therefore: 


(pa + pa—2p) (pa—p)2' (pp—pA) + (P1 — PA)? [pA —p + 2' (pz —pa)] = 9 


me (p — pa)? 
” = (pp — pa) (PA + Pz — 22) (pa — P) + (Pp — Pay?) 


The condition that «' must be positive, is fulfilled, for: 
(pa+ps—Pp) (pa—p) + (p—pa) = (p2+pa—2 p)? + (p—pa) (pB—P) 


So we have for the locus of the inflection-points a cubic curve 
of which we saw before that in the heterogeneous region it cuts 
all the coordinates but once. 


We get further: 


de! 3(p — Pa) (Pn — BP) 
PP BE) 5 a [(p4 + pp — 2p) (pB— p) + (p —?pa)’}? 


so a is always > 0, and has in the beginning at 2p =p, + pz, 


’ 
ae 


, which disappears for pa = Pa, as it ought to do. 


ae 
the value ae 5 < 


And finally we get: 
; : 22 


Proceedings Royal Acad, Amsterdam. Vol. IV. 
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38 ap dp 2(2p — pa — Pr) 
(ps — pa)® da’? de’ (p — pa) (pp — Pp)? 
x [(pe t+ps—2 vp)? + (p—pa) (pa—P)] 


so that the locus is everywhere 
convex in the heterogeneous region 
with an inflection-point at the 
beginning, and we get acurve as 
drawn in fig. 3, which clearly 
indicates the different possibilities 
for the empiric isothermal. The 
point where the locus cuts the 
curve p=f (22) is of course de- 
termined by the formula for 2’. 


Mathematics. — ‘Factorisation of large numbers’, by Mr. F. J. 
Vaes, Mechanical Ingeneer at Rotterdam. (Communicated 
by Prof. P. H. Scouts). 


Introduction. 


The history of the research about the divisibility of large numbers 
is very simple. 

ERATOSTHENES (275—194 b. C.) is said to have invented the 
method of the sieve (determination of the prime numbers under a 
given limit by removing from the series of odd numbers those divisible 
by 3, 5, 7, etc.). 

In 1643 Fermar decomposed a number proposed to him by 
Mersenne. In a letter dated “Toulouse le 7 Avril 1643” we find: 
“Vous me demandez si le nombre 100895598169 est premier ou 
“non, et une méthode pour découvrir, dans l’espace d’un jour, s’il 
“est premier ou composé. A cette question, je réponds que le 
“nombre est composé et se fait du produit de ces deux: 898423 et 
“112303, qui sont premiers.” 

The method of FeRMAT has never been published ). 


') In 1640 Fermar believed 22"4-1 gives prime numbers for all values of n° 
Afterwards Euner found that 22°--1 (a number of ten figures) is the product of 641 
and 6700417. The author is inclined to ask: If in 1643 Farmar really could factorise 
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In the preceding century the theory of numbers was built up by 
Gauss, LzcenpRe, Leseune-DiricHieT, RiIEMANN, TSCHEBICHEFF 
and others who obtained very important results. But the value of 
these results with reference to the factorisation of large numbers 
can be derived sufficiently from the following two citations: ... “dans 
“létat actuel de la théorie des nombres on ne connaft aucun procédé 
“direct pour la recherche des diviseurs des nombres ayant plus de 
“dix chiffres dans le systéme décimal” (Epovarp Lucas, Théorie 
des Nombres, Tome premier, p. 333) and “Les méthodes de Gauss 
“seraient impuissantes & résoudre le probléme proposé par MERSENNE 
& Fermat” (Epovarp Lucas, Récréations Mathématiques, Tome II, 
p. 231). 

Any number XN can be factorised, if it can be thrown into the 
form a*—Jl?, under the condition a>>6+1. For then we have 
N=(a-+ b)(@ —6), which proves that the decomposition can be 
performed by seeking a square 6? that, added to N, furnishes a 
new square a. This simple property is also mentioned by FERMaT, 
but apparently not made use of to factorise large numbers either 
by him or by another. 

By means of a table of squares the factorisation of any number 
N can be performed. 

However it is more convenient to determine the square root of 
N and to increase the last figure of this root by unity. 

Example NV = 1073. 


/10 | 73 = 33, so 1073=33°—16=33?—4?=37 X29. 


37-9 
173 As a rule the required result will not 
63.38 = 189 be obtained so soon; rather we shall find 
—16 in general N= ay? — 0. 


By adding » to a we find 
N= (a, + n)* — (0; + 2a, 2 + nn’); 


so we can reach our aim by choosing » in such a manner that 
b, + 2a; n+ n* is a square. 


a number of twelve figures, wherefore did he not apply his method to this number 
of ten figures? May we not conclude from this that Fermay was in possession of a 
special method for special numbers, and that he had dictated to MERSENNE a condi- 
tion to which the proposed number had to satisfy? The correspondence between F. 
and M. may enlighten this point. In that case also could be decided if any of the 
methods given here be related to the method of Fexmat. 


22* 
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The easiest way to obtain such an consists in increasing a several 
times by unity and continuing this operation 


N= a,2—b, 
= (a + 1)? — (6; + 2a, + 1) or = ay? — by, 
= (ay + 1)? — (bp + 2a, + 1) or =a,” — bg, ete. 
until the number @ in the last line has become a square. 
Example V = 57. 


We write N= 8%—7 


| 


9 —(74+2x«8+4+1)=9?—24 
= 10?— (24 +2 9+ 1) = 10? — 48 
—112— (48 +4+2 > 10 + 1)=112— 64 


= 112— = (11 + 8)(11 8) =19 X38. 
For shortness’ sake we make use of the algorithm 


57= 8? — 7 
2X8t1=17 
24 
19 
43 
21 
64 = 82, 
so 57=(8-+ number of additions)? — 8?, where only the first 
additional number 17 has to be calculated. 
An important abbreviation can be obtained by paying attention 
to the terminal figures, as is shown by the following example. Here 
the reckoning was to be: 


However as a* can terminate in 0, 1, 4, 

N = 513667. 5, 6 or 9 only and the last figure of XN is 7, 
Nala — 422 na beribinate uno ea aoe 9 
2X 717+ 1 = 1435 can terminate in 3, 4, 7, 8, 9 or 2 
7857 only. But a*— being also a square (6%), it 

1437 can only terminate in 4 of 9. So it is un- 

3294 necessary to perform all the additions and 

etc. the abbreviated algorithm comes to this: 


N= 717? — 
2 GAA Aa == 


So we have 
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As soon as b® = 207? has been 
found, the value of a? can be 
calculated in different manners. 
In the first place by adding N to 
the result 42849 we find 


@ ==/006016 = 146°, 


Secondly one can remark, that 
from 1435 unto 1491 (the first 
and last of the added numbers) 
a number of 


a at Miseaoe 
odd numbers have been added; 
this gives 


Thirdly — and this method is 
the shortest — one can observe 
that by continuing the operation 
the number 1493 had to be added 
and that this number is equal to 
2a + 1; so 


N = 7462 — 2072 = 953 X 539. 


After two additions the factor 539 appears to be equal to 30°—19?, 
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1e. equal to 4911. On the other hand the factor 953 gives 
4772 — 4762, ic, 953 X 1 and appears to be a prime number. 

The last operation is rather long, a number of 446 numbers 
having to be added; as for larger numbers the number of additions 
nearly increases proportionally it is peremptorily necessary to seek 
for a shorter method. 

Such an abbreviation can be derived from the consideration of 
last two figures of the number to be factorised. 

For a square must terminate in one of the following pairs of 
figures: 00; O1, 21, 41, 61, 81; 04, 24, 44, 64, 84; 25; 16, 36, 
56, 76, 96; 09, 29, 49, 69, 89. 

The last pair of figures of the number N being 53 we have to 
determine out of the given pairs those pairs which, by addition 
of 53, furnish another pair. 

So one sees immediately that 6? only can terminate in one of 
the pairs 16, 36, 56, 76, 96, in which cases a? terminates in 
69, 89, 09, 29, 49 respectively. 

So we can shorten our algorithm to: 


ete. 


Now, as is immediately evident 67 + 69 + 71 + 73=4>70, 
and 75 + 77+ 79+ 81+ 83+ 85 =6 X 80; as similar groups 
present themselves over and over, we can shorten still more as 
follows : 


953: 31°" = 8 

2. 31-1 = -.63 

65 

a® — 332 136 

a0 =~ .200 

372 “416 

Ope 80 = 480 

432 ~ 896 

4X 90 = 360 

472 1256 

60.00 = 600 

58? 1856 
etc. 


The importance of this last abbreviation is self-evident. 

The numbers obtained by addition must be looked for in a table 
of squares. For shortness’ sake one can make use of the following 
table (see next page) representing all the possible groups of four 
figures, in which a square can end!), 

For if this table shows that the four terminal figures of a number 
cannot occur in a square, it is unnecessary to use the table of squares. 


II. Classification of the row of natural numbers 
according to their divisibility. 


By diminishing any square, e.g. 13° by the squares 1%, 2%, 32, 
ete. we obtain the composed numbers 168, 165, 160, 153, ete. or 
if we pay attention to the odd numbers only: 165, 153, 133, 105, 
69, 25. 

It is immediately evident that in the factorisation of any of 
these numbers 13? may, but not that 13° necessarily must present 
itself as a’. 

For shortness’ sake we will say that 13° dominates these numbers. 
So a number admitting of more than two factors is dominated by 
more than one square, e.g. 273 by 1377, 477, 237, 17%. 

In follovring the method developed in § I one always finds the 


least dominating square. 


1) In his “Théorie des Nombres” Lucas states that Prestur has published 
a table for the same purpose in his “Nouveaux Eléments de Mathématiques, 1689. It 
has been impossible for us to make out if this table was constructed in an analogous 


manner. 
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In the following table are indicated under each square the num- 
bers dominated by it: 


Py AnBiL Book 
125.22 98) 42> 52 Gt 7? 8? 9? 102, 119 32108 ete, 


] 20 10 ve OO 149: Oe sony LOQe 121 W144 
3 8 u.15.24 35-48 63580. 99. 120-143 

Sipe 2 ol @32 945). 6Oeoge P96) Lion 140 

TAG AAAS TA0R 205. 72 POO e235 

9 20 33 48 65 84 105 128 

Li 4 24.269-56' ib. 96-119 

LS occSac4by 664; 785, 108 

PD) AB 23 SES US 72095 

ii TOO, 06S 


19° 40 63 
21 44 
23 


The classification of the numbers in this table is very remarkable: 


1°. In the columns as well as in the rows the successive 
differences are 1, 3, 5, 7, etc. 


2°. Parallel to the odd numbers in the hypothenusa of the triangle 
we find the fourfolds 4, 8 12, 16 ete. 


3°. Ascending from one of the odd numbers of the hypothenusa 
in a direction perpendicular to it one finds 3, 5, 7, etc. times this 
number, e.g. starting from 9 one finds 27, 45, 63, 81. 

Now descending from 81 in the direction of the hypothenusa we 
find the continuation 11, 13, 15 etc. times 9 or 99, 117, 135, etc. 

So all the odd multiples of 9 are to be found in two lines passing 
through 81 and inclined under 45°. 


4°, Ascending from one of the fourfolds, e.g. 16, in a direction 
perpendicular to the hypothenusa we find 2 x 16, 3 x 16, 4 x 16 = 8? 
and from this point parallel to the hypothenusa 5 x 16,6 x 16, ete. 
The proof of all these properties is easily given. 

From the remark sub 3° ensues that the number 7 x 11 will be 
found in the line passing through 7? parallel to the hypothenusa 
and also in the line passing through 11° perpendicular to it. 
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So the factors of a number prove to be the roots of the squares 
that can be reached by proceeding from this number in the two 
directions inclined under 45°. 

The prime numbers present themselves only once (in the hypo- 
thenusa), the composed odd numbers present themselves still one time 
or several times more. 

As it is not very convenient to make out if a given number is 
contained in the table, if this table is continued much farther than 
here, the classification of Table II recommends itself more. Here 
equal numbers are placed in the same row, the head of each column 
bearing the dominating square. The prime numbers appear only in 
the inclined line at the rightside; their rows are denoted by 
horizontal lines. 

Beneath any square a® are arranged the numbers a® — 1, a® — 4, 
a®#—9, etc. with the differences 1, 3,5,7, etc. The last number 
of each column is always zero, the last but one a? — (a—1)? = 2a — 1, 
and this number appears always in the inclined line at the right side. 

If we assume any number of this line, e.g. 19, then we find above 
it: 19+17=36, 19+17+15=51, 19417415413=64, 644+11=75, 
7519=—84, 8417=—91, 9145=—96, 96-4+3—99, 99-+1—100. 

Now 19 can be called the base of the numbers 36, 51, 64 ete. 
Above the base 2a—1 we then find: 


(2a—1) + (2a—3)=4(a—1), (2a—1)-++(2a—3) + (2a—5) = 3(2a—3), 
8(2a—8)-+(2a—7) =8(a—2), 8(a—2) + (2a—9) = 5(2a—5), 


5(2a—5)-+(2a—11)=12(a—3), 12(a—8)-++(2a—13)=7(2a—7), ete. 


Therefore the 3-folds, 5-folds, ete. of the odd numbers are situated 
on oblique lines passing through the numbers 3, 5, 7, etc., whilst 
the 4-folds, 8-folds, etc. are situated on intermediate oblique lines 
commencing at 4, 8, 12, ete. 

Twofolds of prime numbers do not present themselves. 

For immediate application this table has the inconvenience, that it 
cannot be continued far enough without becoming unmanageable. 

However it leads to an important abbreviation of the method given 
in § I by means of the simple remark that between the oblique lines 
no numbers can present themselves. For illustration a small number 
is chosen; the application to a large number will be evident. 

Example NV = 83 = 10? — 17. 

To 17 we must successively add 2X 10 + 1= 21, 23, 25, ete. 
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until a square is obtained. As 83 is a primenumber, one will be 
forced to continue until 83 has been added; so the number of 


83—21 wpenn 
+1= 32. Now if in Table II we 


additions amounts to 


proceed horizontally from the base 83, this number is not found in 
the oblique line 4(a—1); so we can pass to the line 3(2a—3). This 
means however that it is not necessary to continue the additional 
2 

operations until (“EF ) = 42”, but only until eS) ae hee 
the base of which is 31, as this number is the base of the larger 
one of the two numbers 81 and 87 between which 83 is situated. 

If it is found that 83 is not a threefold, we can pass from the 
line 3 (2a—¥) over the lines 8 (a—2), 5 (2a—5) and 12 (a—3), 
to the line 7 (2 a—7). So the operation can be stopped at 


( SS) L514 0%: 


In the case of the number NV = 112303 (see the introduction) 
one would have to perform nearly 398 additions, (if the numbers 
to be added were combined in groups of 4 and 6). If however 
division proves that none of the numbers 3, 7, 11, 13, 17, 19, 23 
is a factor, only 211] additions are necessary. 


III. Determination of non-divisors. 


If we put N=ab+c, any codivisor of a and ¢ or of b and 
c will be divisor of NV, whilst a divisor of ¢ relative prime to a 
and 6 cannot be a divisor of NV. 

Example N = 73489207 ’). 


We put N = 8573? — 7122 
or = 8573°—12—7121 = 8574 X§572—7121 
— 2X3X1429X 42143 —7121; 


this proves that 3, 1429, 2143 and 7121 are non-divisors of NV. 


1) This number was not obtained by multiplication of smaller numbers but chosen 
arbitrarily. Likewise all the other numbers of five and more figures decomposed in 
this study were chosen at random, the number mentioned in the introduction excepted. 
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If on the other hand we put 
N = 8573°—2?—7118 = 8575 x8573—7118 
= 5? 788573 —2 X3559, 
N = 8573°—3?—7113 = 85768570—7113 
= 21546710857 — 32371, 


N = 8577X8569—7106 = 9X953K1LXK19 X41—2 X1L X 17X19, 


then N appears to be divisible by 11 and 19, but not by 8573, 
3559, 67, 857, 2371, 953, 41, 17. 

The series 7121, 7118, 7113, 7106, etc. of the numbers c shows 
the differences 3, 5, 7, etc. if @ is increased and 6 diminished 
by unity. 

The division having been achieved, we find as quotient 
N, = 351623 = 593%—26, with 13 (factor of 26) as non-divisor. 

By means of 14 operations already 23 of the 106 prime numbers 
minor to j/N can be declared to be non-divisors; by testing 47 
and 61 by direct division all divisors minor to 71 are shut out. 


If we put V= oe (= 


2 
; 5 ) , at least one of the two suc- 


1 iced ae Ea. ot 
cessive numbers and othe divisible by 2 or 3 or 2X3. 


The divisors of the quotient so obtained are non-divisors of N. 


IV. Determination of the difference of the factors. 


We put a= -+ m and therefore NV = (b + m)? — b? = m(m + 28). 
Now we try to determine 4 and m by assuming for m a value near 


to /N, calculating N?—m* and then 26 = is If this 


quotient be not an entire number we repeat this calculation with 
an m smaller by two (m being odd with J). 


(To be continued.) 


F. J. VAES. ,,Factorisation of large numbers.” 
5 Table II. 
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Mathematics. — “A formula for the volume of the prismoid.” 
By Prof. JAN DE VRIES. 


As is known the volume of the prismoid is given by the expres- 
sion 


T=—hP+Q+4M), 


where / denotes the distance of the parallel faces, P and Q repre- 
sent the areas of these faces and M stands for the area of the sec- 
tion with the plane bisecting the distance of the parallel faces. 

We wish to show here, that this formula forms a special case of 


P 
a more general one, in which @ has been replaced by the area D 


of the section with the plane dividing the distance h between P and 
Q in the ratio of p to gq. 

By joining any point O of the face P with all the vertices of the 
prismoid and combining these lines two by two by the necessary 
planes the prismoid is divided into: 1% a pyramid with vertex O 
and base Q, 2°. a number of tetrahedrons with three vertices in P 
and one vertex in Q, 3°. a number of tetrahedrons with two ver- 
tices in each of the faces P, Q. 

Let us first consider a tetrahedron P; P, Q3 Q, of the last group 
and suppose that the edges P, Q3, P; Qu P. Qs, P,Q, meet any 
plane parallel to PF, Py and Q; Q, in the points Dis, Dyyy Dog, Dog. 
Then we have 
Dj3 Dog = Diy Dog = ones P, Py and Dig Dig = Days Dog =— Os Qs 

Now this tetrahedron can be considered as the second of three 
tetrahedrons, into which a certain prism with three side-faces is 
divided by two diagonal planes. Of any of the two triangles in the 
parallel planes limiting this prism two of the three sides are paral- 
lel to sides of the parallelogram D)3 Dy3 Dg, Dy4; so the areas of these 


figures are in the ratio of P,P, X Qs Q to 2 times Dj3 Deg K Dis Dig, 
i.e. as (p+ )® to 2pg. So the volume of the tetrahedron is equal to 


D' representing the area of the parallelogram. 
The pyramid with vertex O and base Q determines in the plane 
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D an area D" equal ony Q. So the volume of this pyramid 


mee 


is equal to 


In the same manner we find that the volume of a tetrahedron 
of the second group can be represented by 


2 
i ies (p + q) dD" 
3 2 pq 


Moreover we have > D'+ D' +> D"= D ; so the volume of 
the entire prismoid is given by the formula 


ek pent eg 29—p (p +9)" ae? 
I= zh ae FS Gap | oat) 


i 
For p=q=1 we reobtain the result J = re A(P + Q+4M), 


as it ought to be. From the two formulae we deduce 
p 
(pP+yD = ¢qa—p)P+p(p—DQ+4pgM . . (2) 
For p=1, g=2 we find the remarkably simple relation 
l 1 
> 2 h(Q 18 D2) ene) 


Still in another manner the volume can be expressed by means 
of two parallel sections. By interchanging p and q in (1) we get 


h q 
as a ie 
I= 5 —|@pa—P) P+ 2g — a) 0+ (p+ 9D]. 
By addition of this equation to (1) we find 
=sp5 [her - DELO +t DO +D)). . & 
Pq 
For p=//3 + 1 and g =1/3 — 1 this relation gives finally 


pV} V3—1 
ish D nate foi < 
2 rh (p V3—1 a a (5) 
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Physics. — Dr, L. H. Srertsema: “The dispersion of the magnetic 
rotation of the plane of polarisation in negatively rotating 
salt-solutions. Il. Further measurements with potassium ferri- 
cyanide.” Communication N°. 76 from the Physical Laboratory 
at Leiden. (Communicated by Prof. H. KammrnincH ONNES.) 


In the Lorentz jubilee volume!) I have discussed some measu- 
rements on the negative rotation of solutions of potassium ferri- 
cyanide, where the rotation of the salt was found by letting the 
pencil of light traverse the solution and water alternately and by 
measuring each time the position of the dark band in the spectrum. 

These measurements have now been continued with the same 
salt, in the first place to investigate the influence of some small 
improvements made in the apparatus and also in order to investigate 
whether the rotation constants, as they have been calculated for 
the different wave-lengths are really independent of the concentra- 
tion of the solution. 

The chief alteration in the apparatus is that now the two adjoin- 
ing tubes, one for the solution and one for water are closed by 
means of the same glass plates. While formerly, when the two tubes 
were interchanged the spectrum was considerably displaced, because 
the glass plates were not perfectly parallel to each other, this 
displacement has now been reduced to a small quantity, and hence 
more certainty has been obtained in the determination of the wave- 
length. Moreover I could make use of sunlight which enabled me 
to determine the wave length still more accurately. 

For the rest the observations were made exactly in the same way 
as before, with solutions of 1, 4 and 2 percent. For the calculation 
I have availed myself of the measurements of the magnetic rotation 
in water, published in the Bosscua Jubilee volume *). 

The results are given in the following table. The symbols used 
are the same as in the previous Communication °) viz.: 


A, the wave length for the dark band in the solution. 


ho ” ” ” ” ” ” n ” water. 

ga, the rotation constant of the solution 

Punts % - » water for the wave-length A, 
Pom on 5 . , the salt 


') Arch. Néerl. (2) 5 p. 447; Comm. Phys. Lab. Leiden N° 62. 
) Arch. Néerl. (2) 6 p. 825; Comm. Phys. Lab, Leiden N° 73. 
Syiae. y (2) 5 p. 457; yt y yn N° 62 p. 451. 
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Solution 19/. 


Ay ho Pa, Pur . Psa, 

512 546 1.182 1.352 01 G2 
524 556 1.137 1.288 me ae 
512 549 1.167 1.352 moa Hy Sy) 
525 556 1.137 1.283 sony 8 
517 548 1172 1.325 — 14.6 
543 572 1.068 1.195 a ON 
545 573 1.064 1.186 21186 
542 570 1.076 1.200 entice 
566 590 0.996 1.093 tel 
578 603 0.947 1.043 a Ot 
611 635 0.842 0.919 £7 TS 


Solution 49/o. 


500 519 1.314 1.423 — 21.2 
647 661 0.770 0.807 — 7.0 
606 617 0.899 0.936 — 7.1 
541 558 1.128 1.204 — 14.6 


Solution 2/). 


598 646 0.810 0.966 a 
520 597 0.969 1.309 216.2 
550 612 0.916 1.163 2213.6 
572 625 0.872 1.068 Many. 
507 595 0.976 1.380 S10 
531 601 0.954 L200 er nent ats 


The results have been combined in the annexed figure, in which 
the rotation constant %,,, is represented as a function of the wave- 
length 4,. If we take into consideration that with the solutions of 
4 percent the accuracy becomes smaller, on account of which 
we must not attach too much importance to the two deviating 
results for 4; = 541 and 647, it appears that no distinct variation 
of the rotation constant @,, with the concentration can be demon- 


Psra—* 
A=480 500 520 540 560 580 600 620 640 660 


X sol. ¥ pCt. 
e » il » 
OP Sy es 


strated. The strong increase of gs, when approaching the limit of 
absorption (A; = 490) is again shown here very distinctly. 

The measurements will be continued with other salts. Possibly 
also the important theoretical results on the magnetic rotation 
in absorbing solutions found by VorerT!) can experimentally be 
tested by means of this method. 


Physiology. — Dr. C. WINKLER presents in the name of Dr. J. 
K. A. WertHemm SALOMONSON an essay, entitled: “A new 
law concerning the relation of stimulus and effect.” 


Whenever a stimulus, is applied to a biological element this fact 
will generally be followed by a stimulation-effect. In cases where a 
contractile protaplasma is concerned, the effect will consist in con- 
traction of the protoplasma. With other elements, like neurones the 
stimulation is transformed into a potential-wave, extending itself with 
moderate rapidity, some dozens of meters per second, along the nerve- 


1) Drude’s Ann. 6 p. 734. 
23 
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fibre, and in this way conducted towards the end arborization, where 
a new nervecell is exposed to a temporary electrical P. D. procuring 
an adequate stimulus for that cell; here the same fact will repeat 
itself, we obtain again a potential-wave, extending along the second 
neurone. If a lower motor neurone ewere stimulated, then too a 
potential-wave would extend itself along the nerve-fibre, to pass 
finally on to the muscle-protoplasma, where the stimulus is transformed 
into potential energy, which in this case however would be 
a contraction. 

It is sufficiently known, that by increasing the stimulus the effect 
increases too, but as to the exact relation between the two magnitudes 
— cause and effect — we are in ignorance as yet. A law does exist 
concerning a definite kind of stimuli, acting upon some of our senses; 
a law indicating approximately in what manner the intensity of 
sensation increases with the magnitude of sense-stimulation — the 
well-known psycho-physical law of WrEBER—FEcHNER. This law 
however decidedly does not prevail for the stimulation of contractile 
substance: the endeavour of PReyeER to establish a myophysical law, 
quite analogous to the psycho-physical law is to be considered as 
a failure '). 

Apart from the above mentioned treatise of Preyer, which may 
be safely left out of consideration, together with the objections raised 
against it by Lucusincer *) and BERNsTEIN °), a few other commu- 
nications have been published concerning the subject occupying us here. 

Among the first publications on this matter ranks that of Hermann *), 
who in i861 loaded a muscle with different weights and measured 
the intensity of the smallest stimulus, sufficient to cause a minimum 
contraction. The results of these researches are rendered clearly 
enough by his words: ,Ks ergab sich, dasz bei gleichmidssigem 
» Wachsthum der verlangten Energie die Reizgréssen anfangs langsam, 
,dann schneller wachsen und bald nicht mehr erreicht werden. Mit 
,auderen Worten : bei gleichmassig zunehmenden Reizgréssen wachsen 
,die Energien zuerst schnell, dann immer langsamer und erreichen 
,bald ein Maximum (die sog. ,absolute Kraft”’).” 

I wish to claim attention for the fact that the conclusion thus put 
before us is substantially a right one, but —as has been demonstrated 


1) W. Prever, Das myophysische Gesetz. Jena 1879. 
*) LucusincerR, Archiv f. Physiologie. VI. S. 295, 642. VIII. S. 538. 
3) BERNSTEIN, 7] " y VI. S. 403. VIL. S. 90. 


*) Hermann, Archiv f. Anatomie u. Physiologie. 1861. S. 369-396. Id., Hand- 
buch d. Physiologie. I. 1. S$. 108. 1879. 
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already by TIGERsTEDT — it cannot be based solely upon the single 
series of experiments published by HeRMAnn, but has probably been 
deduced from several non-published series of experiments. 

Among later investigators I will only mention A. Fick 1), TrmGet ®), 
Lamansky *), A. B. Meyer‘). Fick arrives at the conclusion that 
with small magnitudes of stimulus, rising only very little above the 
thresholdvalue, the effect measured by the intensity of contraction, 
the load remaining constant, is pretty well proportional to the 
stimulus, but increases less rapidly afterwards. At last a maximum 
is obtained, increasing no more by any increment of stimulus. This 
result is confirmed by A. B. Meynr. 

First of all among the latest investigators, the results of whose 
researches demand a closer examination, T1GERSTEDT 5) ought to be 
mentioned, who arrives by a series of most carefully executed expe- 
riments with the aid of an unimpeachable instrumentarium, to 
the conclusion that ,bei gleichformigem Zuwachs der Stirke des 
electrischen Reizes die Muskelzuckungen zuerst schnell, dann immer 
langsamer zunehmen, um schlieszlich sich einem Maximum asymp- 
totisch zu nahern. Dieses Gesetz gilt, sowohl bei dirccter Muskel- 
reizung als bei indirecter von Nerven aus, fiir constante und inducierte 
Stréme, in welcher Richtung sie den Nerven oder den Muskel durch- 
flieszen mogen.” 

Finally we ought to remember A. WALLER®), who also published 
a series of experiments. Although starting from the unexact 
premises, that the phsychological law of Wessk—Fccunegr prevails 
here too — with which statement however the obtained results are 
in absolute disaccordance — I believe his series to possess yreat im- 
portance from different points of view. Furtheron we will repeatedly 
have to quote and to examine them more closely. 

Fick 7) accepted a lineal relation between feeble stimuli and the 
effect, whilst by increased stimuli no further increment of effect was 


1) A. Fick, Untersuchungen iiber elektrische Nervenreizung. 1864. I[d., /Studien 
iiber elektrische Nervenreizung” in Festschrift f. E. H. Waser. 1871. 

2) TrecEL, Arbeiten aus der physiologischen Anstalt in Leipzig. X. 1875. Bericht 
der Sichsischen Gesellschaft f. Wissenschatten, Math.-Phys. Classe. 1875. 

3) Lamansky., Studien des physiologischen Instituts zu Breslau. 1V. S. 220. 1868. 

4) A. B. Meyer, Untersuchungen aus dem physiologischen Laboratorium der Zitricher 
Hochschule. I. pag. 86—50. 1869. 

6) R. Tieerstept, Mittheilungen vom physiologischen Laboratorium des Carolinischen 


Instituts in Stockholm. 3es Heft. 1884. : 
6) A. Watzrr, Points relating to the Weper—Fecuner Law. Brain 1896, p. 200. 
”) 1. c. pag. 14. 
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to be obtained; a mathemical expression or a graphic schema of this 
law was not in accordance with his results, as was demonstrated 
afterwards by TIGERSTEDT '). 

Neither does the psycho-physical law ft into the framework of 
muscle-stimulation. 

TiGERSTEDT’s hypothesis that the relation between stimulus and 
effect might possibly be expressed by a hyperbola, has already been 
rejected by himself. 

Hitherto then there does not exist a law expressing this relation 
with sufficient accuracy. 

In the following essay an endeavour is made to fill up this de- 
ficiency. I believe indeed to have succeeded, starting from a few 
definite premises, to establish a law indicating with great accuracy 
the relation between intensity of stimulus and effect. 

To begin with I intend giving the deduction of the law, to 
proceed afterwards to test this law to the results, obtained hitherto 
by experiments about muscle-contractions. In a following essay we 
shall try to examine whether this law holds good in other cases 
than those where muscle-contraction is concerned. 


As soon as a stimulus is applied to the muscle-protosplasma this 
last suffers a change. A part of it is transformed, and potential 
energy is developed by means of which labour may be performed. If 


K be the force of tension, then at K dt represents the whole of the 


potential energy. On this sum of the potential energy depends the 
performed external labour. 


If we call fp} Kdt the effect or the quantity of muscular power 


made free, then we may deem this to be ultimately dependent ona 
quantity of changed chemical substance, on a number of transformed 
molecules. 

Supposing a stimulus 2 to be the cause of the transformation, by 
which a quantity F is transformed, we will see what is going on 
during a small particle of time. In a very small particle of time dt 
the stimulus may change for a certain amount dR, in consequence 
of which the quantity of matter is changed for a certain amount 
—dE. Under the restriction, that these increments are extremely 
small, we may admit proportionality between increment of stimulus 


1) 1, c. pag. 5. 
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and increment of effect, we may therefore state provisionally : 


Physical chemistry however has made us acquainted with a law 
of mass-action, GULDBERG and WaAaGpr’s law, stating that in a small 
particle of time the quantity of transformed matter is proportional 
to the quantity of transformable substance. Applying this law here, 
and calling the extant quantity of transformable substance £,, we 
obtain : 


Bates VE hie (1) 


wherein B represents a constant. Multiplying with dt and then sepa- 
rating the variables we obtain: 


and after integrating: 


log nat E, = —BR-+ constant. . . . . (3) 


We may express this formula still in a somewhat different way, 
for which I choose from several motives this formula: 


E, 
lee Matis ace a oi ib at erated setts) 


which may be written: 


St Ran) 5 an Nee Pe tars oe aE 65 


A and B representing constants and « the base of the Napierian 


logarithms. 

This formula represents the quantity of transformable matter still 
extant after the action of the stimulus 2. If the quantity of substance 
originally extant — before the action of the stimulus — may have 
been Z,, then the quantity of transformed substance, in other words 


the effect, amounts to: 


E= EF, — Ae—E . ° ° o ° o e ° (6) 
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In direct consequence of the initial condition, i. e. that R being 
= 0, E too must be = 0, it follows that Ly) = A, therefore (6) becomes 


BA SB ios 2 


For practical use we ought still to add a restriction to this expres- 
sion. We know that a stimulus operates an effect only then, 
when its intensity has risen above a certain initial value, the so-called 
threshold-value, ,Schwellenwerth”. Therefore we are not allowed to 
count the full value &, but only the remainder obtained by substrac- 
ting the threshold-value; the latter being expressed by C, our formula 
finally then will be found to stand thus : 


E=S=Atl—¢—-Fh—0) for R> Cc. oe ho) 


In this way we have established a formula, expressing a relation 
between magnitude of stimulus and effect, based on a few supposi- 
tions initially taken for granted. These premises were : 

1°. that the increment of stimulus being very small, the increment 
of effect was proportionate to it, 

2°. that the quantity of transformed substance in a very small 
particle of time was proportionate to the extant quantity of transfor- 
mable substance (Law of mass-action). 

3°, that the effect was proportionate to the quantity of transformed 
substance. 


For the present I do not intend testing the appropriateness of 
these premises. If the suppositions are inexact, then the law too shali 
prove infallibly inexact. If on the other hand the law is proved to 
be in accordance with the results of experiment, this sole fact will be 
sufficient proof for the probability of our premises. Undoubtedly 
however we will have even then to examine more closely the signi- 
ficance of the premises, from which we started. 


What now is the real meaning of the formula (8). In the first 
place I wish to lay some stress on its analogy with several well- 
known physical laws. 

For the charging of a condensator through a non-inductive resistance 
we possess a similar formula, wherein however the quantity of elec- 
tricity extant is substituted for Z, and the time ¢ for the stimulus 
R—C, For the monomolecular reactions too we find a similar expres- 
sion, indicating the quantity of substance transformed after a definite 
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lapse of time since the beginning of the reaction, This conformity 
however is hardly astonishing, when we consider the genesis of the 
formula. Furtheron we may perhaps be enabled to demonstrate that 
in the domain of muscle-function phenomena may occur that are 
time-functions and proceed in absolutely the same manner as the 
laws for the discharge of a condensator or the velocity of monomolecular 
reactions, as e.g. the process indicating recovery from fatigue. 

The formula (8) represents an exponential asymptotic curve, 
viz. with the increment of the variable 2, E too increases, but 
gradually more slowly, till at last it approaches a definite maximum, 
never quite attainable. Whilst the increment of £ is strongest, when 
the magnitude of & is very small, the increment diminishes gradu- 
ally, as R becomes greater. 

This relation will appear more clearly by the aid of a graphical 
expression of this function. If in a rectangular system of codrdinates 
we take the different values of & as abscissae and after assuming 
definite values for the constant quantities d, B and C, calculate the 
magnitude of the £, belonging to each value of R, and take them 
as ordinates then we are enabled to plot the curve expressed by (8). 
(See figures 1—10). 

The zeropoint on the x-axis is determined by the quantity C. 
The factor B determines the steepness of the curve. By a very simple 
method this steepness may be indicated in a still more striking 
manner. Therefore we consider firstly that the curve shows a 
marked tendency to attain a definite maximum, indicated by the 
constant A, which fact is evident by a single glance at the figure 
as well as at the formula. 

The value e—4(2-©) grows smaller in reason of the increase 
of RF, until R being =o, <—32@—-© will have become = 0, thus 
reducing the formula to ER=w— A. 

We now may express the steepness of curve by the magnitude of 
stimulus necessary to make B(R—C)=—1. The formula then will 
stand thus. 


1 
Ep(R—-0)=1 = a(1 —- ;) = 0,632 A 
é 
or about 2/, 4. From this condition, follows: 


(Do KG) = ¢ A ircerecaraal yt eae aan) 
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viz. we must give to the R—C a magnitude making it equal to 


1 , 
= to obtain a stimulus operating an effect that will amount to */s 


1 
of the maximal effect. We will call this value = the stimulus con- 


stant. The knowledge of this constant, combined with the know- 
ledge of the thresholdvalue of the stimulus and the maximum-value 
A, supplies us with a complete image, of the magnitude of effect in 
relation to the stimulus, the two former ones giving moreover an 
image of the rapidity with which our curve rises. 

We will now try to test our law to the facts, furnished by the lite- 
rature on this subject. For several reasons I have not deemed it 
necessary to add my own results: the facts, supplied by former 
publications appear to me quite sufficient. 

As the older series, published by Hermann, VOLKMANN 1.4., 
are obtained almost without exception by the , Ueberlastungsver- 
fahren,’ we cannot make use of these for our purpose. Never yet 
has it been proved that the maximum force of a muscle during the 
contraction may be considered as representing the total effect : gene- 
rally this will not even approximately be the case. 

We may however safely assume this to be the case for the 
lifting-height of an isotonic contraction, provided the tension be 
excessively small. 

This last restriction made, we may assume the lifting-height to be 


proportionate to the force-integral, , to I K dt. 


In the litterature I found communications by two investigators, 
who by the acknowledged accuracy of their work may be said a 
priori to offer reliable results. Therefore I have restricted myself 
to the results of these two physiologists, R. TicersTepr and 
A. WALLER (I. c.) 

I will now proceed to present a few series, calculated from the 
results of their experiments after the above-mentioned formula. 


E= Afi — s-BR-0)}, 


Here £ represents the amount of contraction R the magni- 
tude of the stimulus applied. If in this formule the value R is 
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determined, whilst to A, B and C the value, mentioned at the head 
of each series is allotted, then we may from all these calculate Z 
(24 column). The Z’s measured by TiaERsTepT and WALLER, are 
indicated in the third column, whilst the fourth column g gives the 
differences between calculated and measured values. Underneath the 
series are placed =g*, the sum of the squares of the errors and 
also the mean error of a single observation. 


TABLE I, calculated from the numbers of 
A, WALLER. (Brain 1895, pag. 209). 


A = 12.838 

B= 6.4029 

C= 1759234 

R | E cale B meas. v 

1.65 32930 4. — 0.065 
AV 7) 9.205 o: + 0.205 
1.87) 11.692 12) — 0.310 
EAs) 426 12.5 | — 0.174 
2.32) 12.716 12.5 | + 0.216 


Ow = 0.3310 


TABLE II, calculated from the numbers of 
R. TiGERSTEDT. Versuch 6.1 Indirecte 
Reizung vom Nerven aus; absteigende 
Schliessungsinductionsschlage. 


Fig. 1 

A = 6.87456 

B= 0.13016 

C = 62.59855 
R. E calc. |Emeas Q. 
65. 1.8454 1.8 | + 0.0454 
70.) 4.2512 4.4 | — 0.1488 
75.| 5.5061 5.4 | + 0.1061 
80.| 6.1619 6.1 | + 0.0619 
855) 675022 6.6 | — 0.097 
90.| 6.6803 6.65 | + 0.0303 
95.| 6.7732 6.75 | + 0.0232 


= go % = 0.050318 


Um = 0.11246 
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TABLE 1IL. Trcersrept Versuch 7, IL 
pag. 11. Indirecte Reizung von Nerven 
aus. Absteigende Schlieszungsinductions- 
schlage. 


Fig. 2- 
A = 11.72188 
B= 0.35383 
C = 41.63615 
R E calc. |Emeas. @ 


44| 6.6431 | 6.7 | + 0.0869 
46 | 9.2190 | 9.4 | + 0.1810 
48 | 10.4890 | 10.4 | — 0.0890 
50 | 44.4144 | 14.48] + 0.0356 
88 | 41.6182 | 11.4 | — 0.2186 
60 | 414.7043 | 11.58] — 0.1543 
68 | 11.7190 | 44.7 | — 0.0180 
70 | 44.7213, | 14.8 | + 0.0787 
75 | 14.7218 | 41.78) + 0.0282 
go | 44.7219 | 41.8 | + 0.0781 
gs | 44.7219 | 41.7 | — 0.0219 
90} 41.7249 | 41.73] ++ 0.0281 
95| 44.7219 | 41.8 | + 0 0781 


S gy? =0.137594 


(Om = 0.1173 


TABLE LV. Ticerstepr. Versuch 20 If a, 
pag. 13. Indirecte Reizung vom Nerven 
aus. Absteigende Oecffaungsinductions- 
schlage. 


Fig. 3. 
A = 13.62872 
B= 0.17218 
~ C= 35 05147 
R E calc. Emeas. g 


40 7.81520 | 7.8 | — 0.01520 
45 | 411.17069 | 411.2 | + 0.02934 
50 | 12.58954 | 12.75) + 0.16046 
55 | 13.418925 | 13.05} — 0.13925 
60 | 13.44284 | 13.3 | — 0.14281 
65 | 13.55002 | 13.5 | — 0.05.02 
70 | 13.59534 | 13.5 | — 0.09534 
75 | 13.61545 | 13.45) — 0.16445 
80 |} 13.62260 | 13.55) — 0.07260 
85 | 13.62605 | 13.7 | + 0.14395 
90 | 13.62762 | 13.85} + 0.22238 
95 | 13.62825 | 13.8 | + 0.17175 


9? = 0.210204 


@m = 0.15283 
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TABLE V. Ticersrept Versuch 27 a I 
pag. 14. Indirecte Reizung des Muskels 
Aufsteigende Oeffoungsinductionsschlage 


TABLE Vbis. Tiaerstept 27 a JI, th: 
second series of numbers being neglected. 


Fig. 4. Fig 5. 

A = 10.93776 = 10.827 

B = 0.090832 B= 0.1112 

C = 53.20286 54.19 
R E calc. |Emeas. Q R E calc. |Emeas. Q 
60 5.0385 5.3 | + 0.0615 60 5.1523 5.3 | + 0.1477 
65 7.1910 7.0 | — 0.1910 (65]|  (7.5713] | [7.0] | — 0.8713) 
70 8.5593 8.9 | + 0.3417 70 8.9604 8.9 | — 0.0604 
7d 9.4275 9.6 | + 0.1725 75 9.7562 9.6 | — 0.1562 
80 9.9788 10.3 | + 0.3212 80 | 10.2129 10.3 | + 0.0871 
85 10.3288 10.5 | + 0.1712 85 10.4747 10.5 | + 0.0253 
90 | 10.5512 10.6 | + 0.0488 90 | 10.6250 10.6 | — 0.0250 
95 | 10.6923 10.7 | + 0.0077 95 | 10.7110 10.7 | — 0.0110 


Sg % = 0.321598 


Om = 0.25361 


= o? = 0.058833 


Om = 0.12128 


Much beiter values are obtained by neglecting the second 
number of Table V in making the calculation. We then obtain 
Table V bis, in which the mean error is diminished by half. 
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TABLE VI. Traprstept Versuch 28 I, 
pag. 14. Indirecte Reizung vom Nerven 
aus. Aufsteigende Ocffnungsinductions- 
schlage. 


A = 10.873652 
B= 0.149257 
C = 39.70838 
R E eale. E meas. g 


40 | 0.4630 | 0.95] + 0.4870 
42.) 3.4481 2.6 | — 0 5481 
4k | $1434 5 18| + 0.0069 
46| 6.5303 | 6.65) + 0.1197 
48 | 7.7193 | 7.8 | + 0.0807 
50 | 8.5330 | 8.9 | + 0.3670 
52 | 9.1374 | 9.45) + 0.3126 
b4 | 9.5882 | 9.8 | + 0.2148 
36.| 9.9180 | 10.18} + 0.2320 
38 | 10.1649 | 10.4 | + 0.2354 
60 | 10.3476 | 10.45) + 0.1024 
62 | 10.4833 | 10.5 | + 0.0167 
64 | 10.5844 | 10.6 | + 0.0189 
66 | 10.6388 | 10.65| — 0.0088 
68 | 10.7145 | 10.68] — 0.0645 
70 | 40.7585 | 10.7 | — 0.0855 
73 | 10.8178 | 10.7 | — 0.1178 
80 | 10.8473 | 10.7 | — 0.1473 
85 | 10.8612 | 10.75) — 0.1412 


= Q 2 = 1.012387 


Om = 0.25154 


YABLE VI]. Tiaerstept Versuch 32. 


Directe Reizung des curarisierten Mus- 
kels mitabsteigenden Oeffnungsinductions- 
schlagen. 


Fig 6. 
A = 13.189552 
B= 0.146606 
~ C= 3.65321 
R E cale. E meas. gv 


4.41) 0.83633 0.5 | — 0.33633 
7.7| 6.20483 6.65| + 0.44517 
10.9} 8.63098 8.85) + 0.21902 
14.4) 10.46045 | 10.2 | -- 0.26045 
18.4| 411.60301 | 144.0 | — 0.60301 
21.6) 12.23968 | 12.0 | — 0.23968 
25.2) 412.62932 | 12.2 | — 0.42932 
28.8] 412.85908 | 13.0 | + 0.14092 
32.8 13.00559 | 13.4 ) + 0.39441 
36.4) 13.08097 | 13.5 | + 0.41903 


Pe = 1.38348 


Om = 0.4446 
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TABLE VIII. Tigerstept Versuch 38. 
Indirecte Reizung des Muskels; aufstei- 
gende Oeffnungsinductionsschlage. 


Hig. 7. 
A = 9.974197 
B = 0.1287685 
C = 48.25489 
R E calc, E meas. Q 


55 5.7904 5.8 | + 0.0099 
60 7.7766 7.8 | + 0.0234 
65 8.8200 8.8 | — 0.0200 
70 9.3690 9.4 | + 0.0310 
75 9.6558 9.65} — 0.0058 


= 92 = 0.00204021 


On = 0.03194 


In reviewing the series here communicated, we cannot but remark 
the singularly fine agreement between the calculated lifting-height 
and the measured numbers; an accordance such as is indeed hardly 
ever to be met with in physiology. The errors remain generally 
within limits, not exceeding the errors of observation. Usually 
the measurings are given with an accuracy of 0,1 m.m.; sometimes 
even 0,05 m.m. is noted. We may therefore safely assume that the 
observation error amounts to 0,1 m.m.; the mean error of a single 
observation in each series amounts from 0,1 to 0,15 m.m.; the 
smallest value amounts only to 0,03 m.m. and was found in 
TIGERSTEDT’s series N°. 38. In the other series we find 0,08, 0,10, 
0,11, 0,14, 0,15 and 0,25 m.m., whilst one of WALLER’s series 
offers a larger error, viz. of 0,33 m.m., just like T1GERSTEDT’s series 
N°. 32, where the mean error of each observation even rises to 
0,44 m.m. 

For both errors, that in WALLER’s series and that in table VI, 
a very good reason seems to exist. We will begin with TIGERSTEDT’s 
series. 

A closer examination of the curve shows that probably the first 
observation of the series has caused this abnormality. Therefore I 
give for series 28I a new approximation, in which the first value 
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has been left out. We remark directly that the mean error is 
greatly diminished and has fallen from 0,25 to 0,08. 


TABLE 1X. Trcersrept Versuch 28. I 


(The first observation has been selented). 


ig. 8 
A = 10.7698 
B= 0.17784 
C = 40.463 
E 
R E ecale. eaten v 
42 eG 2.6; — 0.0244 


44 5.0279 5.45) — 0.1221 
46 6.7462 6.65) + 0.0962 
48 7.9498 7.8 | + 0.1498 


30 8.7940 8.9 | — 0.1060 
52 9 3854 9.45] — 0.0646 
54 9.7994 9.8 | — 0.0006 


36] 10.0859 | 10.45] — 0.0608 
88 | 10.2940 | 10.4 | — 0.1060 
60} 10.4339 | 10.5 | — 0.064 
62) 10.5334 | 10.6 | — 0.0606 
64 | 10.6084 | 10.65) — 0.0446 
66 | 10.6544 | 10.65] + 0.0044 
68 | 10.6888 | 10.7 | — 0.0112 
70 | 10.7130 | 40.7 | + 0.0130 
73 | 10.7461 | 40.7 | + 0.0461 
80 | 10.7597 | 10.7 | + 0.0597 


85 | 10.7654 | 10.75) + 0.0634 
| 


> ¢? = 0.09878 


Om = 0.08115 


Calculation shows that, in the case of an exceedingly feeble 
stimulus the response does not quite agree with the formula, though 
for all other stimuli, excepting only the minimum ones, this formula 
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expresses perfectly in what manner the effect changes with the 
changing of the stimulus. When examining some of the curves 
added by Ticersrepr to his publication we will observe directly the 
same deviation. In his figures 2, 3, 4, 6, 9, 13 we see that the 
curves, instead of being invariably concave to the z-axis, show in 
the beginning a marked tendency to become slightly convex. I believe 
a good reason to exist for this fact, which, though not expressed 
in my formula, may easily find expression in it by a small alteration. 
I trust to be able to explain this question in a later communication. 

We have now still to examine more closely WALLER’s series. 
WALLER gives with his experiments not only the value of the 
lifting height for each magnitude of stimulation, but adds also the 
magnitude of the negative variation responding to each nerve-sti- 
mulation. In fig. 9 of his publication he presents a continuation of 
the same experiment, in which only the negative variation is recorded, 
and showing that the negative variation increases regularly with 
increasing strength of stimulation. In his figure 8 (l.c.) the graphic 
representation of this fact is given, reproduced by me in fig. 9; 
when stimulation is increased, the negative variation continues as a 
perfectly straight line, at any rate within the limits of the intensities 
used for excitation. 

We may represent this relation by the simple mathematical expres- 
sion y= P+ Qr, y representing the negative variation, x the mag- 
nitude of stimulation and P and Q two constants. Inverting this, 
we may therefore also represent the magnitude of stimulation as a 
function of the negative variation: 

plas T sey ah ST) «tn 410) 
wherein JZ and-S are new constants. At any rate we may assume 
here the negative variation to be a reliable indicator of the magnitude 
of stimulation used, and we may therefore, with the aid of the 
formula (10) correct the numbers stated for the value of stimulation 
by means of the numbers found for the negative variation, by 
putting the values 

L= 1,41989 and S= 0,04811 
in that formula. We then obtain for & new values, communicated 
in the next Table X: (p. 356) 

When from these new values for F# and a few new constants 
E is again calculated, it will be seen that the agreement is as fine 
as we can desire, and that the mean error has fallen from 0,331 to 0,109. 

Something more still is proved by these numbers of WaLurr. 
In the first place that the magnitude of stimulus possesses another 
thresholdvalue for the negative variation than for the muscle- 
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TABLE X. Table calculated from the numbers given by A. WALLER, the Negative 
variation having been taken as measure for the magnitude of stimulation. 


Fig. 10. 
R = 1.40989 + 0.04811 Neg. var. A = 12.65056 
Bi) 7625272 
C = 1.5971165 
E 
Neg. var.| R meas. A R (calc.) E (calc.) Rak Q 
2.5 1.52 | + 0.01016 4.53016 
5 4.65 | + 0.00044 1.65044 4.0573 4 — 0.0573 
sd 1.79 | — 0.01922 4.77078 9.0578 9 — 0.0578 
12 1.97 | + 0.01721 4.98721 44.9033 12 + 0.0967 
45 2.43 | + 0.00154 2.13154 12.3886 12.5 | -+ 0.1114 
49 2.32 | + 0.00398 2.32398 12.5857 12.5 | — 0.0857 
> )2 =0.00078722 = 0? = 0.035729 
}, middl. = 0.01493 0 middl. =0.1094 


contraction. Whilst for the former the thresholdvalue, expressed 
in the units chosen by WaLier, amounts to 1,40989, for the 
muscle-stimulation it amounts to 1,5971165. From tnis we may con- 
clude to the important fact that this latter thresholdvalue consists 
of the total of two threshold-value’s, that therefore the threshold 
from nerve to muscle is passed only then, when the stimulus 
acting on the nerve is increased with 0,18722 of WatLieEr’s units. 

We may easily calculate by the aid of the formula (10) that the 
negative variation, in the moment that the magnitude of stimu- 
lation reaches the threshold from nerve to muscle, must amount to 
3,894 mM.; as WaLuer has stated further that each mM. of gai- 
vanometric deflection responding to the negative variation, represents 
a potential difference of 0.0001 Volt. we know that on reaching 
the threshold for the stimulation passing from the nerve upon the 
muscle, there is a potentialdifference of 0,0003894 Volt. 


I believe to have proved by the foregoing the correctness of the 
law expressing the relation between stimulus and effect. 

I wish to add the remark that I believe this law to prevail also 
for other excitable organs, especially the senses. 

I intend making further researches on this subject and communi- 
cating their results. 


(January 23, 1902). 


KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN 
TE AMSTERDAM. 


PROCEEDINGS OF THE MEETING 


of Saturday January 25, 1902. 
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(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 
Afdeeling van Zaterdag 25 Januari 1902, Dl. X). 


Contents: “The effect of the induction coil in telephonic apparatus” (I), By J. W. Girray. 
(Communicated by Prof. P. Zuuman), p. 357, (with 2 plates’. — “Saline solutions 
with two boiling points and phenomena connected therewith”. By Prof. H. W. 
Baxuuis Roozesoom, p. 371. — “The Enantiotropy of Tin” (VII). By Prof. Ernst 
Coen. (Communicated by Prof. H. W. Baxuurs RoozEBoom), p. 377, (with 1 plate).— 
“The unfavourable condition of which complain the oyster cultivators on the Eastern- 
Schelde”. By Dr. P. P. C. Hoxx, p. 379. — “A new law concerning the relation 
of stimulus and effect” (II). By Prof. J. K. A. WertHeim SaLomonson. (Communi- 
cated by Prof. C. Winkuer), p. 381. — “On the supply of sodium and chlorine by 
the rivers to the sea”. By Prof. Eve. Donors. (Communicated by Prof. H. W. 
Baxuuis Roozepoom), p. 388. — ,,The effect of the induction coil in telephonic 
apparatus” (II). By J. W. Gittay. (Communicated by Prof. P. Znemawn), p. 400, 
(with 1 plate). — “On Pepsin”. By Prof. C. A. PEKELHARING, p. 412. — “The 
differential equation of Moncr”. By Prof. W. Karreyn, p. 423. — “Factorisation of 
large numbers” (II). By F. J. Vazs. (Communicated by Prof. P. H.Scnours), p. 425. 


The following papers were read: 


Physics. — “The effect of the induction coil in telephonic apparatus” 
(1st part). By J. W. Giitay. (Communicated by Prof. P. 
ZEEMAN.) 


(Communicated in the meeting of November 30, 1901.) 


When Huaues some twenty years ago announced his invention of the 
microphone, this simple apparatus at once drew the general attention. 
Everywhere experiments were made with it. The microphone was 
connected with a couple of Leclanché-cells and a telephone, and 
the sound of a ticking watch, etc. was transferred microphonically 
to the telephone. 

24 
Proceedings Royal Acad. Amsterdam. Vol. IV. 
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When shortly after attempts were made to use the microphone 
in practical ‘telephony, it was soon made evident that on lines of 
some resistance the sound emitted was a great deal too faint. The 
slight changes of resistance taking place in the microphone were 
of so little importance when compared to the great resistance of the 
line, that only a slight, practically useless variation of the current 
appeared in the line. 

It was then that Epison, and at about the same time HooRwse, 
found a simple means to overcome this obstacle: the microphone 
was no longer placed in the line but, with the battery, in the 
primary circuit of a small induction-coil. The ends of the secondary 
wire of that coil were connected with the two lines or with line 
and earth. By an exact selection of the number of secondary turns 
the undulating current of the battery was transformed into an 
alternating current of much higher potential, and telephonic messages 
could be sent over lines of much higher resistance than formerly. 

Except for the use of the telephone at distances of but a few 
hundred metres, not a single telephonic apparatus nowadays is found 
without induction-coil. 


The induction-coils generally used for telephonic purposes, are as 
a rule provided wich four layers of primary wire, each layer con- 
sisting of about 90 turns; the thickness of the wire generally is 
0.5 mM. ‘The secondary is usually made of 0.12 mM. thickness and 
consists of about 3000 turns. In the coil is an iron core. 

Practice has shown that such a coil in most cases gives the best 
results. 

The literature about the choice of the induction-coil is very scanty, 
very few experiments seem to have been made on this subject. 
In the well-known book of PREECE and Stupps “a Manual of 
Telephony” is a table which gives the results of some comparative 
experiments made by Mr. Aprezou for the Swiss Telegraphic- 
Department. The microphone used by him was that of Blake 
then in general use; it was connected respectively with ten difleront 
induction-coils and then the observed intensity and ,clearness” 
was noted down. The word “clearness” probably denotes the degree 
of articulation. 

The intensity and “clearness” of one of the coils were both 
indicated by 1; for another coil, e.g. 0.3 was found for the intensity 
and 0.9 for the “clearness”’. 

The small amount of what is communicated about these experiments 
in the book of Preece & Srusss makes me think, that the figures 
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of the above-named table have not the slightest value. 1) Estimating 
the relation of the intensities of 2 sounds by hearing is rather 
precarious, but how it is possible to express the “clearness” in 
figures I cannot understand. 


In the following lines I wish to give a description of the manner 
in which I have endeavoured experimentally to investigate whether 
in reality an increase of the number of primary turns over and 
above the usual number does not strengthen or improve the telephonic 
sound. And if that does not take place, what may be the reason. 

To do so I made 10 different induction coils, described in Table I 
(page 360). The coils marked 4 are provided with an iron core, 
those marked B are not. For the rest, the coils bearing the same 
number are perfectly alike; so for instance, the only difference between 
6A and 6B is that 6A has an iron core and 62 has none. When 
in future I speak of 2 coils, one of which has more primary layers 
than the other, I shall call the former for simplicity’s sake the coil 
of higher order. . 

The microphone I used for these experiments was the “Hunnings- 
Cone”, a modification of the Hunnings-microphone. 'To measure 
the resistance of this microphone, twelve of them were put in one 
circuit and the resistance was determined. Then I tapped on all 
the microphones and the total resistance was again determined and 
this was repeatedly done. The mean of ail these measurements, 
divided by 12, amounted to about 31/. Ohm. 

From this microphone the ebonite mouthpiece was screwed off 
and a resonator, Fas = 682.6 s.v., placed before the opening in 
such a manner that the narrower opening of the resonator was as 
close as possible to the vibrating plate of the microphone. Before 
the wider opening of the resonator an electro-magnetic tuning-fork 
Fas was placed, kept in motion by a small accumulator. Resonator 
and tuning-fork were both made by Koernie. With my first 
experiments the resonator was fastened in a cork ring, fitting in 
the aperture of the microphone. It was then however evident that 
the microphone vibrated very irregularly, as regards the intensity. 
Then the cork ring was removed and the resonator, clasped in a 
separate stand, was placed before the microphone, so that resonator 
and microphone-box could not touch each other; I then found that 


1) 1 asked Mr. Pregce to inform me where the original description of these experi- 
ments was to be found, whereupon he answered me that he was sorry to say he did 


not remember whence he had the figures. 
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TASB De St: 


aw A ; a P, 7 
Number | Number of! Resistance | Thickness | Number of Length of | ° Me t 3-5 = ; 
Name Resistance ; Thickness coil Ss Bio cl ter te Leugth | Thickness 
of layers of} turns of of of turns of @ ee ig to : d : 
of coil. of sec. wire. lof sec. wire.| between | 3 G'9-2 5 2 » ofironwires. ofironwires. 
prim. wire. prim. wire.| prim. wire |prim. wire.| sec. wire. flanges. % ORS Bis fe 
Bs 5 E ° 
3 A 83 270 0.8 0.5 m.m. 3050 216 0.12 57 mm. | 10.5 m.m. 75 60 mm. | 0.6 m.m. 
3 8B 3 7 270 0.8 ” 7] 214 A ) “ i) 
6 A 6 540 1,85 , ” Q47 ” ” ” 75 uw ” 
6 B 6 540 18 ” r 253 F ” ” 0 
9 A 9 810 3.2 ” ” 316 y ’ ” 75 ” , 
9 B 9 810 3.2 Ww w 995 N uw w 0 
12 A 12 1080 4.9 W ” 353 ” u y 75 ” ” 
12 B 12 1080 4.9 ; ” 540 ” ” ” 0 
15 A 15 1350 6.5 , " 363 ” uv 7 75 u w 
15 B 15 1350 6.4 7 ” 373 ’ " " 0 
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the irregularity of the motion of the microphone had much decreased. 


The battery used on the microphone generally consisted of one 
Leclanché-cell. 


My original plan was to compare by hearing the effect of my 
different induction-coils. I therefore placed the vibrating tuning- 
fork before the microphone and connected by turns one of the two 
coils under comparison with the microphone and the telephone; of 
course in such a way that the primary wire was connected with 
the microphone and the battery, the secondary with the telephone. 

However, I soon found that nothing was to be expected of such 
an investigation, the comparison by hearing of the intensity of 2 
tones being exceedingly uncertain, unless the difference of intensity 
be very great. This is well known from the experiments of 
VoOLKMANN and others '), which proved, that the ear does not hear 
any difference in the intensity of 2 tones, when it is smaller than 
about 30 per cent. 

So I was obliged to compare the induced currents, given by the 
different coils, to each other in another way, and for this purpose 
I made use of BELLATI’s electro-dynamometer”). It is true, that 
even in this way we cannot yet obtain very accurate figures on 
account of the great irregularity with which such a microphone 
and such a tuning-fork work; yet in the following pages it will 
be seen, that by combining a sufficient number of readings the 
figures finally speak for themselves. 

The electro-dynamometer was provided with 2400 turns, thickness 
of wire 0.1 m.m., resistance 460 Ohm. The damping was brought about 
by means of a small circular piece of platinum in concentrated sulphuric 
acid. To determine the coefficient of damping the instrument was con- 


1) Wwnpt, Physiologische Psychologie, 8rd edition Vol. I Ps 364, This is also 
easily shown with a simple apparatus, indicated by Hermans, ‘Zeitschrift fiir Psycho- 
logie und Physiologie der Sinnesorgane”, Vol. XXI, p. 351, sub. 1. 

It has often astonished me that the innumerable improvement’ or rather modifi- 
cations applied to the construction of our magneto-telephones (especially in the first 
years after BELL’s invention) have scarcely any of them found their way. Although 
many of them were quite impossible, yet there were a few modifications from which 
something might have been expected. The cause of this is probably to be found in 
the above-mentioned fact: the reinforcement of the sound of the telephone arising 
from those improvements, will have been smaller than that minimum-limit. 

2) Wied, Ann. Neue Folge Vol. XXV, 1885, p. 325. As the instrument nowadays 
differs in shape so widely from the sketch, given with the above mentioned descrip- 
tion, I hereby give the drawing of the apparatus as it is made at present. The iron 


protecting-ring was not used by me. 
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nected with the secondary wire of an induction-coil, the primary wire of 
which being connected with a Leclanché-cell and with that microphone 
whose tuning-fork had been made to vibrate. As soon as the needle of the 
electro-dynamometer had undergone a deviation and was nearly in rest 
in that position, the connection with the secondary wire was broken ; 
the needle oscillated around its original zeropoint and by reading 
the turning-points the coefficient of damping was determined in the 
usual manner. It was not possible to determine this coefficient whilst 
the alternating currents were passing through the instrument on 
account of the irregular variations in the intensity of these currents. 
The reader can convince himself of this by calculating K in one of 
the following tables from p, and pg or from py and ps. 

The electro-dynamometer was provided with a concave mirror of 
50 cm. focal distance. The lamp-stand and scale differed somewhat 
from that generally used, as is shown in fig. 1. At c an electric 
lamp was placed in the focus of a convex lens, on which a blackened 
vertical diameter had been drawn. The light of the small lamp was 
cast upon the concave mirror a of the electro-dynamometer and 
thence reflected to d. On the scale cd was in the middle the figure 
0; the part of the scale on the right hand of 0 I called +, the 
other —. ab is a normal to the scale passing through the centre 
of the mirror. The scale was not divided into mm. but into smaller 
parts, (a very inconvenient thing in reading) and in such a way 
that 1.59 divisions of the scale were equal to 1 m.m.?). 

During these investigations the electro-dynamometer was 3 times 
removed from its place and every time when again placed provided 
with fresh sulphuric acid. The coefficient of damping, the figure 
where ab cuts the scale and the length of ab (fig. 1) are therefore 
different for the different measurements. They were: 


for the 15* time K=3.3 ab=1830 6 == — 220 
mye gna s K—=4.5 ab=1700 b= — 260 
a) on ” Ka D0, OD =O ates aD 


The first thing I had to do was to investigate whether I might 
take for granted that with alternate currents of that intensity as 


1) This remarkable lamp-stand was made by Messrs. Natprr Bros & Co. London. 


vTheuer und schlecht”, to use the wellknown verdict of Prof. RevLEavx, with a slight 
modification. 
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they were used by me, the deviations of the electro-dynamometer 
were proportional to the square ot the mean intensity of the current. 
I set to work as indicated in fig. 2. 

The microphone was connected with an accumulator and the 
primary wire of coil 3A. As is the case with all the experiments 
described in this paper, the resonator Fa 3 and the tuning-fork Fa 3 
were placed before the microphone. One of the ends of the secon- 
dary wire of 3.A was connected with the electro-dynamometer and 
moreover with the pivot of a Morse-key; the other end of the 
secondary wire with the pivot of a 2™4 Morse-key. The contacts 
of rest of the keys were connected with each other; the working 
contacts likewise, but with that wire were connected: 1°. a coil of 
wire, a, in which a bundle of ironwires was placed under an angle 
of 45 degrees to the plane of winding, quite similar to the coil 
and the bundle of ironwires of the electro-dynamometer ; 2°. the 
secondary wire, 5, of coil 3 B, into which however for this experiment 
an iron core had been put. 

If the Morse-keys were not pressed down, the current induced in 
3 A passed to the electro-dynamometer and thence along 9, 5, 6, 10 
back to the secondary wire. If however both keys were pressed 
down, the current had to pass along 9, 1, a, b, 2, 10 and so passed 
through a 274 Bellati-coil and a 254 secondary wire. In that case the 
resistance as well as the self-induction of the secondary circuit was 
doubled and consequently the strength of the current reduced to half 
its former intensity. 

The relation between current-strength and deviation I have deter- 
mined for three different currents. In the first case the deviations 
with the currents 7 and 27 were respectively 118'.9 and 481’.7; 
in the second case those deviations were 93'.1 and 350'.4 and in 
the third case 21'.9 and 85'.1. 

Three successive turning-points were always observed; the posi- 
tion of rest was calculated according to the well known formula 


Po = Pe peers from p, and py as well as from po and ps. A 
further description is superfluous on account of Table IT (p. 364), 
giving the entire measurement of the 24 of the above-mentioned 
cases. 

In this way I found in the three different measurements the 
numbers 4.05, 3.76 and 3.89 for the relation between the deviations 
brought about by the currents 27 and 7. The mean of these 
three values is 3.9. So for our further measurements we can assume 
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TASB Lek 1: 


Zeropoint before the experiment ++ 311 


mean -++ 312. 
” after, ” + 312 
Strength | Ay Be b c a e iE g h a k 
of yy Po 3 Ouueoa id. from ob deviation for ee deviation for mean mean g in A in 
current. J a lpzandp;.| 2 2¢ (from ec). i : a\? (from c). e if minutes. | minutes. 
p, and py. successive d. 
a — SeeeeeSEEESSSFEFe 
21 |— 187\— 17;\— 56 — 45 — 47 |\— 46 358 | 
i [4 956\-+ 184/+ 911) + 201 | + 905 |4 203 386 109 | 
2% |— 2%3)— 75|— 100 — 109 — 94 |— 102 4.14 
t |J+ 252/4- 181) 218 + 198 + 209 |+- 203 415 109 
2¢ |— 18li— 76/— 121 —- 100 — 111 j— 105 417 
é |+ 286+ 186/4+ 199) + 209 + 196 |4- 202 404 110 387 106 350'.4 | 93/.1 
2¢ |— 130/— 63) — — 79 — |— 79 391. 
é [4 Q6s|4 sslt er] + 904 | + 107 |4 200 386 112 
Qi |— 99i— 43)/— 94 — 56 — 82 |— 69 381 | 
¢ |+ 224/4- 215/-+ 226} + 217 + 223 |-+ 220 346 92 
Dee | AOBEL esas 0 rie Sal 341 | 
Damping = 3.3, ab (fig. 1) = 1830, Point of intersection 4 (fig. 1) = — 290. 
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with sufficient accuracy that the deviations of the electro-dynamometer 
are proportional to the square of the mean current. 


To investigate which of the induction-coils named in Table LE 
connected in the usual way to a telephonic apparatus, would give the 
strongest induction-current I set to work in the following way: 


In the first place only coils with iron were compared with one 
another. In fig. 3, K and K 1 are the coils to be compared. I, II, III 
and IV are Morse-keys which by means of a simple arrangement 
can be all pressed down at the same time. In the position of rest the 
keys themselves are connected with the upper contacts; cc is a double 
switch by which the current flowing to the electro-dynamometer 
can be opened or shut. R is a rheostat, shunted to the coil 
of the electro-dynamometer to reduce the deviations to a suitable 
size. As is easily seen from the figure, coil K1 is connected with 
the electro-dynamometer and with the microphone, as long as the 
keys are not pressed down; when the keys are pressed down, coil K is 
connected with the electro-dynamometer and with the microphone. 
All contacts not being broken or made by the four keys exactly 
at the same time when the coils were interchanged, care was taken 
that the commutator cc was always opened a little time before the 
keys were pressed down and before they were relinquished again, 
as otherwise strong induction-currents might find their way to the 
electro-dynamometer, which would give rise to remanent magnetism 
in the bundle of iron wires and a great modification of the zero- 
point. 

In the first place I have compared coil 3A with 6A, 9A, 12A 
and 15 A and after that again 6 A with 9A, 9A with 12 A and 
12 A with 15 A. 

Table III (p. 366) shows how the experiment to compare 3 A 
with 6 A was made; in quite the same way the six other measu- 
rements were made. From the first four measurements I got for 
the proportion of the intensity of the induced currents given by our 


five coils: 


Coil: 3A 6A 9A 12 A 1b A 
LR Ss | 1 1.507 | 1.499 | 1.114 | 0.818 
induced current: | 
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Ie AS Bale Be> Fils 
a a a et a en A 8 


Zeropoint before the experiment + 325 


mean + 328. 
walter” 7 " + 330 
calenlated . d & f g ’ | : fi 
Coil. | py Pe Ps baie id. from ots deviation for ee deviation for mean mean g in h in ve 
‘ A faltee py, andy,.| 2 |3A (frome). vee 6A (from c). e fe minutes. | minutes. 

3A | 44+ lo7it 92] + 92 | + 96 |4 o4 934 | 
GA |— 259\— 115|— 158) —148 | — 148 |— 148 293 476 | 
3 i+ 67/4 1814113} 4116 | + 117 4 16 q12 | 
6A j|— 3800\— 127\— 187) — 167 — 173 |— 170 2i1 498 
3A j-+ 36/4 13g} 113} +4114 | 4 119 |b 17 211 
6A |— 256/— 95|— 139 — 133 — 129 |— 131 209 459 212 470 188! 427! 1.507 
SA | 43/-+ 144+ 115} +190 | +4 192 4-191! 907 
6A |— 244/— 86/— 140} — 193 — 127 |— 125 209 453 
SA |-f 42/4 1374 119) +115 | +118 |t 17 211 
6A |— 255|— 99/— 145 — 136 — 1384 |— 135 210 463 | 
3A |} 35/4 139+ 113} +15 | + n9 | 17 211 | 


Damping = 3,38, — ad (fig 1) = 1830, __ point of intersection 4 (fig. 1) = — 290. 


From this we find: 


And from the 3 last measurements I got: 


9A 12 A 15A 
— — 0.782 —-=0.76l1 —~ = 0.775. 
6A 9A ny 12 A ve 


9A 
For the value of ee the two results do not agree very nicely ; 


f 12A q 15A 
as for = and soy) 

So now we know, that by increasing the number of primary 
turns of the induction-coil we soon reach a maximum for the inten- 
sity of the induced current and that by continuing to increase the 
number of turns we arrive at a decrease in the strength of the 
induced current. 


the correspondence is very good. 


It was obvious to think, while searching for an explanation of 
this phenomenon, of the possibility that the iron in the coils of 
higher order would be much nearer to its magnetic saturation point 
than in the coils of lower order. In that case the undulations of 
the microphone-current would bring about, in coil 15 A for instance, 
smaller variations in the magnetism of the iron than would be the 
case in coil 3 A. 

This current of thoughts led me to compare the coils with iron 
with those without iron as regards the intensity of the induced cur- 
rents furnished by them. The method I followed for this was just 
the same as the one I had followed for getting Table III. 

The result of this investigation is found below. If we call A the 
current induced by a coil with iron and B the current induced by 
a coil of the same order but without iron, we then find: 


For coil: 3 | 6 | 9 12 15 


The value for as 5.56 | 3.95 | 9.59 | 1.95 | 1.48 


or for the efficiency of the iron, if we 
0.47 0.35 0.27 


take that for coil 3A to be equal to 1: 
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We see from these numbers that the influence of the iron on the 
intensity ofthe induced current is much less in the coils of 
higher order than in those of lower order. And comparing these 
numbers with those we gave on page 11 for the value of A we 
see that the decrease of the effect of the iron between 3 A and 6 A is 
still compensated by the increase of the number of primary turns, 
but that higher than 6A the decrease of the effect of the iron 
predominates and that the increase of the number of turns is then 
no longer sufficient to make good that decrease. 

To investigate whether in reality an approach to saturation of 
the iron may be regarded as the cause of this phenomenon, the 
magnetism of the iron core of coil 15 A was investigated as follows for 
different currents: In fig. 4, M is a bell-magnet hanging on a fibre 
in a copper damper. In the line ad perpendicular to the magnetic 
axis the coils 15 A and 15 B were placed. First the iron core was 
taken out of coil 15 A, then the two coils, 15 A (without iron) and 
15 B, were placed at such distances from the magnet, that a current 
of 1 Ampére, traversing both in opposite directions, did not give a 
deviation to the magnet. Now the iron core was again put into 
coil 15 A and the latter laid in exactly the same place as before. 
The distance from the centre of the bell-magnet to the middle of 
the iron core was 307 mm. 

Now the Morse-key was pressed down; as soon as the index 
attached to the magnet stopped, the position was read, and at the 
same time the Ampére-meter was read by a second observer. This 
was a- necessary precaution, because, at least when using strong 
currents, the index of the magnet as well as that of the Ampere- 
meter slowly went back to zero in consequence of the increase of 
resistance of the coils caused by the heating of the wires. To be 
quite sure that the coils had not been damaged by the strong 
currents, the iron was removed out of 15 A after the measurements 
were made and a current of 1.5 Ampére led through the two coils 
in opposite direction: the magnet remained in its position of equi- 
librium just as at the beginning of the experiment before the iron 
was put into 15 A. 

Fig. 5 represents the results of these measurements in the form 
of a curve; the ordinates are proportional to the magnetic intensity, 
the abscissae to the strength of the current. The figure shows, by 
the small circles, that [ have taken fifteen readings witha strength 
of current, increasing from 0.11 to 1.53 Ampére. @ is the angle 
between the magnetic axis of the magnet and the magnetic meridian. 

Now the current in the primary wire of 15 A, connected with 
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the microphone (in rest) and a Leclanché-cell amounts to about 0.08 
Ampére. The curve of fig. 5 shows clearly that there is not the 
slightest question about the iron being saturated when the current 
has this intensity. 


I then considered whether the iron might not become slower in 
changing its magnetic condition if the magnetism reached a higher 
degree, even though there were no question about an approaching satur- 
ation. That in other words a piece of iron would need more time to 
change its magnetism from 20 to 18 or 22 than from 6 to 8 or 4. 

To investigate this the experiment shown in fig. 6 was made. 

T is a translator without iron core, consisting of 2 « 1500 
turns; thickness of wire 0.4 mM., resistance of each of the two 
series of turns about 21.5 Ohm. The battery consists of a 
number of secondary cells, of which I used respectively 1, 4,8 and 
11 cells in the four different sets of experiments I made with this 
apparatus. For the rest the sketch speaks for itself. If the Morse- 
key was not pressed down, a telephonic alternating current passed 
through the primary wire of 15 A; if on the contrary the key was 
pressed down, a constant current also passed through it. 

For the proportion between the strength of the current, induced 
in the secondary wire, if only an alternate current passed through 
the primary wire, to that of the induced current when also a 
constant current passed through the primary wire, I found: 


for the currents: 0.08 0.35 0.66 0.88 Ampére, 


the proportion : O09 aOst Oly CI A9., 


The number of readings and the calculation of the mean value were 
for these measurements quite similar to those given in Tables II 
and, III. 

From the above it is evident that the constant currents 0.08, 
0.35 and 0.66 Ampére have no perceptible influence on the 
intensity of the induced current. Not until the strength of the 
current was 0.88, did this influence become perceptible: there the 
induced current becomes distinctly feebler when the constant current 
flows through the coil. But with that strength of current the magn- 
etism is no more proportional to the intensity of the current, as 
the curve of fig. 5 shows. The slowness of the tron cannot now 
be regarded as the cause of the induced current becoming feebler, 
but, with such a current, this can be explained from the saturation 
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of the iron. But currents of such intensity are not used in our 
microphones. 


So the fact that the influence of the iron diminishes if the num- 
ber of primary turns is increased, cannot be explained by slowness 
or saturation of the iron. 

It seemed of some importance to me to investigate experimentally 
whether the bundle of iron wires giving so much less effect in coil 
15A than in 3A, is also less subject to magnetic changes in 15A 
than in 3A. 

For that purpose two apparatus were made, one of which is 
shown in fig. 7. It is an induction-coil of exactly the same dimen- 
sions as the coils used until now; but one of the two wooden 
flanges is transformed into a vibrating-box for an iron diaphragm, 
covered with and held in position by a mouth piece provided 
with a circular aperture. So the whole forms a telephone, in which 
the bundle of iron wires plays the part of the permanent magnet 
with attached iron core or armature in the ordinary telephone. One 
of the two apparatus was wound with wire quite similar to coil 
15A, the other one like 3A. Care had been taken that the end of 
the bundle of iron wires was in both coils as accurately as possible 
at the same distance from the diaphragm. 

The experiment was now arranged as indicated in fig. 8. B is 
a storage-cell, M the microphone. The primary wire of 3A is con- 
nected with the contacts of rest of the two keys, that of 15A with 
the working contacts. The secondary wires are both shunted by 
a coil of wire (a) quite similar to that of our electro-dynamometer 
and in which also a bundle of iron wires under an angle of 45° to 
the winding-plane has been put. Before the microphone were the 
tuning-fork and the resonator as usual. If both keys were pressed 
down, telephone 15 spoke; if they were not pressed down, it was 
the turn of 3. : 

The experiment showed, that 15 gave a distinctly stronger sound 
than 3. 

Then I exchanged the storage-cell acting on the microphone for 
a Leclanché-cell and placed the tuning-fork a little farther from the 
resonator, which caused the undulations of the primary current to 
become feebler. Now again telephone 15 gave a stronger sound than 
telephone 3. 

So this experiment does not give us any light for the problem 
we wished to solve. We should be more inclined to conclude from 
it, that the iron in the coils of higher order ought to have more 
efficiency than in those of lower order! 
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Chemistry. — ‘Saline solutions with two boiling points and 
phenomena connected therewith.” By Prof. H. W. Baxxurs 
ROOZEBOOM. 


(Communicated in the meeting of December 28, 1901.) 


The present communication is connected with my researches on 
the vapour pressure curves of saturated solutions which were com- 
pleted as far back as 1889. These researches related to systems in 
which gases and water, water and salts, or ammonia and salts were 
the components. They led to the result that in all cases the vapour 
pressure curves of saturated solutions, that is of solutions which 
are in contact with a solid phase, have a similar course, it being 
immaterial whether the solid phase is one of the two components 
or a combination of them. In the case of water and salt we start 
at lower temperatures with less concentrated solutions. Generally 
the concentration of the saturated solution increases on raising the 
temperature, so that in the ideal case we finally arrive at the 
melting point of the salt which forms the solid phase, which may 
be either a hydrated or anhydrous salt. In all cases in which 
that melting point is attainable, the vapour pressure curve shows 
the form indicated in the annexed figure A BC, from which it 


is seen that the vapour pressure of the saturated solution increases 
first from A to B, reaches a maximum in B and then decreases 
from B to the melting point, C, of the salt. 

In order to indicate the increasing concentration of the solution 
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the lines 0—10 have also been drawn, these lines representing the 
vapour pressures of water and of solutions containing 10, 20...100 
mol. per cent of salt, so that 10 represents: the vapour pressure of 
the fused salt. 

On the line AB, the evaporation of the saturated solution takes 
place when heat is supplied. If we disregard the small quantity 
of salt in the vapour the following process takes place: 


. 


Saturated solution — solid salt -+- water vapour. 


As long as the solution is very rich in water, the evaporation 
of the water absorbs more heat than is yielded by the solidification 
of the salt dissolved therein. Consequently the vapour pressure increases 
with the elevation of the temperature. With the elevation of the 
temperature, however, the concentration of the solution is increased 
and a point B will be reached where these two quantities of heat 
become equal; here the thermic effect becomes ni/ and this point 
is the maximum. 

At still higher temperatures and still more concentrated solutions 
on the part BC of the curve, the evaporation of the small quantity 
of water would on the other hand absorb less heat than that yielded 
by the crystallisation of the large amount of salt dissolved therein, 
consequently the evaporation of the saturated solution would evolve 
heat; therefore the vapour pressure now decreases. 

If the evaporation of the salt is disregarded the line BC ought 
to end vertically in C}), 

Up to now this peculiar course of the line ABC was only observed 
by me in the case of solutions saturated with Ca Cl,.6 H,O ”). 
Although quantitative agreement was found with the course calculated 
from the quantities of heat, the pressures were here so small that 
the example was little suited to bring out the great significance of 
the matter. 

As other phenomena outside the region of salts with water could 
only find their explanation in the course indicated by the vapour 
curve, I thought it desirable to further examine this curve and the 
phenomena connected with it by means of other examples. 

Dr. Sits, to whom I wish to express here my thanks, at my 
request took charge of the experiments. Our choice fell on some 


") Van *t Horr. Vorlesungen I. 35 (1898). 
*) Recueil trav. Chim. Pays-Bas. 8. 100 (1889). 
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anhydrous salts. Among these many are known whose curve of solu- 
bility may be continued up to their melting point C. If this melting 
point is situated far enough above 100°, the solubility at this tem- 
perature is still small enough that the saturated solutions belong 
to the part ABZ of the vapour pressure curve. If we now draw a 
line DEFG parallel to the temperature axis ata height of p = 1 atm. 
this wil] intersect the vapour pressure curve first ina point 2 which 
is situated above 100° and indicates the temperature at which the 
saturated solution has a vapour pressure of 1 atm. 

If, therefore, we start with a saturated solution at a lower tem- 
perature, the vapour pressure will rise from A to E owing to the 
continuous solution of solid salt caused by the heating, but in an 
open vessel it will not be able to get above that point, for, on 
further heating, the solution will evaporate to dryness while the 
temperature remains constant. For we have got here three phases, 
solid salt, solution and vapour at a constant pressure of 1 atm. 

The same result is obtained in a still more striking manner when 
we start with a dilute solution boiling at ¢. Owing to the boiling 
its concentration will increase and so we travel along all the points 
of the line D until the saturation point £ is reached. The boiling 
point does not rise any further because in proportion as the water 
evaporates solid salt is deposited and the concentration remains 
unchanged. 

This state of affairs has been repeatedly observed by different 
investigators. We were satisfied with convincing ourselves that the 
temperature in Z remains very constant if the regularity of the 
boiling is promoted by passing steam, and the source of heat is an 
oilbath and not a naked flame. We will call the point Z the first 
boiling point. 

As soon as the solution is quite evaporated, the temperature may 
rise and so we further proceed along the line HF while the salt 
remains exposed to water vapour of 1 atm. This line LF now 
intersects the vapour pressure curve of the saturated solution for 
the second time at /. As soon as this point was exceeded we should 
arrive, along FG, in the region of the unsaturated solutions. Conse- 
quently a new solution must form in Ff, 

In F, therefore, a solution is formed from solid salt and aqueous 
vapour of 1 atm. pressure, which being just the reverse of the 
evaporating of the saturated solution on branch BC, will absorb 
heat. Consequently, on supplying heat the temperature in F remains 
again constant until all the salt has been solved for which generally 
but very little water is required. if 

Proceedings Royal Acad, Amsterdam, Vol. IV. 
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From here we proceed with continued heating and constant loss 
of water along the line FG to solutions gradually getting ‘poorer in 
water until we should have reached in @ the boiling point of the 
salt itself. 

I will now call the point 2 the second boiling point of the 
saturated solution. This solution, however, will not show the phe- 
nomenon of boiling on heating but on cooling. We may for that 
object proceed along the reverse way, .melt the salt, bring it in 
contact with water vapour which would yield the solution corres- 
ponding with C and cool the same. If we continue passing H,O 
over or through the liquid this will absorb more of it as ¢ decreases 
until the point / is reached. On further cooling, solid salt would 
crystallise and the pressure consequently increase along 7B; this 
not being possible at 1 atm. pressure the liquid in F boils to dryness 
on cooling — the temperature remaining again constant. 

It is a very remarkable sight to see the boiling start as soon as 
the hot liquid commences to deposit solid salt and the phenomenon 
may be accelerated by taking the vessel out of the oilbath in which 
the melting of the salt and its saturation with aqueous vapour took 
place. The quicker the vessel cools the more rapid the boiling takes 
place. On continuing to cool, absorption of aqueous vapour ought 
of course, to take place again at ZL. 

The following table contains the observations collected by Dr. Sirs. 


Salt. Ist Boiling point. |2nd Boiling point. Melting point. 
K NO, 415 331 334. 
Na NO, 120 310 313 
Na ClO, 126 255 261 
Ag NO, 135 191 208 
TINO, 105 196 205 


From this list it appears that the second boiling points are 
generally situated close to the melting points. This follows from 
the small value of the temperature interval which will generally exist in 
systems containing salts and water between the points B and C on 
account of the great heat of evaporation of the water, causing the 
point B, and even more so Ff’ to correspond to solutions containing 
very little water. 
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For salts with low melting points the 1st boiling point will 
generally be situated at higher temperatures (Tl NOs does not con- 
form to this rule) because the solubility at lower temperatures is 
generally greater than with salts having a high melting point. In 
such a case the distance from EZ to C and therefore also from Z to 
f becomes smaller. This will as a rule be coupled with the fact 
that the maximum pressure at B is lower. Of the examples cited, 
Ag NOs has been more closely investigated. 

Drs. Couey and Smits, in a preliminary experiment, found the 
following vapour pressures of the saturated solution. 


é ig é ig 
133° 760 mM. 170° +1010 mM. 
135° 800 » 185° 900 >» 
150° 960 » Ole 760 >» 


160° 1000 » 


From this we derive a maximum at 167° and 1015 m.m. The 
lower the maximum point of the curve, the greater is the chance 
that the points # and C will lie at widely different temperatures 
because the part of the curve BC must now bend round more 
suddenly in order to end vertically in C. The greatest diffe- 
rence between the second boiling point and the melting point has 
been found in the case of Ag NOs. If we take salts with a still 
lower melting point, the maximum pressure may then fall below 
1 atm. and the line DEFG will, therefore, lie entirely in the region 
of the unsaturated solutions above the curve. 

Such salts will therefore, completely liquefy, at lower tempera- 
tures, in aqueous vapour of 1 atm. pressure and this solution will 
never deposit solid salt when the temperature is raised. 

Such a case occurs for instance with NH, NO; (m. p. 164°) and 
of course always with salts melting below 100° as was shown in 
the case of ammonium acetate (m. p. 89°). 

In the case of such salts the two boiling points of the saturated 
solutions can only appear at a lower pressure or they may appear 
at 1 atm. if a more volatile solvent is taken which boils below the 
meJting point and in which the solubility of the salt at lower tem- 
peratures is not too large. Dr. Smits succesfully used alcohol in the 
case of NH, NO3. The alcohol boiled at 78°.4, the first boiling point 
of the saturated solution was situated at 83°, the second at 161°, 
therefore 3° below the melting point. 

Consequently there can be no doubt about the ae of the 

5x 
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phenomenon. A single remark may show its importance in explaining 
several widely varying chemical processes. First of all, attention may 
be called to the occurrence of water in plutonic rocks. BUNSEN ') 
when carrying on his investigations on the Icelandic rocks suggested 
that liquefied rocks might have absorbed water. Since GAUTIER has 
lately demonstrated the presence of 1 to 2 per cent of water in all 
kinds of igneous rocks, this possibility has well nigh become a 
certainty. Bunsen, however, could only account for the absorption 
by assuming the existence of enormous pressures. The investigations 
and views now communicated lead to the belief that the absorption 
may possibly take place at a very low pressure*); and it is not 
even precluded that afterwards on cooling and solidification, the 
dissolved aqueous vapour did not escape owing to supersaturation 
phenomena assisted perhaps by rapid congealing, or because, on 
cooling, hydrated silicates are deposited first. Owing to our complete 
ignorance as to the situation of the vapour pressure curves of solutions 
of anhydrous and hydrated silicates when close to their melting 
points, it is not possible to form a decided opinion. 

But we have already got a better insight in a totally different 
sphere of phenomena, namely the oxidation of melted metals. The 
system water + salt is indeed quite comparable with the system 
oxygen + metal and therefore a hydrated salt with an oxide. Of 
Jate it has been abundantly proved that all kinds of melted metals 
dissolve the gases of the air, oxygen in particular. Whether we must 
consider this to be a simple solution or a solution of the oxide 
makes no difference for in either case the quantity of oxygen dis- 
solved is dependent on p and t. The melting point of the metals is 
lowered thereby even much more than was formerly believed, for 
instance 20° for silver and 16° for copper. With a free supply of 
air the absorption therefore takes place at 1/; atm. oxygen pressure. 

A line similar to 4E BFC necessarily exists for the oxygen con- 
taining liquids saturated with solid metal. If now a horizontal line 
drawn for 1/; atm. intersects this line below the maximum it means 
that on cooling to the point F the metal will crystallise and all 
the dissolved oxygen will be expelled. This phenomenon is shown 
for instance by silver; it is known under the name of spitting. 


1) Lieb. Ann. 61. 271. (1847). 
Pogg. Ann, 83. 237. 240. (1851). 


*) It is no objection that the melting temperatures are situated very far above the 
critical temperature of water, as we are dealing here with solutions contai 


i; ae : ning very 
ittle water whose critical temperature is therefore considerably raised 
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This spitting therefore takes place at the point called above the 
second boiling point. A similar phenomenon is shown by lead oxide 
which on melting also absorbs excess of oxygen but releases it 
on cooling. 

On the other hand it is not shown by copper, either because the 
line CFB cannot be continued up to the maximum, or because this 
maximum is situated below 1/; atm. so that in the presence of air 
the absorption of oxygen will cause the formation of Cuy O. 

In all these cases, a point corresponding with the first boiling 
point of salt solutions does not appear to exist because before that 
time other vapour pressure lines appear in connection with the fact 
that at lower temperatures the lower or higher oxides are stable. 
As to the exact conditions of their formation much might be deduced 
from existing investigations, which I must, however, pass over here. 

The foregoing may also be applied to the absorption and loss of 
He, CO, and other gases, and to the formation of chemical compounds 
with those gases. ; 


Chemistry. — “The Enantiotropy of Tin.” (VID). By Prof. Ernst 
Couen. (Communicated by Prof. H. W. Bakauis RoozeBoom). 


(Communicated in the meeting of December 28, 1901.) 


1. Through the kindness of Prof. Pau of Tubingen who informed 
me that a very striking case of tin plague had occured at Ohlau 
in Silesié, I am in a position to communicate some particulars 
about this case. 

The case owes its importance to the dimensions of the corrosion. 
At my request Dr. Hampercrer of Ohlau gave me some further 
information about the matter. 

The catholic church in the said village possesses an organ which 
was repaired in the year 1833. While of the newly fitted pipes 
no less then 28 became corroded in a very high degree, the old 
pipes were not affected. The phenomenon was again noticed for 
the first time 18 years ago (1883). The two accompanying illustrations 
taken from photographs show to what extent the pipes have been 
attacked. According to Dr. HAMBERGER the corrosion is still going on. 

It is worthy of notice that the wooden roof of the church is 
situated immediately above the pipes, causing the church to be 
very warm in summer but very cold in winter time. 

The average winter temperature at Ohlau is — 1,64 C., the 


average yearly temperature + 7°,97 C. 
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‘The above case is one of the most striking of those which have 
as yet, come to my knowledge. 


2. In my previous communications on this subject the purity of 
material used in my investigations was but little commented on. 
As from various quarters the question was put to me in how far 
any impurities contained in the tin might influence the observed 
phenomena, I will now give, some particulars as to the purity of 
the materials used, laying stress on the fact that I had paid the 
necessary attention to this matter from the beginning. 

My material was derived from a block of Banca tin which had 
been procured some 15 years ago for the collection of the laboratory 
and which at the commencement of my investigations was still quite 
intact in the well-known boat-shape. 

How little the composition of Banca tin changes in the course of 
years is proved by the following figures from G. J. MuLpsr’s ') 
analyses from the year 1851, who tested blocks sent by 20 different 
ships, and from those of J. D. VAN DER PLAATS ”) from the year 1885, 


Mousper (1851) v. D. Puaats (1885) 


Fe 0,019 0,015 
Pb 0,014 0,017 
Cu —0,006 0.005 
Si i 0,010 
Sn 99,96 99,95 


The figures represent percentages. 

I have submitted 100 grams of my tin toa microchemical analysis 
in which work I had the valuable assistance of Dr. Scnoorn. The 
result of the investigation was that minute traces of lead could be 
detected. Only doubtful reactions could be obtained for the other 
above mentioned elements so if they were present at all, their amount 
must have been particularly small. 

We may, therefore, safely conclude that phenomena previously 
described relate indeed to pure tin. 


Amsterdam, Chemical Laboratory of the University, Dec. 1901. 


1) Scheikundige Onderzoekingen, 5, 529. 
*) CG. R, 100, 44 (1885), 
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Zodlogy. — “The unfavourable condition of which complain the 
oyster cultivators on the Kastern-Schelde.” By Dr. P. P.C. Hor. 


(Communicated in the meeting of December 28, 1901.) 


Dr. Hork discusses the unfavourable condition of which the oyster- 
cultivators on the Eastern-Schelde complain and explains that the 
reason of this is; 1. that for some years the oysters have not 
thriven so well nor so quickly, 2. because of great mortality in certain 
years, 3. of a much greater mortality than formerly in all the 
later years. The speaker was commissioned to investigate this matter. 
A detailed report on the results of these researches was now in the 
press. With the permission of the Minister of Public Works, by whose 
order the investigation had taken place, the following summary 
was given of what these researches had brought to light. 

There were three possibilities, which were successively taken under 
consideration, viz. 

1st that the physical circumstances under which the cultivation 
takes place, had undergone changes ; 

2n4¢ that the oyster itself had altered ; 

3°¢ that the Jess favourable condition, in which the oyster-culture 
finds itself at present, was to be imputed to that culture itself. 

As regards the physical circumstances, it would not seem probable 
a priori that meteorological factors have played a prominent part 
in this decline, considering the period of 1870—85 as a time of 
high prosperity of the oyster-culture in Zeeland and the years 
1885—1900 as a period of decline. Some of those interested in the 
culture, are of opinion, that the laying of the dyke at Woensdrecht 
has raised the salinity of the water in the eastern part of the 
Western-Schelde and that the consequences have become fatal for 
the oysters, which are cultivated there. 

Considering however that this dyke has been built in 1867, that 
the oysterculture only began after 1870 and from the beginning 
attained to a period of prosperity, this supposition must also be rejected 
as extremely improbable. From investigations made in ’81—82 and 
from a comparison of those with similar ones of later years, it 1s 
moreover evident that the salinity has not been raised in any way 
in the last twenty years. 
rf ren sn bbar ba informations supplied by the eer that 
the quantity of seawater, which at every tide restocks the Hastern- 
Schelde-basin, has not diminished to any amount, since the oyster-culture 
there has appeared to be ina less favourable condition. And in regard 
to the nature of the soil the hydrographic survey has indeed brought 
to light that here and there, locally, shallow places have lately 
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arisen by accumulation of sand. If it must therefore be considered 
as proved, that places which had formerly value for the oyster- 
culture, have lost in quality, the evidence has however not been 
given that by such influence the good qualities of the oysterbeds in 
general should have been lost. 

The assertion, as if a change, a degeneration of the oyster itself, 
were the ground of the less favourable results of the culture in the 
later years, is founded on the supposition that an injurious influence 
is still exercised by the French oysters which were many years ago 
imported in the Eastern-Schelde, and that therefore the Zeeland- 
oysters should have lost of their good qualities by interbreeding. 
This idea finds a slight affirmation in the extraordinary rich brood- 
production of these later years. But really not more than the 
slightest; for in the first place it is not at all sure that the French 
oysters produce a more numerous posterity than the original 
Zeeland oysters. And in the second place the abundance of births 
can very well be explained by the great mortality and the unusual 
numerous population of oysters, which for many years have been 
found in the Zeeland-oyster-beds; abundance of births, bad growth 
and great mortality are symptons connected with one another; which 
combined, give proofs of overproduction and of insufficient nourish- 
ment of the separate individuals caused thereby. 

Proofs can easily be furnished, that the very first young Zeeland 
oyster taken, still exhibits the same excellent disposition to grow 
to be an extremely suitable shell-fish fit for human food. This 
proof is given by the excellent results, which again for instance in 
this year, have been obtained with young Zeeland oysters transported 
to other waters; to de Grevelingen, near Bruinisse; to some places 
on the Western-Schelde; to places in the Zuiderzee, near the coast 
OLalexel: 

Not the oyster itself is therefore to be blamed for the decline 
of which the cultivators complain, but the oyster-culture as such. 
The circumstances, the favourable results in the first years, competi- 
tion, which raised the leases tremendously, have occasioned heavier 
claims to have been put to the oyster-producing territory. Conside- 
ring the thorough renewal of water of some hundred millions cubic 
Meters of water with every tide, and taking for granted that the 
oyster feeds itself with the small organisms, which are carried 
along with the tide and form the so-called plankton, the quantity of 
oysters to be obtained seemed indeed unlimited. From investigations 
made in Zeeland for some years, it has however become evident 
that the oysters do not chiefly feed on plankton but on small vegetable 
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organisms abiding near the bottom, Diatomaceae, of the benthos. 

These bottom-Diatomaceae however are found not to be equally 
abundant in all parts of the Eastern-Schelde-bed, but their appearance 
is very markedly connected with the nature of the sea-bottom. The 
latest investigations of G. Karsten, who has made the bottom- 
Diatomaceae in the Gulf of Kiel a subject of his studies, have now 
made it very probable that different nutritive salts which are present 
in the bottom of the sea, have an active part in the development of 
those Diatomaceae; a part comparable to that which they play in 
the development of agriculture. Whether certain bacteria will prove 
to render the same important services here as in the growth of our 
agricultural plants, can as yet only be supposed, however probable 
this may be. It is already obvious however that exhaustion of the 
soil, in consequence of overpopulation in the oyster-culture, is 
equally imaginable as in any other culture. 

The speaker hopes soon to be able to present to the Academy a 
copy of the report on his investigations, for which he has obtained 
considerable co-operation from different sides. 


Physiology. — ‘A new law concerning the relation of stimulus 
and effect.” By Dr. J. K. A. WertHemm Saromonson. (274 
Communication). (Communicated by Dr. C. WINKLER). 


In a former essay I have formulated a law expressing the relation 
between the magnitude of a stimulus and the effect operated by it. 
Our deductions were based exclusively on wellknown physical prin- 
ciples, viz. on the fact that an infinitely small increment of stimulus 
will cause an infinitely small but proportional increment of con- 
sumption of the substance by the transformation of which the effect 
is occasioned, whilst we admitted finally with GULDBERG and WaaGE 
that the magnitude of this transformation, must be proportionate to 
the quantity of transformable substance. Starting from these perfectly 
admissible premises, we finally found a law, expressing the relation 
we were in search of, in the following formula: 


E=A{1— @ —B(—C)} 

We tested this law in the first place to the relation of stimulus 
and muscle-effect, and arrived at the conclusion that on this point 
there existed a perfect accordance between my law and the results, 
obtained experimentally by other investigators. 

In this way we proved the validity of the law for the muscles. 

We will try now to examine whether our law prevails also in 
regard to other organisms or parts of organs. 
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Our first researches, following here, were made concerning the 
result of the stimulation of the nervefibre taken as such. 

In the work of A. D. Wauwer (Points relating to the WEBER- 
FECHNER Law. Brain 1895, pag. 200), we again find the necessary 
data in two Tables, completing each other and representing one 
stimulation-series of one definite nerve (L.c., page 209 and 214). 

From the second of these scries we again calculate the most 
probable values for the constants A, B and C, obtaining the results 
communicated in our Table I. — That we did not make use of all 
numbers of the first and second parts of the series together, may 
be explained by the fact that with the first numbers (magnitude of 
stimulus 1.52—2.32) the galvanometer had no shunt, whilst such 
was the case with the higher magnitudes of stimulus. For this reason 
the strength of the current had evidently risen a little, which beco- 
mes visible also in the curve, this latter showing a slight bent 
upward just at the spot where the shunt begins to act. 


TABLE I. 
A. WALLER. Brain 1895, pag. 214 
Fig 1 


A = 109.1756 

B= 0.16336 

C= 0.61809 
R E cale. |E meas. Q 
3.02} 35.434 35 -- 0.434 


3.33} 39.075 40 + 0.925 
4,25) 48.857 50 | + 1.143 
5.50) 59.997 60 + 0.003 


7.00) 70.685 70 — 0.685 
9.60) 84.006 85 + 0.994 
28.75) 108.074 | 105 — 3.074 


38.30) 108.946 | 110 + 1.054 

47.90; 109.129 | 140 + 0.871 

57.50} 109.169 | 110 + 0.831 
| 


= 0 2 = 15.8172 en = 4.5032 
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It will be seen that the accordance between the calculated and 
the measured effects leaves nothing to be desired. 

We find in Watuer’s work still another series of numbers (Philo- 
sophical Transactions of the R. S. Vol. 188 p. 60, 1897). 

From this series the following Table may be calculated. 


TABLE II, 
A. WALLER. Philos. Trans. Roy. Soc. 
1897 p. 60. 
N= 2079 
B= 0.117467 
2.4972 
| 
R Ecale. |Emeas. Q 


D 5.140 5.5; + 0.360 
40; » 44.820 ae — 0.820 


In this series there occurs again one single value, that causes a 
creat deviation. If the most probable values were calculated with 
rejection of this most probably erroneous observation, the mean 
observation-error was reduced from 0,705 to 0,164. 
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TABLE III. 


Id. with rejection of the second 
observation. 


Vig. 2 


A = 19.96176 
B= 0.44011 
Or 2 AT94 


R E calc. |Eimeas. Q 
| + 


5 5,463 5.5 | + 0.037 
[10]/ [42.765] |(44. | [— 4.765] 
48] 416.307 | 16.5 | + 0.193 
20] 18.189 | 48. | — 0.189 
30} 419.525 | 19.5} — 0.028 
30 | 19.935 | 20. | + 0.065 
100 | 49.962 | 20. | + 0.038 


Ds a) 2 = 0.0806 On = 0.16395 


From the foregoing we may conclude that our law prevails also 
for the nerve as an excitable organ. 

Already in this place it is of importance however, to point out 
the fact that in nature generally only the first ascending part of 
the curve may be considered normal. This fact is made evident by 
the last of the tables published in my former essay, showing that 
with magnitudes of stimulus, sufficient to make the muscle contract 
and even to compel it to the maximum-contraction, the manner in 
which stimulus and effect were related for the nerve could be 
represented with absolute accuracy by a linear function of the 
first degree. 

We may admit therefore that practically the nerve is a purely 
transmissive organ, giving within the limits of practical use a faithful 
transmission of the stimulus as perceived by it. 

I only have to recall to mind the fact that the minimum per- 
ception of stimulus by the nerve in Table X of my former essay 
began with 1.40989 units. Only when the stimulus was increased 
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unto 1.59712 units, it was transmitted to the muscle. With a 
stimulus of 1.98 units we practically reached already a maximum 
contraction. For the nerve the transmissible maximum was only 
reached with about 33 units (in Table I in the foregoing). 

We simply recall to mind this fact here, with the intention of 
making its application afterwards in due season and place. 

Another organ for which accurate numbers are to be found in 
WALLER is the eye. 

For this organ I found the following series of numbers, calculated 
in the tables inserted below. 

Tables IV and V both relate to the excitation of the retina by 
light of growing intensity. 


TABLE IV. TABLE V. 
A. Water. Brain 1900. Pag. 25. A. Water. 1900. Pag. 26, 
(Fig. 22 1. ¢.). 

Ave) AAA 02 At=5  asd19 

B= | 0.324965 Bi s06382 

C = — 0.14981 C = — 0.44257 
R. E cale. |Hmeas. Q. R E calc. |EHmeas. Q 
4 34,826 34 — 0.826 1 44.480 44 | — 0.480 
2) 56.154 | 58 | + 1.846 2| 58.367 | 60 | + 41.633 
3| 71.565 | 72 | + 0.435 4} 69.380 | 68 | — 1.580 
4 82.632 82 — 0.632 Gulp ul, 708, ln 70 | _ 0.708 
5 90.746 90 — 0.746 8 | 73.580 | 75, 4 + 1.420 
J 0% = 5.2351 Ym = 1.6179 = 9? = 7.9097 Om = 1.7189 


Finally Table VI offers us the results obtaimed by electrical 
excitation of the retina. The magnitudes of stimulus are expressed 
in ergs, whilst the effect is measured again by determining the 
strength of the action current. : 
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TABLE VI, 
A. WALLER. Brain 1900. Pag. 26. 
(1... fig... 23), 


A = 44.3478 
B = 0.00856403 
C = 7.25434 
R. E calc. |Emeas. Q 
20, 4.883 A | — 0.383 
80 20.568 | 22 + 1.487 
480; 34.247 | 34 | — 0.287 
| 
320, 4.302 | 40 | — 14.302 
ae 43.696 45 | + 4.304 
| 
S y% = 1.8615 Om eA TH 


Tables IV and V give still rise to another remark, because in 
these tables we obtain a negative value of C. This might be explained 
in the first place by supposing that with every illumination of the 
eye — in this case the applying of the stimulus — the real illu- 
mination has been stronger than is stated by the numbers for the 
intensity of light. I believe however that this supposition may be 
directly excluded or at least may be considered highly improbable, 
as with Mr. Wauver’s well known accuracy in experimenting, 
sufficient precautions will have been taken against the occurring of 
such inaccuracies. 

We ought therefore to consider another possibility, viz. the fact 
that addition of stimulus may have been caused by the rather long 
duration of each illumination. In that case the effects caused by 
small stimuli probably have undergone this influence in a larger 
measure than those caused by more intensive ones. The effect, 
both in the case of smaller or greater magnitudes of stimulus, 
will consequently always be augmented with an amount, dependent 
chiefly on the Jength of time during which a stimulus has acted. 
As the time for each stimulation experiment of the series has been 
the same, each effect is augmented with a constant amount, or in 
other words: the x-axis is pushed downward a little, or, what 
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again remains the same: the constant C is diminished by a certain 
definite amount. I hope afterwards to be able to treat this question 
more fully. 


I believe to have proved by the foregoing that the law concerning 
the relation of stimulus and effect prevails also for other organs than 
the muscle, more especially for the nerve-fibre and for the eye. 

This law is therefore to all probability a general law, prevailing 
for every excitable organism. : 


Geology. — “On the Supply of Sodiwm and Chlorine by the Rivers 
to the Sea.” By Prof. Eve. DuBois. (Communicated by Prof. 
H. W. Bakuuis Roozesoom). 


Fifteen years ago Sir Joun Murray has, at the end of a now 
well known paper on the total annual discharge of rivers, given a 
small table showing the amount of dissolved matter in average river 
water). He states to have taken the analyses of 19 rivers “as 
representing on an average the composition of river water’ and 
promises a subsequent paper, in which the amount of matter in 
solution would be discussed in some detail *). This, as far as I know, 
has not yet appeared; but it is possible, by comparing the figures, 
to find those 19 rivers which most probably have been chosen by 
Murray, from the analyses known till 1886, for his calculations of 
averages. ‘Those averages then appear to have been arrived at by 
joining the quantities such as they are stated in the analyses. 

The mentioned table of 14 salts, for the first time giving averages 
of the existing data concerning the amount of solid matter conveyed 
annually in solution in the river water from the land to the sea, 
has ever since its appearance been dear to geologists, as it seemed 
to enable them in some degree to give a more concrete form to the 
notions they had of the process of denudation lying at the base of 
geological knowledge. 

Bischor and Rornu®) had already compiled a great number of 
analyses of river water in their text books of chemical geology 


1) Joun Murray, On the total annual Rainfall on the Land of the Globe, and the 
Relation of Rainfall to the annual Discharge of Rivers. Scottish Geographical Magazine. 
Vol. II. February 1887, p. 71 en 76. 

*) Sir Joun Murray does not tell us the names of those 19 rivers, nor that many 
of them are vprincipal rivers of the world.” The nineteen rivers in his Table VI 
are not those of which the analyses have been taken for the estimate of the average 
composition of river water. 

*) G, Biscuor, Lehrbuch der chemischen und physikalischen Geologie. Zweite Aufl, 


Bd. 1, p. 269—279. Bonn 1863. — J. Roru, Allgemeine und chemische Geologie, Bd. L, 
p- 454—462, Berlin 1879. 
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and MELLARD ReavE!) since 1876 indeed “opened out a novel line 
of investigation” by applying many other such analyses in an attempt 
to estimate geological time from chemical denudation. But only 
the estimate of averages by Murray seems to have put the new 
modulus of past time ready to every geologist’s hand. The reputation 
of Sir Joun Murray contributed to consider that estimate as of 
great value, probably greater than he himself has wished; perhaps 
too it has been the motive of taking those averages without further 
control as starting point even for geological problems of far reaching 
tendency. 

Lately Prof. JoLy, in an important essay, has estimated the age of 
the Earth by comparing the annual supply of sodium by the rivers 
to the ocean, according to Murray’s estimate, to the quantity which 
the ocean contains of that element, assuming that the primeval 
ocean only contained a small amount of sodium, assuming moreover 
that but very little is again withdrawn from the ocean when once 
conveyed to it, and accepting uniformity of the removal of the land 
surface by solution since the earliest sediments were laid down 2), 
The quotient of the amount of sodium in the ocean and that annual 
supply, corrected for the sodium obtained by the ocean by means 
of a primeval accelerated denudation and as regards the amount of 
that element which only circulates between the ocean and the land, 
gives the age of the Earth in years. Those corrections are not 
very considerable, but as JoLy does not base them upon determined 
data one can estimate their amount as widely differing from his. 
O. FisHer has explained this in an able review of JoLy’s essay, 
to which it may be permitted to refer here °). 

There has not yet been much doubt expressed concerning the exact- 
ness of the basis of JoLy’s estimate “). As for the one leading factor in 
it, the quantity of sodium in the sea, it seems unnecessary to doubt 
its accuracy. But is it the same with the quantity of sodium 
annually supplied by the rivers, namely with the proportion in 
which sodium is admitted by him to take part in the dissolved 
matter in average river water? This question has such an important 


1) T. Mextarp Reape, Chemical Denudation in relation to Geological Time. 


Londen 1879. et 

2) J. Jouy, An Estimate of the Geological Age of the Earth. Scientific Transactions 
of the Royal Dublin Society. Vol 7. (Series 2), p. 23—66. Dublin 1899. 

3) O. Fisner, Geological Magazine. New Series. Decade 4. Vol. 7. (1900), p. 124—132. 

*) Prof Sotias, in his very interesting address to the British Association of 1900, 
discusses the quantity of sodium present in river water. In his opinion the proportion 
in Jouy’s average river water is probably too small, as much sodium is supplied by 
rivers draining voleanous regions. He believes, moreover, that the supply of sodium 
to the ocean has proceeded in a gradually diminishing rate with diminishing temperature 
of the earth’s crust. (Nature, Vol. 62, p. 488). 6 


Proceedings Royal Acad. Amsterdam. Vol. 1V. 
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bearing on great geological problems that it seems indeed not superfluous 
to ascertain that quantity. At the same time apparently some infor- 
mation about the quantity of chlorine in river water is necessary, 
for in the sea sodium appears exclusively in chloride of sodium. 

When comparing the numerous analyses of river water now known, 
we observe that one fact is most salient. Of all the salts in solution, 
the carbonate of lime only, which is by far in the greatest quantity, 
is found in a somewhat constant proportiom to the dissolving water. 
This salt, especially in the form of bicarbonate, the solubility of 
which is determined by the pressure of the carbonic acid of the 
atmosphere, is dissolved in it in about the same proportion as in 
pure water, which has been a long time in contact with a surplus 
of solid carbonate of lime and carbonic acid of the tension which 
it possesses in the atmosphere ; evidently because river water has nearly 
always had plenty of opportunity to come in contact with limestone. 

Where in river water a surplus of carbonic acid is developed 
from the pollution with organic matter (as mostly is the case) the 
quantity of carbonate of lime increases somewhat. It remains on the 
contrary under the normal quantity in those cases, rare with large 
rivers, where the contact of the water with limestone was greatly 
limited or entirely wanting. It therefore may be accepted, that the 
water discharged by the rivers in the ocean may under the given 
atmospheric pressure of carbonic acid be considered as on an average 
saturated or a little more than saturated with carbonate of lime. 
Knowing the total annual discharge of water by the rivers, the 
annual supply of that salt to the ocean can be estimated. As for 
the other salts the case is quite different. Their solution remains far 
under the saturation point and they are found in greatly varying 
and often in very small quantities in the river water. As long as 
the quantity of them is only known from a limited number of 
rivers it is impossible to make anything approaching an accurate 
estimate of the amount which the ocean receives annually. This is 
especially the case with the sodium salts. Sodium belongs moreover 
to matters which it is difficult to determinate correctly in quantitive 
analysis, so that a number of analyses, especially such of former 
time, are not entirely to be relied upon. 

Repeated attempts of calculations like those of Jouy had already 
been made from the quantity of chloride of sodium in the river water 
and the ocean water. According to MURRAY’s estimate the river water 
would contain per liter on an average 4.06 mgrm of it. MELLARD 
ReaDE had estimated the average quantity from the analyses of upland 
waters in England and Wales to be 16.6. QUENSTEDT and Dirrmar had 
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even admitted 1 gram per liter. Since the appearance of Jony’s 
paper, VON Romer and LoziNsxk1 have still taken the average quantity 
of chloride of sodium in river water as the basis of those calcula- 
tions, Von Romer, according to the analyses cited by BIscHor 
and Rors, had calculated 9 mgrm, Lozinsk1, from 8 rivers by 
RotH, 7.97 mgrm per liter of river water. 

In the following table, which makes no pretention of completeness, 
in which however most known analyses that can serve our purpose 
are made use of, as many new and better analyses as were disposable 
have been selected. Besides rivers some lakes with an outlet, properly 
river enlargements, the composition of whose waters, relatively speaking, 
is little variable, have also been taken. A number of smaller rivers, 
which possess a very deviating high amount of chloride or sodium 
or of both, in consequence of quite local causes, sometimes due to 
man, are left out. As extremes. I name, among the former, the 
Chélif in Algeria, which contains at Orléansville 200 mgrm of sodium 
and 316 mgrm of chlorine, higher up at Ksar-Boghari, even 1296 
mgrm of sodium and 2163 mgrm of chlorine, being a surplus of 
chlorine of 171 mgrm per liter, and the Cettinje in Dalmatia, 
which has at Podgaraje a quantity of 38.8 mgrm of sodium and 
175 mgrm of chlorine, with a surplus of 115.3 mgrm of chlorine 
per liter of water, on account of the abundance of salt in the soil 
of the drainage area. The Gergogne and the Beuvronne near Paris, 
owe their chlorine surplus of 10 and 8 mgrm quite certainly 
to the pollution by manufactories. When calculating the average 
quantity of sodium and chlorine in river water these analyses cannot 
be made use of. Such circumstances affecting the quantity of sodium 
and chlorine in river water independently of true chemical denudation 
play also their part in most other rivers, howbeit in a smaller degree. 


Milligrams per liter (parts in 1000.00 parts) of water 


RIVERS and RIVER-LAKES = Clam banca lak 
Na Cl — | Could be | combine with 
| with the Na the Na 
eR rT a ma! 
iaeMeuseu(Litere)acwice) eile. tbe Gant.) vase «| 3.44 5.89 5.29 | -0.60 
2 Llbe ogee pear the N. fronteer Bohemia)| 5.46 8.81 8.40 |} -0.41 
feans) eee a ae 2.82 | 2.40 | 4.84 | 1.94 
3. Danube (above Vienna). . 
4, Lake of Geneva (Geneva). ....... 4,12 1.20 6.34 5.24 
5. Moldau (before Prague and about 10 K.M. 
beat) A a Bel O02 kt Se Bent. 5.98 6.87 9.20 2.33 
Londen, at 6 localities, from Ditton 
; i Tanboth) Mere OA Bem nyo, 2d 11.23 | 14.06 | 17.96 3.90 
7, Rhine (Mayence). ...+..-+.+.+.-. 2.18 3.47 3.35 | -0.12 
853 OLN) Wee ae see geet 6.23 er ht) 9.58 0.79 
9. , (above Cologne) ......-..--% 4.00 6.15 6.15 0 
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Milligrams per liter (parts in 1000.000 parts) of water 


RIVERS and RIVER-LAKES i fs a that Deficit of CL 
a A combin 
withtheNa| the Na 
 EEEEEEEEIEEE DEERE RE 
10; Rhine (before. Arnhem) =. <9. -)= s)= 9.78 | 11.09 | 15.50 4.01 
We) Main (above Offenbach!) ars 0ss uence 3.99 4,20 6.14 1.94 
LoteNaher (Bingen). acunepesmeenimere-meene to 4.00 | 14.35 6.15 | -8.20 
132 Wesers(Bremen) ac ue tae one 22.10 | 41.50 | 84.00 | -7.50 
14, Dwina (above Archangel) ........ 16.78 33.06 | 25.80 | -7.26 
15. Spree (Berlin and Charlottenburg-Spandau)| 15.25 | 18.16 | 23.44 5.28 
16m Vistalas(Culm) parca pine emcee 2.76 4.87 4.24 | -0.63 
L7Welikajav(Pskow)h =.) eee Cree 4.56 9.22 7.01 | -2.21 
18. Embach (above Dorpat). ... . y Gare ele 4.03 4.20 0.17 
1 20 STON.o) ells Seni e ES Molo A ¢ 2.91 3.90 4.47 ilo By/ 
90 Taker Onegatvrce treba ty ak, rome 6.58 6.39 10.12 3.73 
91 ake. Daikalie. n'y beet ds oc ae ee ae 4.95 1.68 (Oi! Diatias 
29. Seine (Bercy, down Paris). ...... . 4.85 —— 7.46 —— 
23° Loiren(Qrleans)| jp tee aes eee 3.00 2.91 4.61 1.70 
PP Aba) Go 8 6B a eo 5 4! e 2.55 1.76 3 92 2.16 
25. Garonne (Toulouse). .......... 3.00 1.94 4.61 2.67 
26s akeofeZiirich acme erie eluec nome 2.23 0.97 3.43 2.46 
27. Wiirmsee or Lake of Starnberg .... . 1.34 2.10 2.05 -0.05 
28:iWalchensee:-ef-twis cue eas ee 1.41 1.00 2.17 eG, 
QOS KOnigsseOes sain: wiies ogee es | cease gourd te 0.52 0.60 0.80 0.20 
30) Schlierses fy Ves. eee ee eae ee 1.63 1.00 2.51 1.51 
81. Traunsee (Lake of Gmunden). ...... 3.49 2.42 5.37 2.95 
So Loughe Near hiarer in ane cee rmnae 24,00 | 14.75 | 36.90 | 22.15 
33. Lake of Gérardmer (in granite)... .. . 2.02 traces Aol 2. 50approx.) 
34. » » Issarlés (ngeranite))\ ase 4.23 1.70 6.51 4.81 
35. » » Gaube (in granite). . . Py eee Ra 3. 00(approx.) 
360. >  » Bouchet (in basalt)... =... 4.97 traces 6.74 6.50 » 
37. » » Pavin (ingbasall) ee acne eer 7.94 —— | 12.21 | 12.00 » 
88. Kachelsee (in Cordiéritegneiss). . . . . .| 5.12 0.90 7.87 6.97 
So Lorrents Ol the i yrenceswa i) ae 0.85 | 0.55 0.55 -—— 
40.) Niles(Cairo) 4:atard ay few tree 25.12 7.36 | 38.61 | 31.25 
41, White Nile (Omdurman and Fashoda). 7.92 ——— 12.18 ee 
42; Blue Nile (Khartoum). . 29. 25... . 4.86 — 7.47 =e 
43, St. Lawrence (Pointe des Cascades, S. E, of 
Vaudreuilyier tet crak coer erm 5.13 2.42 7.89 5.47 
44, Ottawa (St. Ann’s Lock, Montreal, Canada) .| 2.39 0.76 3.67 2.91 
45. Lake Superior (Grandmarais, Minnesota). 1,24 1.27 1.91 0.64 
46. Mississippi (Hydrant, City Water Works, 
New- Orleans). sree 31.00 48 .00 47 .68 -0.32 
47, Amazonas (between the narrows and Santarem) 1.00 1.08 1.54 0.46 
48. » (Obidés Hea ae 1.60 3.95 2.46 -1.49 
49. La Plata (8 K.M. above “Buenos Aires) . .| 15.70 | 11.40 | 24.14 | 12.74 
50. » See CRTGNOR INTE) on Suighan bean, 8 51.380 | 37.80 | 78.75 | 41.45 
51. Parana (8 K.M, above mouth). ..... 14.03 | 14.90 | 21.58 6.68 
52. Uruguay (Seite) Sar atgrae kee 1.48 0.25 2.28 2.03 
53. » (3 K.M. down Fray Bentos) . 3.93 3.40 6.04 2.64 
54. Rio Negro (above Mercedes). ..... . 13.48 5.83 | 20.65 | 14.82 
55. Bear-river (Evanston, Wyoming) . 8.20 4.90 | 12.60 (ath) 
56. Croton » (Reservoir for the city of New- 
York) 45.5 conic ce) pie Bae .| 2.98 2°13 4.58 2.45 
57. Cumberland-river (Reservoir at ‘Nashville, 
Tennessee) so44% esl, Oei aver tke eee 10.32 2.99 | 15.87 | 12.88 
58. Delaware (Reservoir at Trenton, New Jersey)| 0.72 Leet 1 A010 
59. Hudson-river Lonetes at the town of 
Eudson, New= ork) basa 2.43 5.81 3.74 | -2.07 
60. James-river(Richmond, Water Works, Virginia)| 2.44 1.05 3.75 2.70 
61. Los Angeles (hydrant at Los Angeles, 
Californié)iy. gaa. Te At ae ee 29.68 | 10.44 | 45.63 | 35.19 
62. Maumee (probably at the mouth in Ohio- 
LakesateMaumec)s cmon mere d 1.62 2,50 2.50 0. 
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RIVERS and RIVERS-LAKES. 


Milligrams per liter (parts in 1000.00 parts) of water 


Cl that 
could be 

Na Cl combined 

with theNa 


Deficit of Cl to 
combine with 
the Na 


a ee ny 
43, Passaic (4 miles above Newark, New Jersey)| 23.57 | 31.92 | 36.25 4.33 


64, Kio Grande del Norte (Fort Craig, New 


Mexicon Uppercourse) amet. oa ea 32.20 | 36.94 | 49.50 | 18.46 


65. Sacramento (hydrant at Sacramento, 
Californié) 


66. Humboldt-river (Battle-Mountain, Nevada) . 46.70 7.50 | 71.80 | 64.30 


67. Truckee» (Lake Tahoe, Nevada) . .| 7.30 2.30 | 11.22 8.92 
68. Walker  » (Mason Valley, Nevada) .| 31.80 | 13.10 | 48.90 | 35.80 
GOS dordang(Utale bake) = eases seems 17.80 | 12.40 | 27.37 | 14.97 
70. Mohawk (Utica, New York St... ... .| 3.60 2.30 5.54 3.24 
71. Genesee (Rochester, New York St.). . . .| 4.40 2.40 6.77 4.37 
72. Red river (Hergus Falls)... ...... . 4.00 1.39 6.15 4.76 
73. Assiniboine (above junction with Red river)) 56.34 | 28.36 | 86.66 | 58.30 
(ae Bigastone, Lake. i059. 4 20 3.6 sp ca ces 36.96 9.16 | 56.82 | 47.66 
75. Mississippi (Brainerd, upper course). . . .| 10.00 0.91 | 15.38 | 14.47 


als 


6. 


13. 


QUOTATIONS TO THE TABLE OF ANALYSES. 


W. Sprine et HE. Prost, Annales de la Société Géologique de Belgique. 
Tome 11. Liége (1884), p. 123—220. (Mean of the analyses during a year). 
F. Utirx, Abhandlungen der Kon. bohmischen Gesellschaft der Wissenschaften. 
VI Folge, Bd 10, Math.-Naturw.-Classe. Prag. (1880), p. 51—53. (Mean of 
the analyses during a year). 

J. W. Wo.ursaver, Sitzungsberichte der Math.-Naturw.-Classe der Kais. 
Akademie der Wissenschaften. Wien. 1879. Bd. 87, Erste Abtheilung, p. 404— 
424, (20 KM. above Vienna. 23 analyses spread over a year). 

F. A. Foret, Le Léman. Lausanne 1895. Tome II, p. 586. (Mean of 11 
analyses). 

A. BELOHOUBEK, Sitzungsber. k. Bohm. Gesellsch. d. Wissensch. Prag (1877), 
p. 27—42. (6 analyses, of which 3 at Modian, about 10 KM. above Prague, 
3 before Prague). 

GRAHAM, MILLER and HorrmMann, Report by the Government Commission 
on the chemical Quality of the Supply of Water to the Metropolis. London 
1851, en H. M. Wirt, Philosophical Magazine. Vol. 12 (4th Series), p. 115. 
London 1856. 

E. Eacrr, Chemisches Centralblatt 1888, p. 1131, (Mean of summer and winter). 
G. Brscuor, Lehrbuch der chemischen und physikalischen Geologie. Zweite 
Auflage, p. 271. Bonn 1863. (Very low water, March 1852). 
H. Vout, Dingler’s Polytechnisches Journal 1871. Bd. 199, p. 315 en 317. 
(Two analyses). 

J. W. Gunnine, Onderzoek naar den oorsprong en de scheikundige natuur 
van eenige Nederlandsche wateren. Utrecht 1853, p. 66. (February 1852). 
Merz, Jahresber. Chemie fiir 1866, p. 987. 

E. Eccer, |.c. (10 Oct. 1886). 

R. Kissuinc, Abhandlungen Naturw. Verein zu Bremen. Bd. X, p. 141, Bremen 
1889, (Mean from a series of analyses in winter and summer). 

C. Scumipt, Bulletin Académie imp. des Sciences, St. Pétersbourg, 1875, 
T. 20, p. 154. (24 Juli 1873). 

FINKENER in VEITMEYER’s, Vorarbeiten zu einer kinftigen Wasserversorgung 
der Stadt Berlin, 1871, p. 347 en 349. Agreeing with these are the analyses 
by B. PROSKAUER, of the chlorides in the water of the Spree and of the 
Tegeler See in Chem. Centralblatt, 1890 b, p. 824. 
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16. G. Biscuor, l.c. p. 275 (4 Maart 1853). 
1721. C. Scumrpt, ].c. and Tome 16 (1871), p. 191; Tome 28 (1883), p. 248. 
9995, Sqre. Cy. Devitt, Annales de Chémie et de Physique, 1848, (3) T. 23, p. 42. 
(17 Juni 1846). 
96. MonpENHAvER, Jahresber. Chemie fir 1857, p. 724. (Very low water; 
January 1857). 
97—30. W. Ux, Der Wiirmsee (Starnbergersee) in Oberbayern, Leipzig 1901, p. 198. 
(Analyses of the water of 4 lakes in Upper-Bavaria by A. SCHWAGER). 
31, R. Goperrroy, Zeitschr. d. allgem. dsterr. Apothekervereins. Ref. in Jahresber. 
Chemie fiir 1882, p. 1623. a 
32. Hopars, Chemical News, 1874, Vol. 30, p. 133. 
33—37, A. DELEBECQUE, Les lacs frangais. Paris 1898, p. 202, 203, 213, 275, 285, 292. 
38. H. L. Jounson, in Liebigs Annalen d. Chemie 1855, Bd. 95, p. 230. 
39. A. Munrz, Comptes rendus Acad. des Sciences. ‘I. 112, (1891), p. 449. 
40, A. Cuftu, De l’Equateur 4 la Méditerrannée. Le Nil, le Soudan, 1’Egypte, 
p. 177. Paris 1891. (Mean of 12 monthly analyses by MATHEY). 
41. Cuixu, Ibid. p. 19. 
42. Cuftu, Ibid. p. 25. 
43—44. Geology of Canada. Geological Survey of Canada. Report of Progress from 
its Commencement to 1863, p. 565—566. 
45. Geological and Natural History Survey of Minnesota, Eleventh Annua! 
Report, p. 175. 
46. Report Louisiana State Board of Health 1882, p. 370. (Cl and Na not 
determined independently), 
47. T. MELLARD ReaApE, American Journal of Science. (3). Vol. 29, p. 295. 
48, F. Katzer, Sitzungsberichte der Kon. bolimischen Gesellschaft der Wissen- 
schaften. Math.-Nat. Classe. Jahrgang 1897. p. 3—6. Prag. 1898. (Mean of 
2 analyses: deep and superficial water. Na not directly determined). 
49, 51, 52. J. J.J. Kyte, Chemical News. Vol. 38. (1878), p. 28. 
50, 58, 54. R. ScHOELLER, Berichte der deutschen Chemischen Gesellschaft. 26 Jahrgang. 
(1887), p. 1784—1788, 
55—71. I. C. RussExt, Geological History of Lake Lahontan. Table A, p. 176. 
Washington 1885. 
72—75. WakREN Upuam, The glacial Lake Agassiz, p. 540. Washington 1895. 


According to Murray’s estimate a cubic mile of average river 
water contains 31805 Engl. tons of sodium sulphate, 26800 Engl. 
tons of sodium nitrate and 16657 Engl. tons of sodium chloride. 
From this we compute 5.88 mgrm of sedium per liter of water. 

The deviation of the real values from this average is very striking, 
even if in the drainage area there exists, certainly, nothing like rock 
salt beds, brines etc. as on the contrary is indeed the case with the 
Weser and the Dwina. Compare e.g. the Amazonas to the La Plata, 
two of the greatest rivers of the Earth. Neithers hould in the latter case, 
of a large quantity of sodium, this merely be considered to be derived 
from the sea; as is apparent from the fact that there is far more sodium 
in the water of the La Plata than could combine with the chlorine. 
In the case of the Mississippi-water taken from the water works at 
New-Orleans, however, we have to think of the derivation of an 
important part of the sodium chloride from the sea, most likely by 
means of the rain, perhaps too, to some amount through the soil. 
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Generally the quantity of sodium is much less than the estimated 
average of MURRAY. On nearer consideration of the results of analyses 
of some river waters this fact is still more clearly brought to evidence. 
Especially this appears in the cases of the Meuse and the Elbe. In 
both cases the stated values are not only of especial value on account 
of the large number of reliable analyses on which they are based, so 
that we may admit them as indicating the true average composition 
during a year, but also because the local circumstances are somewhat 
better known. Considered together they moreover have a particular 
importance from the fact that in the drainage area of the Elbe crystalline 
rocks predominate, whereas in that ot the Meuse the soil is composed 
of clastic rocks belonging to the most different formations. 

In both cases a part of the sodium and a still more considerable 
part of the chlurine is surely not to be accounted for as resulting from 
chemical denudation, but as derived from the sea and carried back to it 
by the rivers. Spring and Prost calculated that the principal manu- 
factories of chemical products between Namur and Liege use so much 
sea salt, that they bring yearly 17.5 million kilograms of chlorine, i.e. 
about 45 pCt of the whole amount stated in the analyses, into the Meuse. 
Certainly 40 pCt of it is not combined with sodium. Instead of the 
small surplus of 0.60 mgrm chlorine (above the quantity which could 
combine with all the sodium) we should, without this pollution of the 
water of the Meuse, undoubtedly have a considerable deficit, of about 
1.75 mgrm of chlorine per liter. Moreover great quantities of sodium and 
chlorine were supplied to the river in consequence of the physiolo- 
gical consumption of salt by the population of the basin of the 
Meuse up to Liege, at that time at least 3.000.000. Stating this 
supply of chlorine with Spring at about 7 mgrm per head and 
per day we find more then 7.6 million kilograms of chlorine per 
annum. According to the statistics for the German empire the 
annual consumption of salt for the preparation of food was 1.6 
kilograms per head, i.e. 4.6 kilograms of chlorine and 3 kilograms of 
sodium. Supposing an equal consumption in the basin of the Meuse, 
we would have from this source an annual contribution to the river 
of 13.8 million kilograms of chlorine and 9 million kilograms of sodium. 

No insignificant quantities of chloride of sodium in the rivers 
are, moreover, supplied by the rain water and therefore simply 
return to the ocean, whence they were derived by the wind. For 
Great-Britain this quantity is so important, that JoLy admits that 
rivers, free from pollution, may owe their amount of salt to that 
source. In fact the water of the Dee near Aberdeen contains 9.6 
mgrm, that of the Don 18.9 mgrm of chlorides, whereas the average 
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quantity of it in rain water on the western and eastern coasts of 
Scotland is 11.9 and 12.6 mgrm; at greater distance from the sea 
it is less, but that river water represents a concentration to one-third 
of the rainfall. Boprerre had found at Nantes, likewise not far from 
the sea, during 12 months, an average of 14 mgrm of chloride of 
sodium per liter of rain water. Our Dutch down water, which also 
may be considered as rain water concentrated to about one-third, 
contains 40 till 70 mgrm of chloride of sodium, according to its 
being taken farther from or nearer to the sea. Direct mixing 
with sea water is, as has long been known, totally excluded here; 
the part of the rain water sinking in the dunes flows partly to the 
sea, partly landward. The rain water may therefore have a quantity 
of about 13 till 23 mgrm of sodium chloride per liter there. 

At greater distance from the sea the quantity of sodium chloride 
in the rain water is much smaller. At Ootacamund, 120 KM. from the 
coast, in South India, it contains only 0.4 mgrm per liter. The evapo- 
rating quotient there is 5, according to Murray’), so that on this 
account the river water can still have a quantity of 2 mgrm of sodium 
chloride per liter. Munvz*) found in low regions, at Bergerac 
(Dordogne), at a distance of 136 KM. from the coast, on an average 
2,50 mgrm, and at Joinville-le-Pont near Paris, 190 KM. from 
the sea, on an average 7.60 mgrm, on the Pic du Midi (2877 M. 
above the sea) however only 0.34 mgrm of chloride of sodium per 
liter of rain water. According to these data an estimate of 0.4 mgrm 
of sodium chloride in the rain water falling on the drainage area 
of the Meuse, is certainly not too high. Now considering that the 
evaporating-quotient for the area of the Meuse is 2.6, according to 
Spring and Prost, we find that 1 mgrm at least of the sodium 
is owing to the rain. According to what is known of the domestic 
consumption of salt and other human sources supplying sodium to 
the river we probably have to add to this at least an equal quantity. 
So we arrive at the conclusion that certainly not more than 1,5 mgr. 
of the sodium, found by the analyses, is due to chemical denudation, 
and that this amount is perhaps not at all combined with chlorine. 

Still we did not charge our account for the possible source of 
yfossil sea water”, indicated by Srerry Hunt, O. FisHer and 
especially JOHANNES WALTHER®), but which is wholly uncontrollable. 

The Elbe carries, in absolute quantities, more than twice as much 


4) Dee Caspe 10: 


*) A. Munvz, Sur la répartition du sel marin suivant les altitudes. Comptes rendus 
de l’Académie des Sciences. T. 112 (1891), p. 447—449, 


*) Jowannes Waxrner. Das Gesetz der Wiistenbildung, p. 148 sqq. Berlin 1900. 
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chlorine and sodium as the Meuse, the population on its drainage 
area however amounts to 5.000.000, and Bohemia is, like Belgium, 
one of the first manufacturing countries of Europe. The evaporating 
quotient is in the area of this river at least 4, according to an 
estimate by Haruacner'). Although detailed facts are not at hand 
it may be accepted that the supply of sodium by chemical denuda- 
tion is but little larger here than that of the Meuse and, moreover, 
that without the afore mentioned pollution there would be a deficit 
of chlorine to combine with the sodium. 

In the area of the Danube above Vienna, the population is not 
nearly so dense and the consumption of sea salt in manufactories much 
less important. We therefore find in the water of this river a smaller 
quantity of sodium and a much smaller quantity of chlorine than 
in the Meuse and the Elbe. 

From the consideration of those three most reliable and valuable 
analyses of river water the average quantity of sodium admitted 
by Jouy according to MuRRay’s estimate proves far too high. 

Amongst others this appears also in the St. Lawrence, which 
river (important not only as a large stream, but also because of its 
being the outlet of a number of immense lakes) drains at its origin 
in Lake Superior a region of old sandstones and crystalline rocks, 
but afterwards passes through lakes receiving water from a region 
of palaeozoic strata, containing much rock salt. The ratio of rainfall 
to the discharge of water is 3.9. Here too a large reduction of 
the figures found in the analysis ought to be made. 

What is most apparent in our table, besides the greatly varying 
quantity of sodium in the river water, is the almost general deficit 
of chlorine to combine with the existing quantity of that metallic 
element. There is, almost always more sodium than could combine 
with the chlorine in the same river water. In such rivers where 
this is not the case we can account for this deviation by the 
presence of considerable amounts of other chlorides, refuse from 
manufactories, as is the case with the Meuse and the Elbe, or we 
can attribute it to accidental circumstances, where the difference is 
small and where only one analysis has been taken (and perhaps 
even no separate determination of sodium, as in the case of the 
Amazonas at Obidos). The water of the Dwina, the Weser and the 
Nahe has had the opportunity of taking from the soil in the drai- 
nage area considerable quantities of chloride of potassium. 


1) Cited in: F. Posepny, Zur Genesis der Salzablagerungen, besonders jener im 
nordamerikanischen Westen. Sitzb. d. math.-naturw. Cl. Akad. d. Wiss. Wien, 1877, 
Bd, 76, Abth, I, p. 193. 
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In the water of the lakes named under N°. 33 to 38, which are 
entirely surrounded by granite, basalt or gneiss, there are on the 
contrary no small quantities of sodium, with only traces of or very 
little chlorine. 

So it appears that the process of chemical denudation, by which 
sodium is dissolved from silicates and conveyed by the rivers to 
the sea, is not going on, for the greater part, through the agency of 
chlorine. ‘ 

Now, in the sea water all the sodium being combined with 
chlorine and there having been since innumerable centuries a supply 
of sodium from the rivers with a deficit of chlorine, this deficit must 
have been provided for. It is known that continually there is 
hydrochloric acid gas poured in the atmosphere through volcanism. 
Considering that at least three-fourths of the rain falls into the 
ocean and only one fourth on the land it is easy to understand ir 
what manner this deficit of chlorine is made up. 

Were it possible to find the annual absolute value of this deficit, 
did we know the average of it in river water, then we could, when 
starting from the uniformitarian point of view, and accepting that 
the ocean has acquired all its choride of sodium only in the actual 
way, estimate the geological age of the Earth, or better the length 
of past time of the process of denudation. 

The ocean contains, according to Dirrmar’s analyses and the 
newest estimates concerning the volume of the water in the ocean, 
21400 x 101% tons of chlorine combined with sodium. According 
to Murray’s estimate ') the rivers annually discharge somewhat 
more then 27 X 10” tons of water. Supposing a deficit of 1/1 990000 
or 1 mgrm of chlorine per liter and admitting that on the 
land there took place 1/, of the total production of sodium chloride, 
those processes of chemical denudation ought to have proceeded with 
the same intensity during 590 million years (without this contri- 
bution of the land during 787 million years). The deficit however 
is on an average decidedly larger than a millionth part of the water. 
Were it nearly 25 mgrm per liter and did we again admit that on the 
land there is produced one-third as much chloride of sodium as in 
the ocean, then the results of our computation would agree with 
that of Lord KELVIN who estimated the age of the Earth to be about 
24 million years. The latter supposed deficit of chlorine seems 
however to be far above the real average. 


1) Lc, p.70. As stated by Murray 6524 cubic miles, These are equal to 27192 KM?, 
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In the Nile, the La Plata and the Rio Negro and also in Lough 
Neagh this deficit of chlorine, as shown in our table, is extraordinarily 
large. But considering that, according to Murray, the evaporation 
of the rain water in the area of the Nile is more than 14 times as 
high as that observed in the basin of the Meuse (in most: of the 
other European rivers a similar proportion is found) the solution of 
salts represented by the water of the Nile at Cairo can be consi- 
dered as a far more concentrated one. If the evaporation were not 
stronger there than in the area of the Meuse, the deficit of chloride 
would only be 2.2 mgrm. For the La Plata the proportion between 
the rainfall and the discharge of the river is only 2.34 times as 
large as that for the Meuse; under similar proportions of evapora- 
tion as in Hurope, the deficit of chlorine would therefore be 5.44 
mgrm according to one analysis, 17.71 mgrm according to the other. 
Perhaps the deviation is there too only a seeming one, caused 
by stronger evaporation. Not taking into consideration the rivers 
draining soils rich in salt, as many of the smaller North-American 
rivers, N°..55—75 of our table — and in the case of the Rio Negro 
and Lough Neagh something analogous may be accepted — the 
exceptions, with a great deficit of chlorine are certainly so rare, 
that they cannot alter our conclusion based on what we observe 
in allmost all other cases. 

Most likely only 1/, of the quantity of sodium in the annual 
discharge of the rivers stated by JoLy, according to MURRAY’s esti- 
mate, is really to be attributed to chemical denudation; we then 
have to multiply the (not corrected) period of 99.4 million years, 
calculated, for the geological denudation by the first named author, 
with 4 and arrive at the result of about 400 million years. 

The existing data concerning the quantity of sodium and chlorine 
in river water are therefore not appropriated to use in the problem 
treated by Joxy, if at least the result arrived at by Lord KELvin, 
or even a period of one hundred million years, is approximatively 
right. 

Thus the opinion, to which other geological facts had led, that the 
greater part of the chloride of sodium in the ocean must have been 
produced, by a process far more rapid than the present process of 
denudation is confirmed. 
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Physics. — “The effect of the induction coil in telephonic apparatus” 
(224 part). By J. W. Gmray. (Communicated by Prof. P. 
ZEEMAN.) 


(Communicated in the meeting of December 28, 1901.) 


To arrive at our purpose we shall now try another method. Let 
us suppose an induction-coil without iron; in the primary wire is 
an undulatory current, in the secondary wire an alternating current is 
induced. If we now slide an iron core into that coil, the coefficient 


Ate 
of mutual induction will get B times greater, and if we tuke care 


that the strength of the current in the primary wire rests at the 
same value, notwithstanding the introduction of the tron, the induced 


ye ; 
current will also be = times stronger than it was before. We shall 


B 
now investigate whether this - has the same value for all our coils. 


As, however, it would be difficult to make the intensity of the 
primary current after the introduction of the iron core equal to what it 
was before, we shall try to reach our aim in an indirect way. 

Fig. 9 shows how we set about for this experiment. To find the 


value of for a coil with 3 primary layers, the primaries of 3 A 


and 3B were connected with microphone and battery in one circuit. 
a is a small coil with wire and an iron core in it, quite similar to 
that of the electro-dynamometer. Now the secondary of 3 A was 
connected with the coil a and the secondary of 3 B with the electro- 
dynamometer. So now we measured the current induced by 3B. 
By means of a commutator, left out of Fig. 9 for clearness’ sake, 
the electro-dynamometer was made to change places with coil a, so 
that 3A was connected with the measuring instrument and 3B 
with coil a. So now the current induced by 3 A was measured, 
and the strength of the current in the primary circuit had necessarily 
remained unaltered in both cases. 

Fig. 10 shows more elaborately how this experiment was arranged. 
If the 4 Morse keys are pressed down, 3 A is connected with the 
electro-dynamometer and 3B with coil a. If the keys are in rest, 
3 A is connected with coil a and 3 B with the measuring instrument. 

The result of these measurements are given in Table IV. For 
every measurement or comparison of 2 coils with each other 33 
turning points were read as formerly. As is seen from this table 
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A 
B has a smaller value for the coils of higher order than for those 


of lower order. 


TABLE IY. 
QQ —————————SS=_——_—— 
a k 
Coils: Mean deviation in Mean deviation in We $ 
ee 
minutes. minutes. | i 
3A 526.5 
6.52 
3B 12.4 
6A 337.5 ° 
i Re 5.9 
9A Be ae 410.3 | 
9B | 13.5 | 5.51 
12A 186.1 | 
4.78 
12B 8.15 
15A ire 501.1 | 
3.94 
15B | 


| 32.3 


The explanation of this phenomenon we shall have to look for 
in the fact that for the coils of higher order the secondary turns 
are farther removed from the iron core than for those of lower order. 
On account of this, for the former coils many of the lines of force, 
originating from the iron and being closed curves, will cut the 
cylindric space in the secondary coil twice, in 2 opposite directions. 
So these curves of force are entirely without value for producing 
induced currents in the secondary. 

If the induction coils were arranged in such a way that the iron 
core formed a ring closed in itself, the above mentioned phenomenon 
could not take place, as then each line of force would cut the space 


in the secondary coil only in one direction. 


If we write down the values for = found according to the two 
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different methods represented respectively in Fig. 3 and Fig. 9: 


Coil | 3 6 | 9 12 | 15 
= found according to fig. 9 | 6.52 5.9 5.51 4.78 | 3.94 
A found according to fig. 8 5.56 | 3.95 | 2.59 | 1.95 | 1.48 


B 


Weakening of the primary current 
1.17 1.49 2.13 2.45 2.66 
by the iron 


we see that the figures of the 2°4 row and those of the 3'4 row 
differ pretty much. 

In measuring according to Fig. 9 we have taken care that the 
primary strength of the current always had the same value, whether 
the induced current of coil A or that of coil B was measured. When 
measuring according to fig. 3 we have not heeded that. So if the 
two methods give different numbers, the.reason can be looked for 
only in the change which the strength of the primary current suffers 
in consequence of the iron. 

Comparing the numbers: of the 2°¢ with those of the 34 horizontal 
row of the table given above, we see that the latter are all smaller 
than those of the 2™4 row. This must evidently be explained 
from the fact, that in measuring according to fig. 9, only the useful 
factor of the influence of the iron — the increasing of the coefficient 
of mutual induction — is prominent, whilst if we act according 
to fig. 3, the disadvantageous factor of the influence of the iron also 
has a part in it: the increasing of the self-induction of the primary 
and the weakening of the primary current caused by it. 

Besides the fact that the numbers in the 34 row of the above 
table are smaller than those in the 224 row, we also see that the 
3'4 row converges much more. This is due to the weakening 
of the primary current by the introduction of the iron core being 
greater for the coils of higher order than for those of lower order. 
So the disadvantageous factor of the iron is the greatest for coils of 
higher order. This weakening can be calculated by dividing the 
numbers of the 2"¢ row by those of the 3'4; the numbers obtained 
in this way I placed in the 4 horizontal row of the table. 

Although it is sufficiently known that this weakening of the current 
by the iron increases with the number of primary turns, yet I have 
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tried to show it experimentally by the measurements of which 
table V gives the results. 


TABLE V 
Coils Mean deviation in Mean deviation in 1 
k 
minutes. minutes. | 
3A 470 
1.036 
3B 504.5 
15A 111 
1.539 
15B 263 


The method followed for getting these results is shown in Fig. 11. 
T is the translator without iron, already mentioned on page 369. 
G is the electro-dynamometer, which for this experiment however is 
provided with thicker wire. The thickness of this wire is 0,2 mm., 
the resistance 42 Ohm. a is the coil with the iron core in it, which 
we used before. Before the microphone are the resonator and the 
tuning fork as before. If the 4 keys are pressed down, the primary 
of 3 A is connected with the electro-dynamometer and the translator; 
and the secondary of 3 A is connected with coil a. If the keys 
are on the contact of rest, 3 B has changed places with 3 A. 
These comparative experiments were made with the coils 3 and the 
coils 15; it is true, that table V shows but a very trifling influence 
of the iron, but yet it is clear that the influence is greater for 15 
than for 3. These numbers cannot have an absolute value, the 
introduction of the translator and of the electro-dynamometer in the 
primary circuit greatly increasing the self-induction. On purpose to 
make this increase as small as possible, we provided the electro- 
dynamometer with thicker wire. If this experiment could be made 
with a measuring-instrument and a translator without self-induction 
we would of course have got 1,17 for coil 3 and at 2,66 for coil 
15 (see row 4, table page 402). The proportion of those numbers, 
2,66 
Ly, 
bers of table V. This gives however for that proportion only 1,5. 


= 2,8, should correspond with the proportion of the final num- 
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The cause of this far from favourable result was due to the fact, 
as I afterwards found, that the microphone was not in good order 
when I made these measurements (they were the last I made with 
it). When it was connected with a telephone and a battery the 
former made a creaking sound, whilst no sound at all was made 
in the vicinity of the microphone. 


Now we know that the phenomenon, that the iron in our coils 
of higher order has smaller efficiency, than in those of lower order, 
is due to 2 facts: 


1. to the fact, that for the coils of higher order the secondary 
wire ig wound on a wider cylinder, which causes many of the lines 
of force to cut twice the hollow space of that cylinder. 


2. to the weakening of the primary current when the iron is 
introduced, by the increase of the self-induction, which weakening 
is greater for the coils of higher order than for those of lower order. 

As is seen from the numbers of the 224 and 34 rows on page 402, 
the cause mentioned sub 2 is the most important. This is also clear 
if we note that the primary coil is the only object with self-induction 
in the primary circuit, as the self-induction of the microphone, the 
microphone-battery and the very short connecting wires are practically 
equal to 0. 


So we have determined the influence of the iron on the intensity 
of the induced current in two ways: 1. by letting the harmful as 
well as the favourable influence of the iron act freely and 2. by 
bringing out only the favourable influence. 

I have determined the influence of the iron still in a third way, 
standing midway between the two above-mentioned methods. This 
method is represented in fig. 12 and fig. 13; the arrangement of 
the experiment is shown a little more in details in fig. 14. As 
fig. 12 shows, the two primary wires of coils A and B, which are 
to be compared, are connected in one circuit with the microphone 
and the microphone battery. The secondary of A is connected with 
the electro-dynamometer, the secondary of B remains open. The 
electro-dynamometer is now again the same as the one used for all 
the other experiments except for those of table V. In this way the 
current induced by A is measured. Now the secondary of coil B 
is connected with the electro-dynamometer, the secondary of A 
remaining open, as fig. 13 indicates. This change was made by 
means of the 2 Morse keys, as is shown in fig. 14: when the keys 
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were pressed down, 3 B was connected with the measuring-instrument ; 
if the keys were in rest, 3 A was connected with it, 


A 
The values for B found according to this method are placed in 
the 3'¢ horizontal row of the following table. The measurements 


were taken in quite the same way as indicated in tables II and III. 


iy 
Coil 3 bag 6 a 9 118) 15 
press | 
A ; | { 
ms found according to fig. 9 6.52 | 5.9 5. tl 4.78 3.94 
= found according to fig. 12,18 and MI 4.94 | 5.03 4.91 4.95 | 3.92 


As will be seen, — is smaller in the 34 row than in the 2"¢ row, 


col 


for all coils. This is made clear by the following consideration : 

In fig. 13 the current of B is measured whilst the secondary wire 
of A is open. On the other hand, in fig. 9 the secondary of A was 
closed when the current of B was measured. This closing of the. 
secondary wire of A weakens the variations of the magnetism of the iron 
core, and by this weakening the current in the primary is strengthened ; 
so the deviation given by coil B to the electro-dynamometer will be 
greater in the case of fig. 9 than in that of fig. 13. 

In fig. 12 the current of A is measured whilst the secondary wire of 
B is open. In fig. 9 the secondary of B was closed whilst A was 
being measured. The opening or closing of the secondary of B will 
however give rise to only a trifling difference in the strength of the 
primary current, and the deviations given by A to the electro- 
dynamometer will have about the same value whether the meas- 
urements are made according to fig. 12 or to fig. 9. 


The result is that & determined according to fig. 9, must be 


greater than 2 measured according to fig. 14. 


We see that the difference between the numbers of the 24 row 
and those of the 3" row is smaller for the coils of higher order; 
for coil 3 the difference is rather great, whereas for coil 15 it has 
almost disappeared. This is owing to the fact, that the closing of 
the secondary in a coil of higher order causes a smaller decrease in 
the magnetic changes of the iron core than in coils of lower order. 

27 
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The reason for this is 1. that the current induced in the second- 
ary is weaker for 15 A (for instance) than for 3 A, and 2°. that 
the secondary turns are farther removed from the iron in 15 A 
than in 3A. This is also proved by the following experiment: 
I took the coils 3A and 15 A of fig. 7 (changed into telephones) 
and again arranged the experiment as in fig. 8. The tuning-fork 
was placed near the resonator, the microphone-battery consisted of 
a storage-cell. Both telephones, the secondaries being open, gave a 
strong sound. If the secondary of 3 A was closed, the sound produced 
by this telephone, became perceptibly weaker; if the secondary of 
15 A was closed, there was no difference perceptible in the intensity 
(though there was in the quality). The same experiment was repeated 
after the storage-cell had been exchanged for a Leclanché-cell, i.e. witb 
a weaker undulating current. With coil 3 the closing of the secondary 
produced a very perceptible weakening of the sound; with 15 now 
a slight weakening of the sound was noticed when the secondary wire 
was closed but it was extremely small. ') 

When we divide the numbers, found on page 367 for the effect of 


the various A coils, by the values of = found on page 402, we obtain 


for the effect of the various B coils: 


Coil: 3 6 9 | 12 15 


Strength of the induced current of 


1 1.507 | 1.429 | 1.114 | 0.81 
the A coils: ; 


tel > 
Or 
or 
for) 
Ww 
(Jo) 
or 


2.95 | 1,95 1.48 


Strength of the induced current of | 


the B coils; | 


}) At first it was my intention in writing this paper not to mention the experiment 
of fig. 14, the question concerning the influence of the iron being to my idea suffi- 
ciently answered. But on the other hand it seemed to me that these numbers could 
serve to heighten the trustworthiness of the other results arrived at by me, as the 
reason of the differences between the numbers of the two rows on page 405 was, to 
my idea, perfectly explained. And where quantitative investigations are made with 


such capricious apparatus as microphones and electro-magnetic tuningforks, an indi- 
. ? ? 
rect confirmation seemed not superfluous. 
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From this we see, that the decrease of the intensity of the induced 
current by the increase of the number of primary turns is much smaller 
for the B coils than for the A coils. The intensity increases as we see, from 
3B to 12B, but that increase becomes less and less and is at 
last negative from 12 B to 15 B. The reason for 15 B giving a weaker 
induced current than 12B can be found in the increase of resistance 
of the primary circuit, without reckoning with the self-induction: 

The resistance of the microphone is 3.5 Ohm, that of the coil 12 B 
is 4.9 Ohm and that of 15 B 6.4 Ohm; the resistance of the micro- 
phone can be neglected. Then in the first case the whole resistance 
of the primary circuit is 8.4 and in the second case 9.9 Ohm. The 
proportion of those resistances is 1.18; the proportion of the number 


= ah D 
of turns in both cases is a aa 1,25. 


If we introduce into a circuit, in which a microphone and a 
battery have been placed, a dead resistance causing the entire 
resistance (when the microphone is at rest) to become n times 


i : 
greater, the strength of the current will be reduced to 7 of its 
former value and the change of resistance in the microphone will also 


1 ; 5 
retain but — of its former value. The undulations of the primary 
n 


1 : 
current will be reduced in this case to se of their former value. 
n 


So in the above-mentioned case, by substituting coil 15 for coil 
12, the undulations of the primary current become 1,18? = 1,39 
times smaller. On the other hand the number of primary turns 
becomes 1,25 times greater. So according to this calculation, the 

1,39 
induced current given by 12 B would have to be aa ee 1,11 times 


stronger than those given by 15 B. The numbers in the table on 


Leet ; 
page 406 give for that proportion po 1,04. If we take into con- 


sideration that the measurement of the resistance of a microphone 
at rest ofien gives very different values, then we may consider the 
correspondence between these two proportions to be quite sufficient. 


In the table on page 406 we see, that when 6 A connected with 
wicrophone and battery gives an induced current 1,507, 15 B will 


induce in the same circumstances a current 0,55. That proportion 
PT bs 
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1,507 
0,55 
circuit, (i. e. with a coil without iron), we shall hear as much as 
with 6 A (the best of our coils, as far as intensity goes) if only 
we use 2,73, let us say 3 times, the number of cells as for 6 A. 
The resistance of the battery is neglected and moreover this calcu- 
lation holds good only for the tone Fa 3. 

The experiment with the telephone confirmed this entirely. Before 
the microphone the tuning-fork and resonator were placed as usual; 
by means of 4 Morse-keys we could bring into the circuit 
6 A with 1 Leclanché-cell as well as 15 B with 3 cells It was 
found that not the slightest difference in the intensity of the sound 
was to be heard whether 6 A or 15 B was used. In the same 
way I compared 15 A with 2 Leclanché-cells with 15 B with 3 
such cells. In both cases the intensity was exactly the same. 

Sharper tones are weakened in a greater degree by the self-induction 
of the primary coil than lower ones. If I had made these experi- 
ments with a tuning-fork of a sharper note, I would have obtained 


= 2.73 shows us, that with coil 15 B in our microphone- 


other numbers; the series | found on page 367 for = would have 


converged much more. 


We have till now occupied ourselves only with the intensity of the 
currents (or of the telephonic sound) induced by our various coils. 
We shall now try to investigate which coils are best adapted for a 
pure articulation. 

In general we can assume that for our purpose those coils in the 
first place come under consideration, which render a simple tone, 
produced before the microphone, also as a simple sound in the tele- 
phone; and which will reproduce a compound tone in such a way 
that ihe mutual relation of the intensities of the simple tones out 
of which the compound consists, is the same for the reproduced sound 
as it was for the original sound. Theoretically the induction coils 
with iron core must necessarily be inferior to those without iron: 

1. because by the self-induction of the primary coil with iron the 
sharper tones weaken more than the lower ones, so the quality of the 
reproduced sound will not be the same as that of the original. This 
is in less degree the case in the coils without iron. 

2. because a simple sound does not induce one sinusoidical 
current in the secondary wire of a coil with iron core, but two such 
currents, which are somewhat shifted in respect to each other, One 
of the sine currents is induced by the primary current, the other 
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by the magnetism of the core. For the sake of brevity we shall call 
the former the galvanic, the latter the electro-magnetic induction 
current. Now as the strengthening and weakening of the magne- 
tism of the iron core, caused by the changes of the primary current, 
requires a certain time, the induced currents, produced by those 
changes of magnetism will appear and disappear later than the 
currents induced directly by the primary current. The tables given 
on pages 402 and 406 enable us to calculate about how many times 
the electro-magnetic induction current is stronger for the different 
coils than the galvanic. So e.g. for coil 3A: 

The currents induced by 3 A and 3 B are in the proportion 1 : 0.18 
(table page 406). The primary current of coil 3B becomes 1.17 times 
weaker by the introduction of the iron (table page 402). So the 
galvanic induction current produced by coil 3 when iron is introduced 
into it (in other words the galvanic induced current given by 
coil 3A) has the intensity ce = 0.15 if 1 is the whole current 
induced by 3 A. Now the latter current is the sum of the galvanic and 
of the electro-magnetic current; the galvanic being —0.15, the electro- 
magnetic will be equal to 0.85. It follows from this, that the 


electro-magnetic induced current for coil 3 A is ae times 


stronger than the galvanic. 
In this manner we find for the coils 3A, 6A, 9A, 12 A, 154 
the proportions 5.7, 4.9, 5.25, 3.8, 3.0. 

With 3A the electro-magnetic induced current will be so much 
stronger than the galvanic, that the latter will not be able to give 
any change, to the quality of a simple sound. If we suppose the ampli- 
tude of the diaphragm ot the telephone to be proportional to the 
strength of the induced currents, the intensity of the sound will be 
proportional to the square of the strength of the current. For 3 A 
the electro-magnetic tone will be 5.7? = 32 times stronger than the 
galvanic: so it is not probable that the latter will have any per- 
ceptible effect. 

In this respect 3 A will probably be the best coil as far as articu- 
lation goes. But also in respect to the 2™¢ condition, named on page 
9 for a good articulation, 3 A will be the best of our A-coils, the 
self-induction being less than in any of the 4 other A-coils. 

With 15 A the proportion of the electro-magnetic induced current 
to the galvanic = 3, so the proportion of the two tones = 9. In using 
this coil there will be the greatest chance that a simple tone made 
before the microphone will be reproduced with changed timbre by 
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the telephone. And with 15 A the self-induction is also greater thar 
with the other four A-coils, so in this respect also 15 A will be the 
least suitable for pure articulation. ; 

With 15B of course the double curves do not appear at all and the 
self-induction is much less than with 15 A. So we can expect 15 B 
to articulate better than 157A. 


In order to investigate in how far difference of articulation was 
perceptible with the different coils, I compared 3 A with 15 B, likewise 
6A with 15B and finally also 15 A with 15 B. Of course the 
battery was chosen in such a way that the intensity of the sound 
remained the same with the two coils under comparison. So for 
instance in using 15 B (see table on pag. 406) 3 times more elements 
had to be taken than for 6A. It was however evident, that the 
microphone got too much current with 3 Leclanché-cells and 15 B, 
as, even though no sound was made in its vicinity, it began to 
vibrate and to make a noise in the telephone. I therefore made 
use for these experiments of a thermo-electric battery of GULCHER 
consisting in all of 66 couples. In comparing 6 A with 15B I made 
the former coil act with 7 couples, the other with 21 couples; in 
comparing 15 A with 15 B I used respectively 15 and 21 couples, 
etc. Now an article of a newspaper was read before the microphone 
and by pressing down or releasing 4 Morse-keys the 2 coils under 
comparison were exchanged. It appeared that not the slightest 
difference in articulation was perceptible, either when comparing 
3A with 15 B, 6A with 15B, or 15A with 15B. Women’s voices 
generally sounding clearer out of our small telephones (with small, 
thin diaphragms) than men’s voices, the experiments were also made 
with these, but with the same negative result. The telephone spoke 
equally clear in all the different cases. 

To investigate whether in a musical sound change of quality 
would be perceptible when the coils were exchanged, the experi- 
ment was made with a musical box and also with the tuning-fork 
Fa 3, but without any result. To avoid the influence of the proper 
tones of the telephone-diaphragm, the telephone was substituted by 
a condensor with a permanent charge of about 32 volts, but the 
result was the same. 


As in many cases, also here practice has found the right way. 
The induction coils with iron and 4 or 6 primary layers of wire in 
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general use in practice, give the strongest sound and although 
theoretically they ought to articulate less accurately than coils with 
more primary wire and no iron, in practice this is not at all perceptible, 
not even in laboratory-practice, which is the only practice I havea 
right to speak of. Our sense of hearing is evidently so accustomed 
to content itself with defective sounds and to understand them that 
we cannot at all observe the small differences in the accuracy of 
the reproduction, which must undoubtedly exist when using the 
different coils. 

I cannot omit quoting some lines of HEavistDE, 1) who expresses 
himself as follows, after having enumerated the different distortions 
to which telephonic transmission is exposed before the sound of the 
telephone is observed by us: 

“And yet, after all these transformations and distortions, practical 
telephony is possible. The real explanation is, I think, to be found 
in the human mind, which has been continuously trained during a 
lifetime (assisted by inherited capacity) to interpret the indistinct 
indications impressed upon the human ear; of which some remarkable 
examples may be found among partially deaf persons, who seem to 
hear very well when all they have to go by (which practice makes 
sufficient) is as like articulate speech as a man’s shadow is like 
the man.” 


As respects practice it is evident that nothing is to be learnt from 
my paper. The only thing deducible from it, is perhaps the following: 
On very long telephonic cables where all slight influences which 
might weaken the transmission of the sound, must be avoided, it is 
the custom that each station shunts the secondary of its induction- 
coil during the time that it takes a message, by pressing down a 
button. The telephonic currents coming from the sending station need 
not in this way pass through the secondary of the receiving station 
and are not needlessly weakened by the self-induction of that secondary 
with iron core. If now we were to take a coil with more primary 
layers and no iron, the self induction of the secondary would be much 
smaller and the troublesome shunting during the listening might 
perhaps be avoided. But no doubt the shunting of the coil is the 
more efficacious means to prevent the weakening of the telephonic 
currents. 


1) Oxiver HeavisIDE, Electrical Papers, Vol II, Page 348, 
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e é 
Physiology. — Prof. PexeLHarina makes a communication con- 
cerning’ pepsin’. 


Some years ago I communicated to this meeting a new method 
for the preparation of pepsin. In artificial gastric juice, obtained by 
digesting the mucous membrane of the stomach with 0.5%) H Cl 
for some days, I had found a substance, which is little soluble in 
water, containing about 0.02°/) HCl, but which becomes more easily 
soluble as well by a higher as by a lower amount of hydrochloric 
acid in the fluid. This substance appeared to be an extremely 
complicated proteid, which possessed to a very high degree the 
power of digesting proteid matter in acid solution. I supposed this 
substance might be the enzyme itself and not a proteid matter mixed 
with the enzyme and my grounds for this supposition were in the 
first place the extraordinary amount to which this substance was 
able to digest proteid matter and secondly the observation that the 
coagulation-temperature of this proteid matter, dissolved in hydrochloric 
acid, is just the same as the temperature, which makes the enzyme 
inactive. I had however to confine myself to a supposition, as my 
material was not of a sufficient degree of purity. I found that it 
always contained phosphorus, but the amount of phosphorus, though 
generally about 1°/,, was variable. 

On account of the great importance of the question concerning the 
‘nature of the enzymes, I have continued my efforts to obtain the 
substance in a purer state. At first I used for that purpose the 
mucous membrane of the stomach of the pig. The method of 
preparation was altered in some respects in order to improve the 
purifying of the substance and to increase the amount of pepsin. 

I can add to what was stated before, about the nature of the 
substance, that from its solutions it can also be precipitated by 
ammoniumsulfate. 

After treating the extract of the mucous membrane in the 
above mentioned way, with basic plumbic-acetate and ammonia and 
decomposing the precipitate with oxalic acid and dialysing and 
filtering the thus obtained concentrated solution, there could be 
obtained out of the filtrate, by saturating with ammonium sulfate, still 
a considerable quantity of pepsin, which when purified by dissolving 
in HCl 0.2%) and dialysis, showed exactly the same qualities 
as the pepsin, prepared directly from the artificial gastric juice 
and from the lead-precipitate, it especially possessed as great a 


1) Account of the Meeting on May 30, 1896, 
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digesting power. Whereas from the solution that was greatly 
contaminated by products of digestion, a precipitate fit for being 
filtered was only produced by complete saturation with ammonium 
sulfate, the pepsin wil] completely separate from solutions containing 
but few products of digestion, by half saturating the fluid with 
this salt. 

If the substance is slowly precipitated either by dialysis into water 
or under the influence of ammoniumsulfate, the precipitate is not 
amorph, but has the shape of small globules, resembling the globu- 
lites of albumen, which after Hormerster’s method can be obtained 
from egg-albumen. The little globules of pepsin are however smaller, 
the largest have a diameter of about 15 a 20 wu. 

When kept under ammoniumsulfate, pepsin can remain unaltered 
for a very long time. <A preparation, entirely consisting of small 
globules, repeatedly washed out by decantation with half saturated 
ammoniumsulfate solution and finally kept in this fluid in an 
apartment, in which the temperature undergoes great variations, 
has already remained unaltered for four years. It shows not only 
no alteration when investigated with the microscope, but when freed 
from ammoniumsulfate and dissolved in hydrochlorie acid, it also 
digests proteid matter very powerfully. 

Though I have treated some hundreds of mucous membranes of 
pigs’ stomachs I have not succeeded in preparing from them a pepsin 
of constant composition. By analysing some five preparations, purified 
as much as possible, the values found for the various elements varied 
between the following numbers: 


C H N E S 
maximum 50.77 T:27-—1506- 0.75 —16 


minimum 48.18 6.72 14.02 0.425 1.45 


I thus became convinced, that I could not hope for a better result 
if I continued the purification of the substance by dissolving it 
again and again in HCl 0.2%/) and then precipitating it by dialysis 
into water, on account of the great variability of the substance, the 
perseverance with which it retains contaminations and the great 
loss of substance, which is inevitable when purifying it and which 
would make the preparation of quantities such as are required for 
analysis, practically impossible. 

I therefore resolved to try whether the gastric juice of the dog, 
which now, owing to PAwLow’s brilliant researches, can be obtained 


( 414.) 


in unlimited quantity and without admixtures, should perhaps give 
more satisfactory results. 

My request to Prof. PawLow for some further information about 
the method of operating, was answered with the greatest kindness 
by a very detailed and accurate account by Dr. WALTHER about 
everything that must be taken into consideration when applying 
the gastral fistula and vesophagea] fistula, according to PAwLow’s 
method. Prof. Narata then kindly applied for me in a dog of 
25 KG., first a gastral fistula and when the wound was completely 
healed and the silver cannula was fixed in it, also an oesophageal 
fistula. Besides to the gentlemen already mentioned, I am also 
greatly obliged to Messrs. DE Bruin, ScHIMMEL and THOMASSEN, 
lecturers at the State Veterinary School at Utrecht, who when the 
good healing of the wound in the stomach was in some danger, 
repeatedly gave me excellent assistance. 

Throughout the whole of the year 1901 the dog, who was always 
in an excellent state of health, was regularly used, generally three 
times a week, for the producing of gastric juice. By a pseudo- 
feeding with meat there was obtained in the first hour an average 
of 200 cc., in the second hour still an average of 100 cc. of gastric 
juice. Each time the fluid obtained in a quarter of an hour, was 
filtered in order to free it from little flakes of mucus. The filtrate 
was then perfectly colourless and clear. Only occasionally when 
the amount of pepsin was great and the temperature of the room 
was low, it showed some opalescence, which however, when heated 
to the temperature of the body, disappeared at once without ieaving 
a trace, to reappear again when cooled. The amount of acid was 
on an average 0.16 norm. HCl. 

As Nenckr and Sieper already stated a short time ago, the 
pepsin is precipitated for the greater part from the pure gastric 
juice of the dog, in the same way as from the extract of the 
mucous membrane of the stomach, prepared with hydrochloric acid, 
as soon as the amount of acid is decreased to about 0.02 9, : 
the best by dialysis. In the dialysator the substance is then 
deposited just like the pepsin out of the mucous membrane of the 
pig, in the shape of transparent small globules. While however 
the pepsin of the pig, at least when dried, was always somewhat 
coloured, even when it was separated out of a solution, in which 
no decided colour could be seen, the pepsin of the dog was always, 


1) Zeitschr. f, Physiol. Chemie, Bd. XXXII, S, 291, 
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even after drying, of a pure white colour. This was only then not 
the case, when, what occurred a few times, the gastric juice was 
mixed with bile. Gastric juice which, by admixture with bile, was 
distinctly coloured yellow, was never used for the preparation of 
pepsin. But it could be shown that even the smallest traces of bile- 
pigment, were retained by the pepsin. When the gastric juice contained 
but so little of it, that the yellow colour could not clearly be 
distinguished, the pepsin, precipitated from it by dialysis, yet showed 
a yellow tint which became greenish when dried. For analysis I 
have exclusively used entirely colourless pepsin. 

The fluid, separated from pepsin which had been precipitated by 
dialysis, was half saturated with ammoniumsulfate. Thus a not unimpor- 
tant precipitate was again obtained. This was dissolved, when liberated 
from ammoniumsulfate by dialysis into 0.2 °/, HCl, at 37° C. in 
as little hydrochloric acid as possible of the same strength, filtered 
and subjected to dialysis into distilled water. The substance thus 
precipitated was dried and separately collected for analysis. 

When the pure gastric juice was half saturated with ammonium- 
sulfate, in the filtrate of this no perceptible precipitate could any 
more be produced by complete saturation with this salt. The fluid, 
dialysed for 24 hours, filtered and then half saturated with ammonium 
sulfate, still after total saturation showed a certain amount of turbid- 
ness. When dialysed at a low temperature, a very small portion of 
the substance is always decomposed, whereby albumose is liberated. 

In the first place I have investigated the amount of phosphorus. 
The continued investigation of the pepsin, obtained out of pigs’ 
stomachs, had already made me doubtful, whether the phosphorus 
I found in it, really owed its origin to the highly complicated 
proteid, of which this pepsin principally consists. As I have formerly 
stated the amount of P of my first preparations was about 1°/), but 
already then I observed that a more or less considerable contamination 
with substances ccntaining phosphorus, was likely. ‘The more the 
pepsin was purified, the smaller the amount of phosphorus was 
generally found to be, though I found the pepsin out of the pig’s 
stomach never free from it. Moreover I had become convinced that 
I had erroneously placed the coagulation-product, which is obtained by 
heating of the acid solution of pepsin, on one line with the well- 
known nucleo-proteids. Later on I shall again refer to that. 

I now found the pepsin of the dog free from phosphorus. The 
substance separated by dialysis from the gastric juice, still contained 
a trace of it, but such a smal] quantity (about 0.01%) as can only 
be attributed to impurity. 
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This impurity was apparently quite removed together with the preci- 
pitate, which was formed when dialysing. For when afterwards the 
pepsin which was still in solution, was precipitated by half satura- 
ting with ammoniumsulfate and purified by dissolving it in hydro- 
chloric acid and dialysis, there was not found in it the slightest 
trace of phosphorus. Nevertheless this pepsin was equally able to 
digest proteid matter as was that which was separated directly by 
dialysis out of the gastric juice. 

Newncki and Sieper did find stsenhanee in the pepsin, prepared 
by them out of the gastric juice of the dog, even when the pepsin 
was washed out with alcohol and had thus been altered. However they 
found the’ amount of P not only small, but also in various prepa- 
rations very different. In the pepsin, precipitated by dialysis and not 
washed out, it varied between 0.073°/, and 0.148°/, in the prepara- 
tions washed out with alcohol between 0.045°/, and 0.091°/ . 

They take for granted that pepsin contains lecithine; partly at 
least, not as an impurity, but in a combination to be compared 
with the compounds of Jecithine with glycose, morphin, etc., espe- 
cially studied by Bune. 

J am not prepared to deny the possibility of the presence of a 
compound of pepsin with lecithine in the gastric juice, nevertheless I 
wish to lay stress on this : that the existence of the enzyme should not be 
considered as being connected with the presence of lecithine or any other 
P-containing group in the molecule of the pepsin, now that I have 
succeeded in preparing very powerful pepsin, in which either no 
phosphorus at all, or only a very insignificant trace of it could 
be shown. 

Contamination of the pepsin with phosphorus can, besides by leci- 
thine, also be caused by other substances. In the gastric Juice, obtai- 
ned by pseudo-feeding, there always occurs, at least in the dog used 
by me, some mucus, which can easily be rerere by filtration. This 
noneiets of a Pcontainine proteid matter. When taken from the filter 
and washed out with water and alcohol, it scarcely dissolves at 
all in diluted hydrochloric acid, but by digesting with pepsin and 
hydrochloric acid, it gradually loses the gelatinous character and 
dissolves for the greater part, while a sediment, easily soluble in 
alkali, is formed. 

This mucine is probably a nucleo-proteid and it is certainly 
possible, that when kept in contact with the gastric juice for some 
time and partly digested, it may yield P- -containing decomposition- 
products to the eaten I have therefore immediately filtered the 
gastric juice, obtained in each quarter of an hour, 
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As to the amount of chlorine my statements agree with those 
of Nencxi and Sirper. While the latter found in five determina- 
tions, either 0.47 °/o or 0.48 9/°, I found 0.49 /o. To the reasons, 
given by these investigators, for the opinion, that chlorine forms an 
element of the molecule of pepsin I may add another. The pepsin 
that was separated either directly by dialysis, or first by ammonium 
sulfate, was then dissolved, in as great a concentration as possible, 
at 37° C. in 1°/, oxalic acid and precipitated from this solution by 
dialysis into distilled water. This precipitate. rapidly digested fibrin, 
when dissolved in oxalic acid. lf now the chlorine found in the 
pepsin, which was separated out of the solution in hydrochloric acid, 
did owe its origin to hydrochloric acid that was not sufficiently 
washed out, then we might expect, that in the substance, separated 
out of oxalic acid, the clorine could no more be found. Nevertheless 
chlorine could repeatedly be shown very distinctly in this. 


The results of the analysis of six preparations follow here. 


C Hi N 5 
52.13 7.06 
14.13 
I, 52.06 7:89 1.66 
14.33 
| 51.81 7.09 Pepsin precipitated by dialysis 
II. 51.92 7.14 14.50 of the gastric suice. 


Il. 52.13 yieaial 14.58 1.63 


Tv: 51.61 6.93 14.57 1.61 


Ve 52.32 7.16 14.75 1.83 | Pepsin precipitated by half satur- 
ating the dialysed gastric suice 
VI. 52.01 7.02 14.68 | “with ammoniumsulfate. 


That the amount of sulfur in V was found a little higher than 
in the other preparations, may perhaps be attributed to contamination 
with ammonium sulfate. This supposition is perhaps supported by 
the amount of nitrogen. With 0.2°/, S derived from (NH,). SO, 
corresponds 0.175 °/) N. So the amount of N whould become 14.575 9% 
and would better agree with the amount of nitrogen of the other 
preparations. ‘ 

The quantity of preparation VI was not sufficient also to deter- 
mine the amount of sulfur. The amount of ash is not, as with all 
the other preparations, taken into account here. Herein lies however 
no objection of any significance, because the amount of ash was 
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always found to be very slight. In the pepsin precipitated by 
dialysis it was + 0.1%, in that which was first precipitated by 
ammonium sulfate + 0.2°/p. 

Me. Scaoumow—SrmanowskI !) found a the pepsin precipitated 
by Gehne out of the gastric juice of the dog and washed with 
alcohol : 

C H 


50.71 La 


and for pepsin precipitated from the gastric juice, by saturating 
with ammoniumsulfate : 


C H N 8 
50.37 6.88 | 14.55 | 1.35 


15.0 


where the amount of ash was not taken into account, whereas 
Nencki and Sreser found, when analysing the substance precipitated 
by dialysis: 


C H N Ss 


51.26 6.74 14.33 1.5 
and 


51.99 7.07 14.44 1.63 


is the average result of the four preparations analysed by me, of 
pepsin precipitated by dialysis. 

The difference concerns especially the amount of carbon, which was 
found by me in all my preparations higher than by the Russian 
investigators, though my figures are already very near those of 
Neyck1 and Srieper. On account of the absence of phosphorus in 
my preparations and also of the smaller amount of ash (N and S 
found 0.57°/,) I think I may consider, the substance prepared by 
me, as being better purified. Also in the pepsin out of the mucous 
membrane of the pig’s stomach, which I did not succeed in libera- 
ting from phosphorus, I found a lower amount of carbon, varying 
between 48.18 and 50.779. 

In the ash I could detect iron in accordance with NEncKI and 
SiuBer. I have not made determinations of the amount of iron. 


*) Arch. des Sc. biol. T. II, p. 463. 
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From the cleavage-products, into which the substance is split by 
heating, I have up till now only studied the coagulation-product more 
accurately, which is precipitated when the heating is done rapidly. 
Formerly I already stated that by boiling with mineral acids, purine- 
bases can be obtained out of this. To this I can only add that I 
have been able to prepare out of the pepsin of the pig a basis which 
was found to be xanthine. At first I found no reducing substance 
after boiling the coagulation-product with mineral acid. Further 
investigation however taught me, as is already stated by FRIEDEN- 
THAL ') and also by NeNncKI and Sreper, that when so treated a 
reducing substance is indeed liberated, which shows the qualities 
of a pentose. Nevertheless, although this proteid matter contains 
purinebases and a carbohydrate group, it will not do to continue to 
group it any longer among the nucleo-proteids, as it contains no 
phosphorus. That no phosphorus was found in it, when it was 
prepared out of the pure pepsin of the dog, is a matter of course. 
But also when it was precipitated from the fresh gastric juice by 
boiling and then carefully washed, successively with water, alcohol 
and ether, I could not find a trace of phosphorus in it. When inves- 
tigating the coagulation-product out of the pepsin of the mucous 
membrane of the pig I had already been doubtful, whether this 
substance might indeed be considered to be a nucleo-proteid, on 
account of the failing of all my efforts, to prepare a nucleic acid 
out of it. 

It did produce an acid, when treated with alkali, but this acid 
was a proteid matter, which proved to be little soluble in water, 
insoluble in diluted acid and easily soluble in warm alcohol. 

This acid is best prepared in the following way: 

The coagulation product is dissolved in 1°/, hydrate of potassium 
and is boiled with this in the water-bath for five minutes. he 
fluid which was first entirely colourless, then acquires a light yellow 
tint. It is now made acid with hydrochloric acid. Hereby a consider- 
able precipitate is formed under development of sulfureted hydrogen, 
which, when cooled, is filtered off. It is of a pure white colour. 
The filtrate is also colourless, but this becomes yellow again with 
alealic reaction. The filtrate gives biuret reaction and produces, 
after boiling with hydrochloric acid, pentose. 

The precipitate is washed out with 0.5°/, HCl, dissolved in 
boiling alcohol of 85°/o and filtered, when hot. On cooling it, the 


1) ENewtManNn’s Archiv. f. Physiol. 1900, 8. 189. 
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substance is precipitated as a gelatinous mass, at the surface of 
which a clear layer of alcohol gradually separates, which retains but 
little of the substance in solution. The precipitate, was first washed 
by decantation with 96°/, alcohol and then mixed with equal 
volumes of alcohol and ether, when it becomes flaky and deposits 
well. It is at last brought on the filter, washed with pure ether 
and dried. When drying the precipitate which was first of a pure 
white, sometimes acquires a light yellow tint. 

This substance has the qualities of an acid. Brought into water, 
it is dissolved, with an acid reaction if an alkali be carefully added. 
When this acid reacting solution is subjected to electrolysis, under a 
tension of + 50 Volt, in the way lately described by Huriskamp *) 
after being freed as much as possible from other salts, by dialysing 
into repeatedly renewed distilled water for a few days, then the 
proteid is transported to the anode and is there deposited as a 
gelatinous lump, while at the negative pole alkali is accumulated. 

I propose to give to this substance the name of pepsinic acid. 

Out of the alcoholic solution the substance separates by evaporation 
of the alcohol, as a varnish-like substance. It gives biuret and xantho- 
protein-reaction and the reactions of ADAMKIEWICZ and of MILLOon. 
As might be expected it does not yield sulfur, when boiled with 
hydrate of potassium. By boiling for a long time with alkali it is 
changed further. Addition of hydrochloric acid then no more causes 
any precipitate. 

Out of pepsin solutions, which are changed by heating slowly 
without becoming turbid by this, this substance cannot be obtained. 
I first became acquainted with the pepsinic acid as a decomposition 
product of the pepsin, prepared out of the mucous membrane of 
the pig’s stomach and I afterwards obtained it in exactly the same 
way out of the pepsin of the dog. However I never succeeded in 
preparing the pepsinic acid of the pig entirely colourless. Therefore 
I did not use this for eiementary analysis. 

The analysis of the pepsinic acid of the dog gave the following results : 


C H N S 
50.79 7.02 14.44 1.08 


whereas for the coagulation-product, out of which this acid is 


prepared and which may be considered as an acid proteid matter 
itself, was found: 


C H N S 
50.35 6.98 14.90 1.64 


1) Zeitschr. f. Physiol. Chemie, Bd, XXXIV, 8S, 32. 
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The highly complicated proteid matter, which besides mucine, is 
the only albuminous element of the gastric juice of the dog, could 
only in so far be said to differ from the substance, prepared out 
of the mucous membrane of the pig’s stomach, by the fact that 
the latter was not sufficiently pure. As to the qualities and the 
decomposition-products, as far as the investigation of these was 
possible, they were exactly the same. As I mentioned before, such 
a substance may also be prepared out of the mucous membrane of 
the stomach of the dog and of the calf. 

This substance is, like other proteid substances, levogyr. I have 
not been able to detect any influence of the reaction of the solution 
upon the degree of rotation. 

When it is now taken into consideration that the substance obtained 
out of the gastric juice of the dog can be made to acquire a degree 
of purity that is satisfactory for proteid matters, the hypothesis that 
this substance is the enzyme itself and does not own its activity to 
admixtures, does not appear to be a very bold one. 

The substance loses the action of pepsin by heating, at the exact 
temperature which decomposes it. 

When gastric juice, by half saturating it with ammoniumsulfate, 
is liberated from this substance, it loses its capacity to digest proteid. 
With respect to this it shonld be taken into consideration that the 
presence of ammoniumsulfate is highly detrimental to the action 
of pepsin. But I have repeatedly convinced myself, that the fluid, 
also when the salt was removed to a trace by dialysis, was quite 
unable to digest fibrin. If we now consider that 1/;))) mgr. of the 
substance prepared by me still shows a distinct though weak action 
on fibrin in 6 com. HCl 0.2 %, then we may rightly conclude, 
that the filtrate freed from ammoniumsulfate by dialysis, does not 
contain any pepsin, all the enzyme thus being precipitated by the 
salt out of the gastric juice. And in this precipitate we find nothing 
but the proteid matter, which shows the action of the enzyme as 
strongly as possible. 

I find another argument for my view in the observation, that the 
digesting power of the gastric juice keeps pace with the quantity 
of the coagulation-product precipitated from it by heating. This 
is especially clear, when in the dog the secretion of gastric juice 
is increased by injection of diluted alcohol into the rectum during the 
pseudo-feeding. 

The gastric juice secreted under the influence of alcohol, is more 
considerable in quantity and surely as rich, but generally a little richer 
in acid than that secreted before; but poorer in pepsin. The coagulation- 
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product, which doubtless owes its origin to the substance which I 
consider to be the enzyme, is then always precipitated in a per- 
ceptibly smaller quantity. The determination -of the relative quantity 
of pepsine in the gastric juice took place after the method of Mert, 
whereas the quantity of the coagulation-product was determined by 
boiling 50 cc. of the gastric juice over the flame and bringing the 
precipitate, after cooling, on a weighed filter, washing it out success- 
ively with water, alcohol and ether, drying it at 110° C. and 
weighing. 

That solutions of pepsine can be prepared, which act powerfully 
and yet show no proteid-reactions is, as I pointed out before and as 
has also been stated lately by NeNCKI and SIEBER, no reason to 
deny to pepsin the nature of a proteid matter. 

By Buss and Novy an observation is mentioned, which might 
raise a doubt, as to whether pepsin can indeed be considered to be a 
proteid matter +). They found namely, that pepsin was not changed 
at all by formaldehyde, although this substance affects various 
proteid matters and makes them insoluble. I convinced myself of the 
justness of the observation. Solutions of pepsin in hydrochloric acid, 
to which formol is added to an amount of 2 to 3/,, may be kept 
for days, without perceptibly losing any digesting power. Of course 
the amount of formaldehyde must be considerably decreased, either 
by diluting or by dialysis, before the solution is brought in contact 
with fibrin, because otherwise the fibrin itself would be affected by 
formol and made unsusceptible for digestion. 

It can not be maintained, however, that all proteidmatters 
are changed by formaldehyde. It is especially the proteidmatter 
here treated, which is not affected by this. I have dissolved 
the purified matter in 0.2 °/, HCl, while adding formol, and been 
able to precipitate it again from this solution, as well by dialysis, 
as by ammoniumsulfate, without it having lost any of the qualities 
of pepsin. 

The substance possesses not only the power of digesting albumen 
in an acid solution, but it also causes milk to coagulate, as I stated 
before. In accordance with NeNncKr and Sreser I also found that 
it forms “plastein” out of albumose. 

NENCKI and SIEBER have argued, that there is no serious objection 
to the supposition, that one and the same molecule may have 
various enzym-actions. With that argument I quite agree. To stick 


1) Journal of exp. med. Vol. IV. p. 47. 
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to the well-known analogy, given by E. Fiscaer, there are keys, 
which consist of a ring with different pieces attached to it, which 
each fit into a different lock. Even when one or more of those 
pieces are bent or made useless in some other way, those that are 
left can still be used. 

While the gastric juice of the dog used by me, showed very 
clearly the fat-decomposing action, described by VoLnHarp!), the 
pure pepsin, prepared out of it, had not the slightest action on fat, 
neither by neutral nor by acid reaction. 


Mathematics. — “The differential equation of Monax.” By Prof. 
W. Kapreyn. 


In our communication of June 6% 1901 we gave the results of 
our investigation of the differential equation 


r—AMWtit+u—), 


in which 4 and «# were supposed to be dependent only on p and q 
or on 2, y and z. 


If we now assume no limiting conditions with respect to A and «, 
we shall find that the above mentioned equation can possess two 
intermediate integrals in the following case only. 

Suppose ¢, 2, » and g to be any functions respectively of 2, of 
y, of «, y, 2 and of ; then putting 


je ae re o8, 
eran os sg a5! 


ie 
24 must be equal to v7) and « equal to 4? Q,+ P,, 


where 


¢ G2 (v) —1 12 H2(v) — 1 
(ois ee oa. 2 Qa 
C Ug 0 Ug 


’ Cc 1 
Pai P+ Ge) + — 6) 
3 3 


Qg ¢ 
2 5 a ees oye seen Oy 
: igh hv U3 


2) Miinch. med. Wochensehr., 1901, 8. 141 and Zeitschr. f. klin. Med. erga S. 414, 
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whilst the indices 1, 2, 3 refer to differentiations according to «, y 
or z of the functions, with which they are connected. 


If these conditions are satisfied the first intermediate integral is 
found by connecting the two common integrals of the system 


oy u+1 v\0p .2u ¢' dp __ 
Or ( aad ¢ Gad” 


cvg(u— 1) % 


“o ( util a 2u Q copter 


hvg(u—¥) 05 den hy ie gv du 


where 
BO i mal AC) ite, ond Lie 2) 
~ l—eG(v) 1—kh Ae) 


UU 


of this system is easy to find, 


A first common integral g, =e ae 
U — 
the second g, however cannot be found without v and v =¢(v) 
being known. 


In the same way the second intermediate integral is deduced by 
connecting the two common integrals of the system 


ow a= Sy aman, 


Ox cv3(w—1) cero 


02, ce, Os dain 


oy & a le aN 2w v' dw wy 
oy hvg(w-—1) — v3/ dz h ¢ Ow 


where 
pee aC) 1—h H(z) 
1—cG(v) - 1th HA(v)’ 


. Ww 
Here too a common integral yw, = te! is directly known, whilst 


the second , requires the functions » and v to be known. 


( 498 ) 


Mathematics. — ‘Fuctorisation of large numbers” (2"4 part). By 
F. J. Vaus. (Communicated by Prof. P. H. Scuours). 


V. Method of remainders. 


If G = a,’ — b, (or = a® — 32) is divisible by p, then the difference 
of the remainders left by a,* and 2, after division by p must be a 
p-fold. 


If we write G= (tet ~) -(% = and Masks gives after 


must 


division by p a remainder 7, then it is evident that 


give a remainder r+1. 
So G= (p-fold + r + 1)? — (p-fold + r)? = p-fold + 2r-+ 1. 
If p is a factor of G, then 2r+ 1 must be a p-fold. 
Example: 
G = 80047 = (40024)? — (40023)2. 


G, = 40023 = 200? + 23. 
So we may write 
40023 = 200? — 12-4 24 or = 201 K 199 + 24. 


Each of the divisors 199 or 201 will leave the remainder 24. 
As 2r+1=49 is not a 199- or 201-fold, those two numbers cannot 
be factors of G. We now find successively : 


r 2r+1 The remainders 23, 24, 27, 


G, = 201 K 199 + 24 49 32, etc. ascend with 1, 3, 5, 7, etc. 
202 X 198 + 27 55 Evidently 209 is a factor. 
203 X 197 4- 82 65 The other factor 383 can be 
204 X 196 + 39 79 found by direct division or as 
205 « 195 + 48 27 follows: 


206 X 194+ 59 8119 g, — 209 «x 1914104, so 
207 « 193 + 72 145 G=(G,+1)2?— G2=2G6,+1 
208 x 192 + 87 175 — 209 x 382 + 208-411 

209 <x 1914104 209 — 209 « 383. 


After two operations the factor 209 gives 11 X 19. 
With some attention the factor 11 might have been found before 


(besides by the well-known property). 
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For as 


G, = 202 x 198 + 27 = 202 X11 18 and 2X 274+1=55 


the factor 11 might already have been pointed out in that place. 

It is evident from this, that it is desirable to investigate the factors 
of 2r-+ 1 and of the numbers multiplied by each other. At the same 
time however non-divisors can be determined, and in this way the 
indivisibility of 383 can be proved after 6 operations, because all 
prime numbers under 1/383 have then already disappeared. Without 
omission of the non-divisors, we should have 13 operations to deal with. 

The number G = 100895598169 mentioned in the preface is im- 
mediately factorised after application of the method of remainders. 
For G@ = 50447799085°—50447799084, and the root G, of the 
subtrahend is equal to: 


224605? +. 393059 


or 224606 X 224605 + 168454, where 27 + 1 =336909. 


Evidently G, = 112303 is a factor and 
G=2 G,+1=2 XK 2G, X 224605 + 8 G, = Gy x 898423. 


Kach of the factors G == 112303, and G;—= 898423 must stiil 
be dealt with. 


Gy = 561522 — 561512 


( non-divisors 
r 2r-+ 1 \minor to Gy or es 


56151 = 2362 + 455 910 7, 18, 59 
236 x 237 + 219 439 BON 
235 « 288 + 221 443 27, 17 
234 < 239 + 225 450 13, 239 
233 x 240 + 231 463 233 
232 X 241 + 239 479 29, 241 


231 & 242 + 249 499 11 
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A remainder has been found greater than the smallest factor’, 
namely 249 = 231 + 18. So we can write 231 243 + 18, one 
causes the remainders to have smaller values. 

After a total of 82 operations all prime numbers )/@, have 
disappeared and Gg proves to be indivisible. Without the pointing 
out of the non-divisors more than 260 operations would have been 
necessary. 

The factor G, requires about three times the number of operations 
as Go. 

As the calculation is performed with relatively small numbers, the 
method of remainders is to be most recommended for the investigation 
of great numbers. 


VI. Testing of divisors. 


Example G; = 898423 — 9482 — 281. 

To find out whether 7 is a divisor the remainders must be 
determined that are left by 948 and 281 after division by 7. If the 
difference of the (remainder)? of 948 and the remainder of 281 is a 
sevenfold then 7 is a factor. 

So we must write: 


divisor quotient remainder (remainder)* remainder of 281 
7 135 3 2 1 
11 86 2 4 6 
13 73 —1 1 8 etc. 


To obtain smaller numbers the remainders can be taken negatively 
without any inconvenience. 

It is at once evident, that the divisor 73 will give a quotient 13 
with a remainder —1; likewise that the divisor 43 (half of 86) will 
give a quotient 211 with remainder 2; etc., so that often the 
result can be written down for two divisors at once. 

For larger numbers the operation would be: 


divisor quotient remainder (remainder)? remainder of 281 
509) 439 192721 or 319 ) eel 
Ame ee 437 190969 or 366 § 


VII. Calculation of the number of operations. 


If the operation in § V for the number 56151 is performed as 
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follows: 2362 -+ 455, 235 x 237 + 456, 234 x 238-+-459, etc., theri 
the numbers’ 455, 456, 459, etc. differ 1, 3, 5, etc.; so they form 
a series of order two, of which the (n — 1) term is: 


n® + 455, 


So this is the value of r, whilst (after » operations) the factors 
have become: 236 —2 and 236 +n, 


One of these will be a factor of Gz = 112303 if 2r + 1 is divi- 
sible by that factor, that is for 


2n? + 911 =p (236+ n), or =p (236 — n). 
The first of these equations gives 


1 
te £ + TV p? + 1888 p — 7288. 


The form under the root sign must of necessity be a square and 
p at least 4. 
To investigate which value must be taken for p it may be noticed 


that if p increases with 1, the whole form grows with 2p + 1+ 1888. 
So the algorithm of § I gives: 


p p? + 1888p — 7288 to which the same abbrevia- 

4. ‘ay i-Liss9 5 At: tions as formerly can be applied 

Pam tates 3177 by paying attention to the 

2x 541889 = 1899 two last figures of the numbers. 

4076 The smallest factor being 1, 

1901 p can be at most 235 and on 

: account of the combining of 

7 the additional numbers into 

9 groups of 2, 1, 2 and 5 the 

Gi maxin dae ae 13601 number of operations is about 92. 

2x 1912 = _ 3824 The advantage of this method 

any hae above the direct method of § I 

aUsa0 is, that the numbers are smaller 

21918 = 3836 and the number of additions 
23176 is considerably less. 

5 1925 = _ 9625 The number 513667 dealt 


with in § I gives after 3 
additions the value of n. 
If in general G—=ay? + bo, then after n operations we have 


G = (4% + 7) (4% — 2) + 6) + n*, so that r= b-+n?, The factor ang 
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put equal to p(2r+1) gives n= S =~ —Y p® + 8a) p — 8bp, 


b 
so that p must be greater than —. 
% 


The other factor gives 


i 


p Bek siae ee ee 
— — ZTE TV wv? + 80 p — 8b» 


so that the form under the root sign proves to be in both cases 
the same. 


VIII. Use of the series 14+3+5-4 ete, 


A square a® is equal to 1+3+5-+4...(2a— 3) + (2a — 1). 
To denote a non-square, e.g. 953 (= 30? + 53 = 31? — 8) in this 
manner, let us write that series in the form 


eles es hae Oe (bs 8): 6S. Gha, 
According to the method of § I we write: 
953 — 312 — 8 = (312 + 63) — ( 8 + 63) = 32? — 71 
= (32? + 65) — (71 + 65), ete., 


until the subtrahend has become a square. 

The series gives a clear representation of that operation. 

But if 8+ 63+ 65+... is a square, then it is possible to build 
it up out of 1+8-+45-+ etc. and this gives the following operation : 


subtracted remainder 
8 
1 7 
: a 63 The method is laborious, whilst there 
7 55 is a great chance for errors. However, 
9 46 it gives a clear insight into the composi- 
11 35 tion of the numbers and the writer is ot 
13 22 opinion that probably from this method later 
ie to 21 iit oP investigations will start. 
or3 x 19 oie 
3X 25 7 + 69 


2x 30 16+ 71 
ete, 
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IX. Another use of the series 1+3+5 +4 ete. 


Each divisible number. consists of the sum of a few successive 
terms of the series. 

Example 57 =3 X 19=17+419-+ 21, where 17 is the base 
of 57. 

So we can write: 

ST <ILS-PSETPOPN EL -PSH 34547-49404 14+6+)= 
54+7-+94+114+138+4+(84143)=74+9111-1134(8 +1434 5)= 
7T+O-L11413-+15+9=94-114 134154+(247)=114134+15 4194-9) = 
11+ 138-154-117 +1 = 134 16417 +0411) =154+17+0+411+13)= 
15+-17-+4+19-+6=17+19-+21 

Or abbreviated: 


added remainder For large numbers with factors greatly 
S differing, this method is also very laborious. 


: " The possibility, however, is not excluded 
5 17—15—2. that later on from the succession of some 
7 9 remainders we shall be able to decide upon 
9 18—17=1 the divisibility or non-divisibility of a given 

Li 12 

13 25 1968 a 

15 21— 21—0 


The decomposition G =a Xb + ¢ discussed in § III finds an expla- 
nation in the series too. 


Example: G=57=>1+4+3+54+749411418+8., 


Seven terms precede 8, of which 7 is the middle one, so G=7 «7+ 8. 


If we add 1 to 8, the 6 remaining terms have a mean 8, so- 


that G=6X 84+ (8+ 1). 
So we have successively : 


G=7 + 8 namely 14+34547+9111113+48 
6-48 ly Suen ey: ag Ug pe cg 
519-12 ee 5+749411418+(8+143) 
ASC1 01s) Tees 7--9-- 11 -bis-(eaeiaeun) 
$< 1 ek re 9-+114134(8-+14+84547) 
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X. Abbreviation of the method of § 1 in special cases. 


In the series 1 + 3 + 5 etc. each term is a 4-fold + 1 ora 4-fold — i, 
so that the sum of two successive terms is always a 4-fold. If we 
leave out the first term, then the sum of 2 successive terms 
3-+5,7-+ 9, etc. is always two times their mean, i.e. an 8-fold. 
This leads to an abbreviation. 


Example: G = 953 = 31? — 8, 
In § I is given that to 8 the following had to be added : 


63-65 + 67+ 69471473 + 754774794814 83485 + ......... + ete.; 
——_— — eee > —— $s ——— 


2 terms 4 terms 6 terms 4 terms 


or 16 X8+4+35 8+ 608, ete. 

The groups of 4 terms give: 35 X 8, 45 x 8, 55 X 8, ete. 

The groups of 6 terms give: 60 x 8, 75 x 8, 90 x 8, ete. 

The entire sum must be a square and so necessarily divisible by 
16 aud as the first addition would give 8 + 16 x 8 or 17 8, the 
numbers 17, 35, 60, 45, 75, 55, 90, etc. must be taken in such 
wise together, that they form even numbers. 

It is evident that to 8 we can first add 2 + 4 terms, then 6 terms, 
then 10, 14, 10, 6, 10, 14, 10, 6, 10, 14 etc. terms at once. This 
gives rise to a considerable decrease in the number of additions ; 
however, the method can be applied only when the (negative) 
remainder of the extraction of the root is an 8-fold. 


XI. The added factor. 


If a number can be written down in more than one manner as 
a product of two factors, the method of § I always gives the factors 
closest to the root, thus those differing the least. 

For 273—=3 7X13 we find 13X21, for 1155=3X5X7TX11 
likewise 33 X 35. 

This observation immediately furnishes us with an abbreviation as to 
the decomposition of one of the factors of a number, when the other 
factor has becn decomposed into its factors. 

Example: In § I is found G = 513667 = 539 x 953, and 
SO) The. (ey Gis 

Now, 953 cannot possibly contain a factor, which multiplied by 
one or more of the factors 7, 7 or 11 of 539, furnishes a number 
closer to /G, namely 716, than 539. For, if that were the case 
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then by the operation the other number would have been found, 
and not 539.° 
As 


1 1 716 716 
716 TiS eae 


—_= 5 On, | SS A Oe ee Se On ac =A Soles 
7 erat Pega aa nC e275) : 


it is immediately evident, that 953 cannot contain a factor smaller 
than 14, or between 49 and 65, or betweén 77 and 102. 

The first limit 14 shows that 13 cannot be a factor. 

From the last limits would ensue, that there are no factors between 


953 953 
ea Ae ie FAT 
65 102 


The possibility that 953 is divisible by 7 or 11 (which would 
bring about no change in the result 539 953) is excluded with 
respect to 11, because 11 lies between 9 and 14; so that if by 
direct division 7 proves to be a non-divisor of 953, the factors of 
7, 11 and 13 are excluded, and so 17 would have to come under 
consideration as lowest factor. 

So the last operation in § I (pag. 331) has been continued already 
too far. For after the second addition we get: 


=| Oe 


953 = 372 — 416 — 37? — (20,...)?, 


so that the difference 17 is already exceeded. 

The preceding can be applied only to one of the factors if the 
other one has been factorized. The following extension can however 
be given : 

Example: G = 8695261 is obtained of 9803 < 887, thus equal 
to 5345? — 4458?. 

As //G is equal to 2948, ... the operation according to the method 
of § I would be rather long. 

Suppose we know that one factor is more than 10 times but less 
than 14 times the other factor, then by multiplying G by 11, 12 
or 13 we can obtain a number that can be decomposed into two 
factors differing but slightly. 

In this way 11 x @ would give: G; = 95647871=9803 x9757= 
9780°—467, and ihe extraction of the root would immediately furnish 
a result. 

Furthermore 13 G=980311531=10667?—1728? would require 
a somewhat longer operation. 

The factor 11 or 13 can be called the added factor. A. danger is 
attached to this method, in the case of multiplication by an even factor, 
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Example: G=57=3 X19. The factor 6 would give: 


9 


Sao whe 
pete 19 =(=) — (5). 
1 xe 5 5 


To avoid fractions we can in such a case moreover multiply by 
4 and so write 


Gy == (2 & 18) & (2 K 19) = 372 — 12, 


Example: G = 100895598169 (see introduction) if we know, that 
the factors contain an equal number of figures. 

The number 1008 formed by the 4 first figures of @ can have 
oyeinated trom, 1199, 12 >< 84.°13 >< T2.. Lax 31. 

The greatest factor is thus at most 9 times the other. So we 
might try whether 3G, 5G, 7G or 9G after extraction of the 
root would immediately give the difference of two squares. If this 
is not the case, we might do the same for 


4X 2G, 4x<4G,-4X 6G end 4864. 


The number 4 8 G immediately gives a result }). 


XII. Application of the results of the theory of numbers. 


A few properties out of the theory of numbers will be discussed 
here briefly : 

1. Every odd number G whose factors are 4-folds +1 can be 
decomposed into the sum of two squares in 2°—! ways, if n represents 
the number of different prime factors. 

For this the squares are supposed to be respectively indivisible. 

Example: 325 = 5°13 = 1?+18?= 6? 17? (but the decomposition 
102+152 is to be left out of consideration). 

The above mentioned decomposition which is rather prolix, if accom- 
plished by the operations of the theory of numbers, becomes pretty 
simple when the reverse of the method of § I is applied to it. 

Example: G@ = 953 = 30? + 53 or 


Oise 22 ie SUL be: Sea a s0 ee ba: 


2) See the note in the introduction. 
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One square must be 


ee eae ee eee 
the other 
Se se Plana) Sere een Ce) 
So we have: 
G= 3024+ 58 
2x30 —1= 59 
292 4.112 
57 
28? + 169 
55 
ae So G = 28? + 13%, 
51 It is unnecessary to continue 


49 farther when half of G is attained. 


A square is always a 4-fold or a 4-fold +1, so the sum of two 
squares is a 4-fold or a 4-fold +1 or a 4-fold + 2. 

So a 4-fold —1 can never be decomposed into the sum of two 
squares. 

As a special case of the property sub. 1 we have: 


2. very indivisible 4-fold + 1 can be decomposed in one way 
into the sum of two squares. 

If a 4-fold + 1 contains factors which are 4-fold —1, the 
decomposition is not always possible. 

Example: G = 957=3 11 x 29, The factors 3 and 11 are 
an objection to the decomposition. 

From this follows immediately : 


3. If a 4-fold +1 cannot be decomposed into the sum of two 
squares, it is divisible. 
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The number of factors, 4-folds —1, must necessarily be even, 
as only an even number of 4-folds —1 can produce a product 
4-fold + 1. 


4. If a 4-fold +1 can be decomposed only in one way it is not 
necessarily indivisible, but i¢ may contain factors which are 4-folds —1; 
the number of those factors amounts to two less than the number 
of factors which are 4-folds + 1. 


Of the above-mentioned properties we can make use in the 
following way: 

Example: G = 898423, 4-fold — 1], so it is not to be decomposed. 

In the first place let us determine the greatest possible number 
of factors in the following manner: 

The product 3 x 7x 1113 x 17 X 19 = 969969, thus more 
than G, so that the number of different factors of G cannot amount 
to more than 6. 

If we leave out 3 and 7, it is evident that 11 «x 13 x 17 « 19 « 23 
is also > G. Likewise 13 kK 17x 19 23 x= is > G, so that 
G can contain at most 4 different factors. These might be: one 4- 
fold — 1 and three 4-folds + 1, or three 4-folds — 1 and one 4-fold +1. 


Al 
By leaving out 13, 17, 19 and 23 we find 293137 eae 
0 


so that G can have at most three different factors, namely one 4- 
fold —1 and two 4-folds + 1, or three 4-folds —1. 

We have supposed here that the numbers left out are not divisors 
of G. 

We now multiply G by 3 to obtain a 4-fold + 1, and by two 
prime numbers more, 4-folds + 1, non-divisors of G, for instance 
5 and 13, and we test whether 13 x 5 X 3G can be decomposed. 
If this should prove possible G would really possess three factors: one 
4-fold —1 and two 4-folds + 1, which number has heen increased 
by the added factors to two 4-folds —1 and four 4-folds + 1. 

If 135 3G cannot be decomposed, there can still be three 
factors 4-folds — 1, and we should have to try17 xk 135 & 3G. 

If this can be decomposed, G is indivisible, for only in that case 
the number of factors 4-folds -+-1 (namely 17, 13 and 5) is two 
more than the factors 4-folds — 1 (namely 3 and G). 

The last number to be calculated being-rather great, we can follow 
another method by remarking that PG is nearly 96; so G is smaller 
than 97 < 101 X a number smaller than 103; so that if we have 
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found by direct division or by the method of § ILI, that the prime 
numbers under 97 are non-divisors of G, we can immediately draw 
the conclusion that G possesses at most two factors, a 4-fold + 1 
and a 4-fold — 1. 

Then it is only necessary to apply the operation to 13 X 5 & 3G. 


Such like methods as the one under consideration could be applied 
to the other data of the theory of numbers: the decomposition of a 
number into the sum of a square and a twofold, threefold or fivefold 
of a square. 


(February 19, 1902). 


KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN 
TE AMSTERDAM. 


PROCEEDINGS OF THE MEETING 
of Saturday February 22, 1902. 


DOG 


(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 
Afdeeling van Zaterdag 22 Februari 1902, Dl. X). 


Contents: “On pentanitrophenylmethylnitramine and tetra- and pentanitrophenol”. By Dr. J. J. 
Brianksma. (Communicated by Prof. C. A. Lopry pe Bruyn), p. 437. — “On the 
development of the entoderm, of Kuprrer’s vesicle of the mesoderm of the head and of the 
infundibulum in Muraenoids”. By Dr. J. Bourke (Communicated by Prof. T. Puace), 
p. 442. — “Ternary systems” (I). By Prof. J.D. van per WAALS, p. 448. — “Examination 
of specimens of sand from borings done at the works of the’outer harbour at Sche- 
veningen”. By J. A. GrurTEeRINK. (Communicated by Prof. J. L. C. ScHRoEDER VAN DER 
Kor), p. 464, (with one plate). — “The relation between the brightness of a luminous 
point and the moments at which we observe its sudden appearance or disappearance”. 
By Prof. H. G. van pp Sanne Bakuvyzen, p. 465. — “A new law concerning the 
relation of stimulus and effect” (III). By Prof. J. K. A. WertHerm SaLomonson. 
(Communicated by Prof. C. Winker), p. 469. — “The physiological Bacteriology 
of the intestinal canal (2nd abridged paper. The bacteriological relations in the 
intestinal canal of the rabbit)”. By Dr. ALex Kier. (Communicated by Prof. T. 
Prace), p. 477. — “On the motion of variable systems”. By Prof. J. CARDINAAL, 
p- 489. — “On the measurement of very low temperatures. IV. Comparison of the 
platinum thermometer with the hydrogen thermometer”. By B. Muizuinx, (Communi- 
cated by Prof. H. Kameriincu Onnes), p. 495, (with one plate). — “Factorisation of 
large numbers” (III). By F. J. Vaxs. (Communicated by Prof. P. H. Scouts), 
p- 501. 


The following papers were read: 


Chemistry. — ‘On pentanitrophenylmethylnitramine and tetra- 
and pentanitrophenol.” By Dr. J. J. Buanksma. (Communi- 
cated by Prof. C. A. Lopry Dg Bruyy). 


(Communicated in the meeting of December 28, 1901). 


It has been known for a long time that aniline and phenol are 
very readily converted into trihalogen substitutionproducts by treat- 
ment with chlorine- and bromine-water and also that trinitrophenol 
(picric acid) may be readily obtained from phenol by the action of 
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nitric acid. The three halogen atoms and the three nitro-groups 
then always jointly occupy the three free meta-places and, therefore, 
take up in regard to NH, and OH the ortho-and para-positions, but 
never the two remaining meta-places. It is a remarkable fact that 
these substitutions take place so much more readily than they do 
in the case of other benzene derivatives. 

Some time ago Lancer!) has considerably supplemented some 
existing observations by a systematic investigation of aniline-deri- 
vatives and demonstrated that even if one or both meta-places are 
occupied in regard to NHg, the substitution of the three remaining 
places by halogen proceeds quite as readily as in the Gase of free 
aniline. 

No similar systematic investigation has been made in the case of 
phenol; on consulting the literature we find that a number of obser- 
vations made at the halogenation and nitration of some substituted 
phenols point to the existence of a similar regularity. 

In order to obtain additional confirmatory evidence in the case 
of the derivatives of aniline and phenol Dr. BLanKsma has in the 
first place investigated the behaviour of symmetric dinitro-aniline 
towards halogens. Trichloro- and tribromodinitro-analine were very 
readily formed : 


NH, NH, 
ye oa 
i Cl #6 
| = | 
No, | NO, NO, = ye NO, 
Cl 


It further appeared that symmetric dinitrophenol was readily con- 
verted by bromine water into the already known but differently 
obtained tribromodinitrophenol; in the case of m-nitrophenol the 
conversion into a tribromoderivative had already been proved. 

Dr. BLaNKsMA secondly put the question how nitric acid will 
behave towards nitrated meta-derivatives of aniline and phenol. It 
is known that by direct nitration no more than three nitro-groups 
can be introduced into benzene and its derivatives; even picric acid 


4 
1) B. 15, 1061. 1828. 
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is not capable of taking up a fourth nitro-group. The only exception 
as yet known is tetranitrophenylmethylnitramine discovered by VAN 
RomBuRGH in 1889 and obtained by the action of fuming nitric 
acid on two different trinitrophenyldimethylanilines. 1) 


n NOs 
N(CH,)s CH, N(CHs)2 
et laa nee NO, NO, Rewe 

hom a 
. JNO, NO, NO, 
nv 

SS we 

NO, NO, 


Van RompurcH has proved that the nitro-group placed between 
two other nitro-groups is very mobile and readily liable to substi- 
tution (by OH, OCHa, ete.) 

Of late years, NieTzk1 has prepared a tetranitrophenol and a 
tetranitrobenzene, partly in an indirect way, by oxidation of oximes ; 
the first one by oxidation of a trioxime (in this case a NO,- 
group also enters), the second one by oxidation of a dinitro- 
dinitrosobenzene. *) 

Dr. BLANKSMA now subjected m. nitro- and m.m. dinitromethy]l- 
aniline to the action of concentrated nitric acid and proved that 
the first one yielded van Rompurcn’s tetranitrophenylmethylnitramine 
but that the second one gave the corresponding pentanitroderivative : 


H NOs, 
N on, eH 


i NO, NO, 


| NO, NO, 


NO, 


1) Recueil 8. 973. It will be seen that the formation of the tetranitroproduct is 
accompanied by a substitution of one of the CH;-groups by NOy. 


2) B, 30, 181, 34. 55. 
oe 


and ss 


NO, NO. NO, 


The last substance is a yellow, properly crystallised substance 
(m. p. 132°) which explodes when heated on platinum foil. Its 
properties will be further investigated. 

Dr. BLANKSMA next investigated the behaviour of m. nitro- and 
m.m. dinitrophenol towards concentrated nitric acid. The result 
obtained thoroughly agreed with the facts just mentioned as there 
had been an abundant formation of tetra- and pentanitrophenol, 
melting respectively at 140° and 190°. 


OH OH 


and 


When preparing these two substances Dr. BLANKSMA confirmed 
his previous idea that a precaution should be taken, which other 
chemists (BANTLIN, HENRIQUES), having occupied themselves with 


( 441 ) 


the study of the behaviour of nitrated phenols towards nitric acid, 
have disregarded. The nitration must be done with nitric and 
sulphuric acids and not by boiling with nitric acid alone; the crys- 
talline mass must than be drained and recrystallised from chloroform. 
If it is boiled with water, one, respectively two, of the nitrogroups 
are replaced by hydroxyl and instead of tetra-, respectively pentani- 
trophenol, trinitroresorcinol and trinitrophloroglucinol are obtained. 
The appearance of trinitroresorcinol so often noticed during the 
nitration of phenolic bodies has now been explained by BLANKSMA 
and the previous opinion expressed by BanrTLin and by van Rom- 
BURGH that the formation of trinitroresorcinol from ordinary phenol 
derivatives is due to the intermediate formation of tetranitrophenol 
has now been confirmed by experiment. 


NIETZKI’s tetranitrophenol is evidently not identical with the one 
described above. 

Dr. BuanksMA has also proved that one nitro-group in tetrani- 
trophenol and two nitro-groups in pentanitrophenol may be readily 
replaced by OH, OCH3, OC. H;, NH, and NHC, Hs. 


In getting the above mentioned results (the particulars of which 
will be published in the ,Recueil”) Dr. Buanksma has followed up 
the same idea which in the case of aniline derivatives had already 
been successfully tried with an extensive material and which after 
his experiments may now be considered to apply also to phenol. 
Briefly summarising, the matter amounts to this (when other unmentioned 
facts are also taken into consideration): that phenol and aniline 
(methyl aniline ete.) are very readily halogenated, nitrated and sul- 
phonated, much more readily than benzene and the homologues of 
other benzene derivatives and further that the presence of one atom 
or group occupying the meta-position in regard to OH or NH, 
(NH CHs) does not offer a sterical obstacle, whilst the entering 
atoms or groups exclusively select the para-place and the two ortho- 
places. 

If we want to explain these phenomena we must begin by assuming 
(which has already been proved in several other cases) that in the 
first stage of the action intermediate products are formed which 
contain the group to be introduced attached to the nitrogen or the 
oxygen and that these products by intramolecular change are more 
or less readily converted into the direct benzene derivatives. pare 

If the various observations which have already been made in this 
matter are collected and arranged, 15 to 20 different cases may be 
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distinguished, many of which may be illustrated by a great number 
of special examples and which all amount to this: that an atom 
or a group linked to N or O shows an inclination to pass from this 
atom to the nucleus and then always (or nearly so) changes place 
with the H atoms occupying para- and ortho-places. Whether the 
meta-places are occupied or not does not affect this isomerisation 
process. 

If we now limit ourselves to nitric acid~it may be observed that 
the idea that in the nitration of aniline derivatives (best in the case 
of those containing NHX instead of NH,) the nitro-group should always 
combine first with the nitrogen forming nitramines, befure passing 
on to the nucleus, has already been suggested by BAMBERGER and 
confirmed by experiment. After Dr. BLANKSMA’s experiments we 
arrive at a similar conclusion as regards the formation of nitrated 
phenols. This is confirmed by another observation of Dr. BLANKSMA 
that if the phenol-hydrogen of symmetric dinitrophenol is replaced 
by methyl, the ready bromination or nitration is no longer possible. 
Efforts will be made to prepare the as yet unknown nitrates of the 
phenols and, if successful, their behaviour will be closely studied. 


Physiology. — “On the development of the entoderm, of KUPFFER’s 
vesicle, of the mesoderm of the head and of the infundibulum 
in Muraenoids” (preliminary paper), by Dr. J. Boeke. (Com- 
municated by Prof. T. PLAcE). 


(Communicated in the meeting of January 25, 1902). 


In his well-known paper on pelagic eggs of the Gulf of Naples, 
RAFFAELE described five species of big pelagic eggs, which were found 
in the plankton of the Gulf during the months of August and Sep- 
tember, which he suggested that might belong to different members 
of the Muraenoid group. 

In 1893 and 1896 Grassi and CaLANDRUCCIO confirmed this theory, 
but they did not study the eggs closer. 

During the summer of 1900 and 1901 I had the good fortune to 
secure several hundreds of these eggs during a stay at the Stazione 


Zoologica at Naples, and was enabled to study all the stages of 


development of the embryos until the critical period. The description 
and suggestion of Rarragne I found to be perfectly true, and moreover 
I collected three other species of eggs, which although undoubtedly 
belonging to Muraenoid species, could be distinguished sharply from 
the other five spp., described by Rarrage. From these they differed 
in the dimensions of the yolksphere and the perivitelline space, in 
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the number, and the distribution of the oil-drops in the yolk, in the 
character of the egg-capsule and in different characters of the more 
developed embryos. These eggs however were very rare and could 
only be secured in small numbers. 

The processes of development which I am about to describe in this 
paper, were studied therefore exclusively on the eggs of the spp. 
RAFFAELE already described. My efforts to keep the fry alive more 
than a few days after the yolk had been absorbed, being unsuccessful, 
I could not identify distinct species of larvae with distinct spp. of 
Muraenoids. 

I therefore will follow the example of RAFFAELE, and write 
Muraenoid N°. 1, Mur. N°. 2 etc. Mur. N°. 1 is his spec. 6, Mur. 
N°. 2 his spec. 7 etc. 

In describing the development of the entoderm and KupFFER’s 
vesicle, I will begin by calling attention to the paper by F. B. 
SUMNER on Kuprrer’s vesicle and its relation to gastrulation and 
concrescense, published last year. 

SUMNER maintains that Kuprrer’s vesicle in Teleosts and Ganoids 
(Amia) is formed by a solid or hollow invagination of the super- 
ficial layer (,,Deckschicht’’). Before the closure of the blastopore the 
superficial layer by proliferation of its cells forms a thickening at 
the hind part of the embryo, that Sumner called the prostomal 
thickening in connection with Kuprrer’s theory of gastrulation in 
Teleosts. In Muraenoid eggs, of which he could study some stages, 
he found a material in which the process was to be followed ,with 
almost diagrammatic distiuctuess’. But being short of Muraenoid 
material he could not determine accurately the relations between the 
prostomal thickening and the entoderm. From one of his drawings 
(page 60 cross section of a young Noturus embryo) seems to follow, 
that he thinks it probable, that chorda and mesoderm are derived 
from the entoderm and that the entoderm is formed at least partially. 
from the proliferation of the superficial layer. 

Having an abundance of Muraenoid eggs to study, I was able to 
follow the entire process and obtained the following results : as soon 
as — the cleavage-process being ended — the cells at the blasto- 
dermmargin begin to invaginate inward, the cells of the superficial 
layer, which everywhere else are flat and do not partake of the 
invagination process, begin to increase in size at one point. This 
increase of size of the cells of the ,Deckschicht” is limited to a 
small area at the hind end of the thickening of the blastoderm, which 
is the first indication of the embryonic shield. There, at the edge of 
the blastodermring, the cells of the superficial layer thicken, become 
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yather cilindrical, and divide parallel to the surface of the egg, so 
that one of the daughtercells travels inward. 

At a somewhat later stage of development; when the blastoderm 
has spread further over the surface of the yolk, and the embryonic 
shield is to be seen clearly, a median section gives the following 
view: the invagination of the blastoderm is sharply defined. At the 
hind end of the embryonic shield the cells of the superficial layer, 
which everywhere else are flat and separated by a sharp line from 
the periblast, are cilindrical with the long axe at right angles to 
the surface of the egg, and send a tongue of cells inward between 
the invaginated layer of the blastoderm and the periblast. This isto 
be concluded from the direction of cell division in the projecting 
layer of cells. This tongue of cells consists of loosely packed cells, 
reaches inward almost as far as the invaginated layer of the blasto- 
derm and is distinctly separated from it. 

The thickened part of the superficial layer SuMNER called ,prosto- 
mal thickening”. Beneath it are to be seen many nuclei in the peri- 
blast and often one gets the impression as if cells from the periblast 
partake of the process and travel inward with the other cells of the 
prostomal thickening. However I could not state it with a sufficient 
amount of certainty. On cross sections (parallel to the blastoderm- 
ring) the inward proliferation of the superficial layer may also be 
sharply separated from the other blastodermcells. The cells of the 
invaginated layer of the blastoderm form in the median line the 
chorda. The sideparts become the mesodermic plates. The proliferation 
of the superficial layer (with cells from the periblast ?) form the 
gut-entoderm (some cells are separated in the course of development, 
and seem to form primary blood-corpuscles. At least, they do not 
take a part in the forming of any particular layer). 

At the closure of the blastopore the superficial layer forms an 
invagination and in this manner KuprreEr’s vesicle is formed, just as 
SUMNER described it in his paper. 1) 

In different Muraenoid spp. however the forming of KupFFER’s 
vesicle does not take place in the same way. In some spp. (viz. 
Mur. N° 2) the invagination of the , Deckschicht” (or the overgrowing 
of the prostomal thickening by the tail-knob) begins some time 
before the closure of the blastopore, in other spp. (viz. Mur. No. 1, 
No. 3) it begins much later, as the blastopore is nearly closed and 


1) RaFFaELE too saw a transitory communication of Kuprrer’s vesicle with the 
exterior in the Muraenoids, 
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the periblast almost entirely overgrown. The first mode of develop- 
ment gives rise to a KUpFFER’s vesicle, bounded on the dorsal side 
with epithelium, on the ventral side with periblast, the second toa 
KUPFFER’s vesicle almost entirely bounded with epithelium. 

The wall of Kuprrer’s vesicle is continuous with the wall of the 
gut. The dorsal row of cells forms the hypochorda. 

It would lead us too far to describe the later development of the 
gut, the concentration of cells towards the median line, the folding 
and forming of the gut-tube. I will here restrain myself to show, 
how in these Teleosts the secondary entoderm — the gut-entoderm — 
is formed independently of the chorda and the mesodermic plates, 
and how the chorda is differentiated out of the median part of the 
invaginated layer of the blastoderm. For that seems to me to be of 
great value to understand rightly the processes of development that 
take place in the head-part of the embryo. 

In following the development of the head on median sagittal 
sections, as are lying before me in sufficient quantities and of diffe- 
rent stages of development, the observer sees, that in the stage in 
which the central nervous system forms only a solid keel and there 
is as yet nothing to be seen of the optic vesicles, the chorda, until 
the point where in later stages it ends, is composed of flat disk-like 
cells, but then grows thinner and can be traced as two rows of cells 
dorsally of the entoderm to the foremost part of the head, where they 
form a big mass of cells lying in front of the brain and beneath 
the point where the anterior neuroporus is formed. The cells of the 
entoderm can everywhere be distinguished sharply from the pro- 
longation of the chorda, except in the foremost part, where in median 
sections it was difficult to distinguish them from each other. As soon 
as the optic vesicles are formed, the infundibulum develops and pushes 
the mesodermcells away. On median sections the prolongation of the 
chorda is now to be followed until it reaches the infundibulum. In 
front of the infundibulum the anterior mesodermmass is then to be 
seen. The ectoderm grows inward beneath this mass of cells and unites 
with the entoderm. But the cells of the entoderm not containing 
any particles of yolk here, and being only distinguishable by their 
position from those of the other layers, I cannot yet fix accurately 
the point where the entoderm and the ectoderm fuse. The ectoderm 
seems always to be sharply separated from the anterior mesodermmass, 
that in later stages forms the sceletogenous tissue of the fore-head. 

In following the further development of the mesoderm of the head 
in median sections, the chorda is seen to be rounded off and to be 
separated from the anterior row of cells; by the growth in length 
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of the region of the fourth ventricle the cleft between the top of 
the chorda and the anterior row of cells widens. This anterior row 
of cells is then to be seen to extend to the infundibulum, and is at 
both sides connected with the head-mesoderm. 

At first solid, it becomes hollow, is shortened and lays itself closely 
at the back of the infundibulum; finally it disappears altogether. 
It seems to be the homologon of the connection-piece of the head- 
mesoderm described for selachians by BaLFouR and MARSHALL, closely 
studied by vAN Wusue, the ,Sclerotomcommissur” of KILLIAN. 

In now examining cross-sections through the head, we see that 
the mesoderm on both sides of the chorda does not break up (as is 
the case with the other Teleosts) into mesenchym, without being 
segmented, but that the somites of the trunk are continued without 
break as far as the auditory and farther on as far as the optic 
vesicles. These somites are, it is true, smaller and not as regular 
as the somites of the trunk, but everywhere myotomes and side- 
plates are to be distinguished very sharply. There is no trace of 
mesenchym until a late period. 

There where the chorda is rounded off as a distinct rod, the 
myotomes on both sides are separated from the chorda and from 
each other, more in front behind (and in young stages beneath) the 
infundibulum they are united by the connection-piece mentioned 
above. The somites are to be traced up to the foremost part of 
the head, where the optic vesicles are formed. They do not seem 
to be connected with the anterior mesoderm mass. 

In later stages of development the posterior somites of the head 
become hollow. The lumina fuse with each other, and the somites 
become small epithelial vesicles, which enlarge and form the head 
cavities ; by the connection-piece they are connected with each other. 
The anterior walls of the head cavities and the solid somites lying 
in front of the head cavities form the eye muscles, but at present 
I cannot tell from which somites the different eye-muscles are formed. 
For the same reason I cannot fix the exact number of the head- 
somites, for, although the segmentation of the head-mesoderm into 
somites is to be seen in longitudinal sections as clearly as the 
peculiar form of the somites (as real myotomes) in cross-sections, I 
could not until now follow the different somites in their entire 
development. To make the necessary plastic reconstructions of the 
section-series time failed me and I am not sure if it will be possible 
at all, for especially the foremost somites break up after a time into 
mesenchym and are to such a degree compressed by the hind wall 
of the optic vesicles, that it is difficult to recognise them as different 
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somites. Before long I hope in a full paper to work out this theme 
with drawings and plastic reconstructions. In this preliminary com- 
munication I will confine myself to describing the forming of distinct 
somites in the head of Teleosts, independent of the entoderm and 
entirely analogue with the myotomes of the trunk, and to showing 
the signification of the connection-piece as a simple prolongation of 
the chorda. 

Before ending I beg to be allowed to give some more data on the 
structure and the development of the infundibulum in the Muraenoids. 
The description of the structure of the infundibular organ I gave in 
the ,Anatomischer Anzeiger”, after further examination appeared to 
be perfectly true. The big cells I described in the infundibulum of 
Muraenoid embryos, with a protoplasmic conical protuberance and a 
crown of small vesicles on it, I could distinguish with great -clear- 
ness in the living larvae. The crown of small vesicles showed itself 
with the same regularity as in the stained sections, they were standing 
on a distinct protoplasmic conus and the whole complex was sharply 
bounded off from the other parts of the brain. What I had concluded 
already from peculiar alterations of the form of the cells, viz. that 
the protoplasmic conus was able to alter its form, I could confirm 
by studying the living embryos. Several times I saw one of the big 
sensory cells prolong its protoplasmic conus and draw it back again. 
In no case I saw one of the small vesicles fall off or lying free in 
the lumen of the infundibulum. 

In my first communication I had overlooked the description of the 
infundibular gland by SrupNicka in his paper on the ependym, 
published last year. He described the same crown of smill vesicles 
on the cells of the infundibular gland in different fishes (Selachians, 
Teleosts, Ganoids), and takes them for a product of the secretion 
of the gland cells. From my description and from the fact, that they 
develop out of cilia, which I could state by studying the interme- 
diate stages, it seems to me to follow, that this conclusion cannot 
be the right one, and that we have to see in the saccus vasculosus 
not a gland, but a sense-organ. For adult anguillae I could confirm 
the statements of Srupnicka. But here too, the small vesicles are 
sitting on distinct ,Basalkérperchen”, and continue in the cell asa 
bundle of thin but distinct fibres. In all the embryos of Teleosts I 
studied in this direction (Hippocampus, Syngnathus acus, Clupea spp., 
Uranoscopus, Mullus barbatus, Lepidopus caudatus, Scorpaena scrofa, 
Fierasfer acus) the same structure of the saccus vasculosus was to 
be seen. 

As to the function of the infundibular organ, it seems to me 
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that the abundance of blood capillaries around the organ seems to 
point to a connection with the regulation of the blood pressure in 
the cerebrum or the pressure in the ventricles, as VON CYON main- 
tained to be the case for the entire hypophysis. Some experiments 
I made on the live embryos, seemed to confirm this conclusion. 


Kolozsvdr, January 1902. 


Physics. — ‘Ternary systems.” (18 part). By Prof. J. D. van 
DER WAALS. 


THE PRINCIPLE OF CONTINUITY FOR A TERNARY SYSTEM. 


The equilibrium phenomena of a binary mixture at a given tem- 
perature may be illustrated geometrically by a surface, where volume 
and composition serve as abscissas and the free energy as ordinate. 
In the second part of my Continuity I have discussed the shape of 
such a surface and I have demonstrated what conclusions may be 
drawn from the properties of such a surface w= f(z, v). 

If we have a ternary system, for which two quantities 2 and y 
are required for the determination of the composition, then 


y= f(r, y v) 


and so such a geometrical representation cannot be used. Though 
the geometrical representation is not necessary for the deduction of 
the conditions of equilibrium, and though it is not even possible to 
use it with increasing number of the components, yet for a binary 
mixture the great advantages of the graphical treatment have been 
sufficiently proved to continue employing it as long as we can. 

For a ternary system we find the means of effecting this in the 
properties of the $-function, according to the rule of equilibrium 
given by GipBs, that at given 7 and p the substance arranges 
itself in such a way that the value of ¢ is as small as possible. 
At given T and p the value of ¢ is only dependent on 2 and y, 
and so the geometrical representation can again be used. 

If we think a ternary mixture as composed of 1 — «—y mole- 
cules of the first substance, of x molecules of the second substance 
and y molecules of the third substance in homogeneous phase, we 
obtain the value of ¢, as I have given it. (Verslag van 25 Sept. 
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P= MRNA — 2 —y)log(l— oy) + loge + ylog y\ + 
+} po — MRT log (= “alt Ae 4 By + C. 


In this equation we must think » as being eliminated by means 
of the equation of state, and therefore determined by p,7,« and y. 
I have previously pointed out |. c. pag. 69, that such a ¢-surface 
can generally consist of three sheets. ‘These three sheets might be 
distinguished by calling them: liquid sheet, vapour sheet and sheet 
for the unstable state. 

Strictly it is not necessary from an experimental point of view 
to know all these sheets and the way in which they cohere, for 
only the conditions represented by the lowest sheet are stable. The 
others are unstable or metastable, and can therefore not be realized 
or only as phenomena of retardation. But it has been proved even 
for a simple substance that for the laws of coexistence the knowledge 
of unstable conditions is required. Think e.g. of the criterium of 
MAXWELL for the determination of the pressure of coexistence. For 
a binary mixture the knowledge of the plait on the w-surface is 
necessary for the deduction of the critical phenomena. In all these 
cases the connection of what may be realized on one side of a 
certain limit and that which may be realized on the other side of 
another limit can only be fully grasped when also the conditions 
that cannot be realized are known — so when we assume continuity. 

So we can only make the full use of the function ¢ for a binary 
mixture, when we know the connection of the three before mentioned 
sheets and the shape of the ¢-surface also for the metastable and 
unstable phases. For the w-surface of a binary mixture the unstable 
and metastable part appeared to form a plait in the surface, which 
was for the rest convex-convex (seen from below). A plane section 
through this plait brought a convex part of a curve in connection 
with a convex part lying on the other side of the plait through a 
curve whose course was continuous, and which did not show any 
complication except two points of inflection. That this will not 
generally be the case for the ¢-sheets, and that much greater com- 
plications may be expected there, might already be anticipated by 
the shape of ¢ of a simple substance, as occurs in fig, (1) p. 4 of 
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the second part of the Con- 
tinuity and which is here 
reproduced. Between two 
values of p, viz. the maxi- 
mum pressure and the mini- 
mum pressure of the iso- 
thermal, ¢ is trivalent 
and the transition of the 
vapour sheet to the liquid 
sheet takes place through 
a curve which has two 
cusps. For the rest the fact 
that the ¢-surface thought 
as function of # and y con- 
Fig. 1. sists of three sheets in some 
cases and of one sheet in 
other cases and that ¢ in the neighbourhood of the critical cireum- 
stances for the same value of p and 7, will have three values above 
one part of the values of z and y, and will have one value above 
the remaining values of 2 and y, shows that the metastable and 
unstable part of the ¢-surface will show a more intricate configuration 
than what we call a plait. 

Let us begin with examining for a simple substance the value 
of ¢ for a molecular quantity as function of p, assuming the tempe- 
rature to be constant. From the differential equation df = vdp we 
could derive £, if we could give v as function of p. For the rarefied 


MRT : 
gaseous state we may put v= ——, from which follows: 
ig 


C= f(T) + MRT log p. 


[ow =p -{p dv , 


C = MRT — MRT log», 


If we write 


we get 


or 


p 
— MRT + MRT I 
C= Mh 9 RT 


By combining these equations we get f(T) = MRT — MRT log MRT. 
The vapour branch of the -curve appears therefore to rise with 
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increasing value of p starting from —2 for p= 0. In fig. (1) this is 
represented by the lowest part of the branch aed. As for coexisting 
phases. of a simple substance the value of ¢ per unity of weight 
(the thermodynamic potential) must have the same value, the vapour 
branch and the liquid branch have a point in common. In fig. (1) 
this point is e. The further course of the liquid branch may be 
easily derived from df —=vdp. For the experiment we only want 
to know the branches ae and ed. But the place of e is only found 
as double point of the intersecting branches of the complete curve. 
By applying the principle of continuity we find: 


1st. the continuation of the vapour branch, rising till the pressure 
has become equal to the maximum pressure of the isothermal ; 


2nd, the unstable branch, for which the pressure decreases to the 
value of the minimum pressure of the isothermal ; 


34, the beginning of the liquid branch (the portion ¢e). 


The direction of the curve at any point is determined by the 
value of the volume. That the point 6 is a cusp follows from the 
fact that immediately before and immediately after that point the 
direction of the tangent is given by the same value of ». But 

2 
B-2 has opposite sign immediately before and immediately 
after the point 4. On the unstable branch this quantity is positive, 
on the other parts of the curve negative. What applies to 0, is also 
of force for c. 

When the pressure lies between the two limits mentioned, which 
I shall indicate by pw and pm (maximum pressure and minimum 
pressure of the isothermal), the value of ¢ is trivalent. If p is smaller 
than the pressure of the double point, the vapour branch is the 
lowest, and if on the contrary p is greater, then the liquid branch 
is below. For a simple substance the pressure of the double point 
is the pressure of coexistence (maximum pressure). 

To conclude to this form of the ¢-curve, the real form of the 
isothermal need not be known. The principle of continuity suffices. 


We conclude to the same shape of the ¢-curve for a homogeneous 
mixture. It is true that in the equation of state given by me, the 
values of a and b are dependent on the nature and the concentration 
of the components; but the shape of the equation of state, for which 
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the substance is always assumed to fill the given volume homo- 
geneously, remains the same. But if we should doubt this, the 
assumption of the principle of continuity would enable us again to 
conclude to a similar form. 

This is the simplest way of uniting the two branches which may 
be experimentally realized, in the same way as for the isothermal 
the usual way of uniting the gas- and liquid branch is the simplest. 
And they are actually equivalent — one is the mathematical conse- 
quence of the other. 

So if Z and p are given, three values of ¢ belong to any mixture 
when p remains between the values of py and p,, which values 
belong to that mixture, which is always assumed to be homoge- 
neous, at this value of 7. As soon therefore as 7 is above what 
might be considered as the critical temperature of such a mixture, 
these three values are reduced to one. In this that value of 7 is 
considered as critical temperature, for which the isothermal can show 
only one horizontal tangent for homogeneous phases. 

But for every mixture these three values of ¢ or that one value 
of ¢ depend on the composition and in general they will be different 
and that for two reasons 1st because of the fact that in the value 
of ¢ occurs the pure function of # and y, which indicates increase 
of entropy in the mixing; viz.: 


— MR{ (i—#—y) log (l—a2—y) + 2 loge + y logy} 


and 2™4 because also the second part of ¢, viz.: 


pv — i pdv = pv — MRT log (v—dzy) — Za4 
v 


differs for the different mixtures, when they are all taken at the 
same value of p and 7. It is the value of this expression, which 
is represented as ordinate in fig. 1. When » can be calculated 


from » = ee this ordinate is independent of the nature of the 


substance, and so has the same value for all mixtures in the rarefied 
gaseous state. The gas branches can therefore always coincide, at 
least as long as p is exceedingly small. But as soon as the degree 
of density is such that they are no longer perfect gases, these 
lines deviate — and in the liquid state the difference of the ordi- 
nates for two substances can become so great, that the difference 
mentioned sub 1 is quite insignificant compared to it. Therefore 
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it does not seen exaggerated to me, if I call a calculation, in which 
the change mentioned sub 1 is taken into account, but that mentioned 
sub 2 neglected, absurd. 


Let us now determine the connection between the different sheets 
of the ¢-surface of a ternary mixture at given T and p, by applying 
the principle of continuity. For this it will be sufficient to show 
the connection between the three curves which are found in a section 
normal to the zy-plane and for simplicity ’s sake we shall begin 
with the three curves lying in the ¢-surface in the coordinate plane, 
for which y = 0. This is really the same thing as if we said that 


18] Ve 


Fig, 2. 
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we seck the relation of the three values of ¢ for a binary mixture. 
As it is otir purpose to examine how the three curves unite toa 
single curve, we shall assume values of p and 7, at which the quan- 
tity ¢ has three values for certain values of 7, whereas it has only 
one value for other values of «. Let in fig. 2 the curve ABPB'A'’ 
represent the connodal curve of the binary mixture in an 2,» diagram. 
It is assumed in the figure that for « > zr at the given value of 
T no separation into two phases can occur, however great the value 
of p be. The point & represents therefore the critical point of con- 
tact, aud P the plaitpoint. Going from 4 to P and also from 4’ to 
P, the pressure of the coexisting phases of the binary mixture 
increases. Hence for «re > « > vp there is retrograde condensation 
of the first kind. Let B and B’ represent a pair of nodes, for which 
xp > «pg. Then it must be possible to draw an isobar passing through 
B and B’, because at coexistence the pressure must be the same. 
Besides the connodal curve, we have also drawn the curve CPC, 
which indicates the limit between the stable and unstable homoge- 


Oe ( os Me AWE 


. For tk i is li = 
neous phases. Fur the points of this line 2 Py or a2p 


is equal to 0. I may assume as being known that for a binary 
system this curve coincides for «=0 with the point for which 
dp 

v 


of the first component is equal to 0. 


; d . 
In the third place the locus of the points for which — ~ =s 
v v 
is equal to 0, is given. This locus lies entirely within the 
2 
region of the unstable phases. For the spinodal curve viz. ae 
} ost 
02 ae ; Zu Ne. 
and os must both be positive and their product must be (; a ‘ 
U rou 
zw dp ue dp : 
From rv Wear ae he positive, follows —— negative, hence the points 


of the spinodal curve lie outside those for which 2 = 0." Onlyain 
U 


special cases the spinodal curve and the locus C&C’ will have points 

in common, viz, for *=0 or x= 1, or for the special point for 
wy Op ne : . 

which Ae ce ha (s) is equal to 0. The last mentioned case will] 

be disregarded for the present. The point <, ‘where a tangent might 
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be drawn at the third locus, parallel to the V-axis, represents a point 


for which two values of v, making = 0, have coincided, and 


might therefore be considered as critical point of the mixture, when 
it behaved as a simple substance. 

Let us now examine the course of the isobar, passing: through 
B and B'. On the left side of B it must indicate volumes smaller 
than that of the connodal curve, because the pressure ot Bis greater 
than that of A. In D it is supposed to pass through the minimum 
pressure of the mixture, whose =p. That this will take place 
on the right side of B agrees again with the fact that the pressure 
on the connodal curve increases from A to P. In D the isobar under 
consideration must have an element in common with the isothermal 
of the concentration xp and from that point it will go back to smaller 
concentrations. It is supposed to meet in D’ for the second time the locus 


d : 
going through the points for which = = 0; viz. the branch where the 
v 


pressure on the isothermal is maximum. So the point D’ must lie 
on the left side of B. From J’ the isobar moves on to greater 
values of 2. 

At the chosen value of p therefore, there is a continuous series 
of phases of the binary mixture. They are liquid phases on the 
left side of B, gas phases on the right side of B'. Between B and D the 
isobar cuts the spinodal curve, also between D’ and B’. If we indicate 
these points of intersection by F and Z’, the metastable phases are 
to be found between B and £. In the same way between £' and B’; 
whereas all the phases between # and ~£' are unstable. 

A line parallel to the volume axis and for which zp' <x <p, 
cuts the isobar in three points. For all these values of 2 there are 
therefore three different phases which have the chosen value of pas 
pressure, and therefore ¢ will have three values. For all values of 
2 outside rp and zp’ there is only one volume that has >p as pressure, 
and therefore £ will have one value. It is viz. easy to see that no 
other points than those marked can have p as pressure. 

So if we have to draw ¢ as function of # at this pressure and at 
this temperature, we get fig. (3). To conelude to this form, we have 


0 : 
to take into account: 1st that = at«—=0 is equal to — o and for 


e#=1 to +, which follows from the pure function of 2 From 


v 


+... 204 that in the stable 
30* 


dt 
5 i iz. —- = MRT lo 
this we derive viz oo 9 i 
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7) ef 
Fig. 3. 


2 

region = is positive, and in the unstable region negative.) Between 
v 

E and £’' the f-curve must turn its concave side downwards, and 

outside E and £' its convex side. 3'4 that between DV and D' the 

value of « decreases. The place of the points B and B’ is found 

by tracing the double tangent of the ¢-curve, as follows from the 

conditions of the equilibrium. According to these conditions p and 

T are in the first place equal for the pair of coexisting phases, and 

further <> = = My Uy, — M, wy, equal and ¢—z a, 
&pT 


tangent therefore cuts off from the vertical AA (= 0) a portion 
equal to the molecular potential of the first substance, and a portion 
from the vertical axis at «= 1 equal to the molecular potential of 
the second substance. 

If we now increase the pressure, so that it varies in the 
direction towards the plaitpoint pressure, we could find from 

dG =edp 

the modification in the traced curve for every value of 2, 

In our figure this could only lead to a correct result, if it were 


not schematical, but if it were numerically accurate down to the 
smallest peculiarities, 


aoa, The double 


2 


ne ORE oy 
1) In the unstable region 7a® is negative, as long as 57 38 positive; so between 


; E ov. f 
the points D and # and D' and LX’. If ~ is negative, as will be the case along the 


abe 


curve DD', then rm) is positive. In fig. 3 the branch DD! has wrongly been drawn 


as being concave. The points D and D! must therefore be ordinary cusps. 
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We shall therefore not avail ourselves of this means for the 
determination of the modification of the £-curve which is the conse- 
quence of increase of pressure. We shall go back to fig. 2 and 
through the projection of the connodal curve of the w-surface drawn 
there we shall draw a curve for which p is greater. Without actually 
tracing the line it is easy to see that as long as p has a value 
below that of the isobar which would pass through X, the retro- 
gression of 2 will continue, and so also the branch DD’ in fig. 3. 
Only its limits and so the values *p and 2p’ will approach each 
other. For the isobar of K the retrogression has ceased. This 
curve of constant pressure touches the locus CKC' and the common 
tangent, is parallel to the v-axis: As a point of inflection must occur 
between D and D', we conclude that the isobar of K must have a 
point of inflection in the point K. This isobar still cuts the spinodal 
curve twice and the f-curve for that pressure will retain its two 
points of inflection. Consequently the great complication will not 
disappear from the ¢-curve till we get this pressure. We shall 
henceforth use the name of crest for the configuration which lies 
above the double point. So we may say that the crest has dis- 
appeared for pressures greater than A, whereas it remains for pres- 
sures smaller than K. If we now trace the ¢-curve again, there 
is only in so far a complication in this line, that it contains a 
concave part with two points of inflection, and so that there will 
still be a double tangent. It is proved here in another way than 
follows from the theory of the yw-surface that the critical pheno- 
mena will make their appearance in a mixture only at pressures 
and temperatures, which are higher than when we had to deal with 
a simple substance. But paying attention to the way in which we 
have arrived at this result, we see that we have only been able 
to derive all this by means of the knowledge of the w-surface. 
And this is the reason why I have formerly made use only of the 
w-surface and why I have considered the ¢-curve not suitable for 
leading to the knowledge of the critical phenomena. 

If the pressure is still higher, the two points of inflection of the 
¢-curve draw nearer to each other; and when the pressure reaches 
the value of the plaitpoint-pressure, the concave part of the curve 
disappears and the ¢-curve has turned its convex part downward 
every where. ict 

In what precedes we have discussed the way in which an existing 
complication in the ¢-curve disappears. Let us now examine what 
happens when such a complication extends. 

Let us for this purpose examine, what will be the consequence, 
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when the pressure decreases. The isobar traced in fig. 2 remained 
entirely within the limits of s=0 and «=1, and was therefore 
a continuous curve without interruption. If the pressure is decreased, 
the point D' will move to the left, and will have reached the side 
of our diagram at a certain value of p, so that for that pressure 
#p'=0. Then the pressure must have the value of the maximum 
pressure of the isothermal of the first component. This pressure 
is of course much greater than the pressure for A or for A’. This 
isobar cuts the connodal curve somewhere between A and B or 
between A' and B’. Nor has the isobar any interruption then. The 
modification of the ¢-curve consists then in the following two points 
1st the crest has become broader, 2™4 the crest has become higher, 
so that the point D’ has reached the O¢-axis. The point which it 
has in cormmon with this axis must then lie higher than the point 
where the liquid branch in the ¢-axis begins, as appears from fig. 1. 
This case is represented in fig. 4. If the pressure descended still 
lower, the pressure curve would lie partly outside the oxy diagram, 
and we should get the case represented in fig. 5. Then we should 
have to add a part on the left side of the ¢-axis, in order 
to be able to consider the ¢-curve as one coherent curve. !) 


Fig, 4. iossb an 


If the pressure should have come below that of A and 4’, then the 
vapour branch has become the lowest branch all over its breadth 
— and the remaining part of the crest has entirely separated from 
the vapour branch. Then there is no longer question of tracing a 
double tangent and so there are no longer coexisting phases. 

A few points are still to be discussed, viz. the signification of the 
double point of the ¢-curve, and the displacement of the points of 


1) See for fig. 4 and fig, 5 the note on page 456, 
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inflection. The double point is always a point of intersection of the 
vapour branch and of the liquid branch; so it is never found on the 
branch of the unstable conditions. 1) Fora simpie substance it occurs, 
when the pressure is equal to the coexistence pressure at the chosen 
temperature. For a mixture it indicates the composition, for which 
at a chosen temperature the pressure which would be found by the 
criterium of Maxweu if applied to the isothermal of the homoge- 
neous phases, would be exactly equal to the pressure for which the 
c-curve has been drawn, or in other words: the place of the double 
point determines the mixture, for which the chosen pressure would 
be the maximum tension, if such a mixture continued to behave as 
a simple substance. I have proposed before (Arch. Néerl. Série IL 
Tome II, pag. 69) to call such a pressure coincidence pressure. 
When, therefore, the pressure, for which the ¢-curve has been drawn, 
is either smaller or greater than the coincidence pressure of any 
mixture at the assumed temperature, no point of intersection will 
occur. In such a case the ¢-curve consists of three branches, which 
keep quite separate and for which, when p is smaller than the 
smallest of the coincidence pressures would be, the vapour branch 
lies lowest. Above it we get the liquid branch, and still higher the 
unstable branch. If on the other hand p is greater than the highest 
of the coincidence pressures, the liquid branch lies lowest. 

As to the place of the points of inflection we have to observe 
that the relative position of # and £&’ (fig. 3) may be different. In 
the figure drawn £’ lies on the side of B and £ on the side of 2B. 
If, however, with increase of pressure the crest should disappear 
altogether, then £’ lies on the side of B' and £ on the side of B. 
In a special case the transition of these two cases might take place, 
if the points E and E" have coincided in the point of intersection 
of the two branches. It appears from fig. 2 tbat for such a transition 
it is necessary that the two points & and £" are to be found at the 
same value of «. If E lies on the side of B, and E on the side 
of B', we shall call this the normal position. To determine the value 
of the plaitpoint-pressure and of the plaitpoint composition ata given 
temperature by means of the ¢-curve is: to seek for what vaiue of 
p the two points of inflection, after they have aan ql 
position, coincide, and at what value of this happens. o determine 
the composition and the pressure of the criticaltangent state is to 
seek at what pressure the point B’ begins to retrograde and what 


the value of #y is at the moment. 


') In some complicated cases an apparent exception may be found. 
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Now we may proceed to investigate what geometrical configuration 
the ¢-surface: will show for a ternary system, specially at the critical 
circumstances of the gas- and liquid state. Let us assume an # and 
an y-axis, in order to be able to indicate by means of the values 
of « and y the composition of the mixture, which consists of 1—z—y 
molecules of the first substance, « molecules of the second substance 
and y molecules of the third substance. The f-surface can only extend 
over points lying within the right-angled triangle of which the sides 
containing the right angle are lying on the « and y axes and havea 
length equal to unity. For x negative, for y negative or for 1—2—y 
negative, the first part of £, viz. the pure function of « and y, is 
imaginary. Let us now think the conditions of fig. 2 satisfied for the 
zcomponent so that the temperature lies between the critical tempera- 
tures of the first and the second component, and the ¢-curve as having 
the shape of fig. 3 above o# for a certain pressure below the plait- 
point pressure. Let us assume the same of the y component. 

The temperature is chosen in such a way, that (see fig. 6) 
(Ter)o<. T, but (Ter)a > T and also (Tr)a >T. If the two com- 
ponents z and y were identical, we could construe in the OX Y-plane 
within the triangle OAB, the following rectiliniar projections, 
parallel to the hypothenuse. 1st The projection of the double points. 
2n4 The projections of the points of contact B and &', which lie 
on the double tangent. 3°¢ The projections of the points of 
inflection EZ and E' and 4. The projections of the cusps 
D and D'. In this case, however, the system is only seemingly 
ternary, but in reality it is a binary mixture with + y molecules 
of a second component. A pair of coexisting phases are then indicated 
by two points of the projection mentioned sub 2, chosen in such a 
way that the line which connects them, passes through the origin O. 
But if the third component is made to differ from the second com- 
yonent, so that the ¢-curve over OB, though it has in its main 
features the form of fig. 3, yet in details deviates from it, then we 
get four curvilinear projections instead of the four rectiliniar projections. 
Then we get again 1st the locus of the projection of the double 
points. The existence of such a locus may be derived from the 
following considerations. We wish to represent the value of ¢ for 
homogeneous phases, and we have had to assume for the isothermal for 
homogeneous phases according to the principle of continuity that 
below a certain temperature, the pressure will have a maximum 
value and a minimum value and that it will therefore be possible 
to draw a straight line in accordance with the criterium of MaxweE Lu. 
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For the pressure of that straight line we should get according to 
the law of the corresponding states the relation 


p tb: 
rae ae) 
Per cr 


If the law of the corresponding states should not be applicable, 
the shape of the function gm would be variable with x and y, and 
Per and TJ, also being variable with x and y, there will be only 
one relation between zx and y at given JZ and p. This relation 
given under the form 


y = F(a) 


gives the equation of the locus discussed. For our purpose we shall 
suppose, that it is represented by a single continuous curve, running 
from a point of the z-axis to a point on the y-axis. 24 the projection 
of the points, representing coexisting phases, and consisting of two 
branches one on either side of the curve mentioned sub 1st. This 
projection is not the projection of the points B and B’. It is namely 
obtained not by tracing a double tangent at the ¢-curves, but by 
construing a double tangent-plane at the two sheets of the ¢-surface. 
In general this locus lies outside the projection of the points B and B' 
except in the axes when it coincides with it. 34. The projection of 
the points indicating the limit between the metastable and unstable 
h f the points for which S= = — (22 )2—0, thi 
phases, so of the points for which ~. a2 apt. iis 
locus does not coincide with the projection of the points # and Z'; 
only in the axes it coincides. 4*. The projection of the points D 
and D', so of the points for which at the chosen temperature the 
pressure chosen is equal either to the maximum pressure, or to the 
minimum pressure of the isothermal drawn for homogeneous phases. 

So with this configuration we can speak of a connodal curve and 
also of a spinodal curve; but the spinodal curve need not lie between 
the connodal curve. 

Let us now increase the pressure, then the crest, lying above 
the line of the double-points, will decrease, and of course it will 
change its place, and let us assume the pressure to be greater than 
that of the point &K (fig. 2) for one of the pairs of components. 
Let us choose the pair represented by the y-axis, then the line- of 
the double points has retired, so that is ceases to exist somewhere 
in the zy-plane. If moreover the pressure is higher than the plait- 
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point-curve of the binary mixture represented by the y-axis, then 
the binodal curve too has got detached from the y-axis, and the two 
branches of the binodal curve have united ida single curve. In fig. 6 
the drawn curve KC represents the projection of the double-points 
and the curve DPE’ the binodal curve. 

From what has been observed for a binary mixture appears that 
the projection of the spinodal curve, touching the binodal curve in P, 
must have the shape as indicated by the dotted line. So the projection 
of the binodal curve must have a double point lying on the projection - 
of the double-points or near it, and so further from P the two branches 
of the spinodal curve have interchanged their relative position. 

What is such a configuration to be called? At the final point, 
so in the neighbourhood of P it has entirely the properties of a 


A ae 


plait. There is a plaitpoint, a connodal and a spinodal curve, which 
are placed in the usual way with regard to each other. Every plane 
section between the points P and K cuts the ¢-plane along a curve 
which has two points of inflection. But so great a modification occurs 
at a great distance from P, that we can only recognise a plait in 
it by comparison with the parts near P. This plait has then been 
subjected to a transformation. We could viz. in a plait make the 
two binodal branches approach each other, so that the convex-convex 
parts preserve their dimensions nearly or quite up to a certain 
distance from the spinodal curve, but the whole convex-concave 


( 463 ) 


part has been covered by the sides which approach each other. If 
we now think this deformation exceedingly slight at the top, but 
strongly increasing when moving from the top, then the character 
of the plaitpoint remains almost unaltered at the plaitpoint, but far 
from the top a sharp crevice is substituted for the gently sloping 
part between the two side-walls. In this we have only wished 
to represent the shape for that part of the ¢-surface which is visible 
to an eye placed under it. 

If we want to imagine a deformation of the plait, which leaves 
the other parts also in existence, we should have to apply four 
folds originating in the point K, of which the two outer folds brought 
together would have to represent the line of the coincidence pres- 
sures, and the two others would form the series of cusps. But in this 
way we do not account for the fact, that (fig. 3) the left-side points 
and D' belong to the right-side point B' and vice versa. 

At all events it is clear that the name “plait” for a such a 
configuration might give rise to a great deal of misunderstanding, 
unless we take care to distinguish it by an adequate addition. We 
might, e.g. speak of a plait of three sheets. 

If we pass now from the geometrical treatment to the question 
what the science of physics may derive from it, we can summarize 
the answer in the thesis: the critical phenomena ofa ternary system 
are equal to those of a binary system. At the chosen temperature 
all the mixtures indicated by the course of P are under the 
plaitpointcircumstance. (fig. 6). The plaitpoint pressure alone varies 
for all those different mixtures. The limiting value of — is 

Pom my 
indicated by the direction of the tangent in P at the connodal curve. 

The mixtures which are in the point-of-contact circumstance at 
the chosen temperature, are found by means of the envelope of 
the different binodal curves, and that of those branches of these 
curves which lie on the side of the hypothenuse of A OAB, 
The mixtures indicated by points lying between the locus of P and 
that of the before-mentioned envelope have retrograde condensation, 
and in accordance with the suppositions made in fig. 2, retrograde 
condensation of the first kind. 

It has not been my purpose in the preceding pages to examine 
the different cases which may occur for a ternary system. But it 
has been my purpose to demonstrate in what way they may be 
explained by means of the ¢-function, when for some cause or other 
they will have come more to the front. 
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Geology. — “Framination of specimens of sand from borings done 
at the works of the outer harbour at Scheveningen’’. By J. A. 
GRUTTERINK. (Communicated by Prof. J. L. C. SCHROEDER 
VAN DER KOLK). 


H. Worrman Esq. engineer at those works, was kind enough 
to send six specimens of sand to the Geological and Mineralogical 
department of the Polytechnical Institute at Delft. 

‘Those specimens had been taken, respectively at depths of 26.50 M., 
27.50 M.; 28.50 M.; 29.50 M.; 3150 M. and 32.50 M. under New 
Amsterdam level. It could however not be guaranteed with perfect 
certainty that the exact order had been observed. 

Stated was that sand, up to 26.50 M., being ordinary dunesand, 
had not been collected. 

The fact that all the specimens contained gross-grained matter 
rendered it impossible to use at once the separatory-funnel. So they 
were sieved ; the sieve having openings of 0.5 cM. 

The examination of the gross-grained matter yielded not much 
of a result. 

In it were found pieces of colourless and of white quartz, up 
to the size of 1 eM., pieces of slate and fragments of shells. 
Granite was not found. 

The percentage of heavy minerals in the finer matter was fixed 
by separating it in a separatory funnel, with the help of Bromoform. 
For the purpose two samples of 5 Gr. of each specimen were taken. 
The percentage was very low: 


I. I. ITI. IY. Ns Vi. 
a 0.10 0.13 0.25 0.07 0.15 0.24 9, 


b 0.09 0.10 0.22 0.10 0.10 0.11 % 


Microscopic examination showed the grains to be rather sharp-edged. 

Amphibole was found in all specimens, even more abundant 
than garnet; only in specimen LV, amphibole was not predominating. 

The size of the grains was also settled microscopically, by moving 
the object-glass parallel with itself across the stage and accepting as 
the size of the grains, not its greatest dimension, but its projection 
on the micrometer. 

So as to avoid passing over a disproportionate number of big 
grains, part of which easily remain out of the field of observation, 


J. A. GRUTTERINK. , Examination of specimens of sand from borings done at the works 
of the outer harbour at Scheveningen.” 
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only those grains were measured which were passing through the 
very middle of the field. 

Of specimen VI the size of the grains could not be fixed, the 
matter for the greater part (90°/,) being too coarse to be treated in 
that way; a proper set of sieves not being at my disposal. 

The result of the examination as to the size of the grains is 
graphically shown in the additional table. 

Grouped together were grains up to the size of 0.05 mM., those 
from 0.05 to 0.10 mM. etc. From this table appears that in specimen II 
the average size of the quartz-grains considerably exceeds that of 
the heavy minerals, although, in a smaller degree, specimen II] 
shows forth the same, whereas in specimen IV there appears to be 
no difference in the average size of the grains; also in specimen V 
we can hardly speak of a moving apart of the two lines. Specimen I 
is left out of consideration, because, on account of the irregular 
quartz-line, no conclusion can be drawn as to its average size. 

Judging from the abundant quantity of Amphibole; from the low 
percentage of heavy minerals and from the sharp edges of the grains 
it seems not presuming too far to consider the examined sands, a 
deposit of the ice. The influence of water however cannot be denied for 
how otherwise can be explained the presence of so many fragments 
of shells and the washed character of specimens' II and III. From 
the graphical table, one feels inclined to conclude that the influence 
of the water has been greater on the surface than deeper down. 

It is to be regretted that no specimen has been kept of the upper 
sand. Now we miss for our comparison, a purely alluvial sand formed 
on that spot. 


’s-Gravenhage, 21 Februar 1902. 


Astronomy. — “The relation between the brightness of a luminous 
point and the moments at which we observe its sudden 
appearance or disappearance.” By Prof. H. G. VAN DE SANDE 
BAKHUYZEN. 


At the meeting of the Royal Academy May 29% 1886 I read a 
paper on researches made to determine the influence of the brightness 
of a luminous point on the moments at which we observe its sudden 
appearance. These researches have later been continued and in the 
“Archives Néerlandaises” Serie II, Vol. VI, p. 727 the results of 
all these observations have been published, together with an explana- 
tion of the fact that a great many astronomers observe the transits 
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of smaller stars over a thread in the field of the telescope later than 
those of bright ones. 

I have now extended these researches by observations on the 
sudden disappearance of a luminous point at different degrees of 
brightness. 

The luminous point was produced by placing a copper plate with 
a small opening before the flame of a paraffin lamp. Its brightness 
can be diminished by a wedge of coloured glass movable in a frame 
before the opening. Moreover a light metal screen at the further 
end of a lever, which can be moved quickly by means of a strong 
spring, was placed in front of the opening and in the researches 
on the appearance of the artificial star it uncovers the opening 
suddenly. At the same moment a metal point fastened to the screen 
dips into mercury and closes a current, thereby registering a 
mark on a chronograph. The observer at a distance of about 25 
meters from the apparatus, observes the appearance of the point by 
means of a telescope with a terrestrial eye-piece and at the moment 
when he perceives it, he closes with a key a second current which 
produces a mark on the same chronograph. The distance between 
the two marks will give the sum of the three following periods: 
1st the time required to receive a perception of the luminous point; 
94 the time elapsing between the perception and the closing of the 
current; 3° the difference between the times which elapse between 
the closing of the currents by the apparatus and by the observer, 
and the registering of the marks on the chronograph. 

For observations on the disappearance of the luminous point the 
arrangement remains the same except for the screen, which is 
replaced by one of a different shape which suddenly covers the 
opening, when the lever is worked. 

Two Nicols of which one is fixed and the other can be turned 
so that its rotation is measured by a graduated circle, are otal 
between the observer’s eye and the artificial star; they enable us to 
diminish its brightness in known proportions. If we determine at 
what reading of the graduated circle the brightness of the artificial 
star corresponds to the brightness of a star of known magnitude, 
seen through a telescope of given dimensions, we can express the 
eee degrees of brightness in the corresponding star magnitudes. 
The derail e 

Cea Os 7 en part in the observations 
with the meridiancirele ; they compared, from memory, the brightness 
of the luminous point at different positions of the Nicol with that 
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of stars in the meridiancircle at Leyden in the illuminated field 
with the usual magnifying power of 200. Availing myself of these 
determinations I have, in the following accounts, expressed the different 
degrees of brightness in star magnitudes. 

During several days observations have been made with this apparatus 
in order to determine the personal error in the observation of the 
sudden appearance or disappearance of the artificial star in different 
positions of the Nicol, and the first question was: how are we to 
deduce from such a series the most probable result for that personal 
error? The result from each observation, obviously, depends on a great 
number of different quantities, among others on: 4A, the attentiveness 
of the observer; B, the sensitiveness of his eye, C, his tiredness, ete. 
which all will be different in different observations. If we assume 
that for a given. scries of observations it is as probable that A, B, C etc. 
are larger than 4), By, Co, as that they are smaller than these 
values, the personal error which belongs to the quantities 4), Bo, C, ete. 
will be called mean personal error 7. 

It is obvious that this value 7 cannot be found by forming the 
arithmetical mean of the several values t, the distances of the two 
corresponding marks on the chronograph. With a small degree of 
attentiveness A, for instance, ¢ may become very large and t—7' may 
increase indefinitely, whereas with a high degree of attentiveness ¢ will 
become smaller, but not indefinitely, as the appearance of the luminous 
point can never be registered earlier (errors excepted) than the moment 
at which it has actually appeared. Hence the positive errors are 
sure to be larger than the negative ones. An approximate value of 
that mean personal error may be found by arranging the measured 
distances of the two marks in a series in the order of their values 
and by taking as the most probable value the middle quantity of 
this series. This may also be found following a more accurate method. 
I have found from a very loug series of observations that the values 
log(t—ty)’, where ty is a constant to be determined for each series, 
follow the ordinary exponential law of errors; the mean value of 
log (t—to), log ("—ty) will then yield the most probable value 7 of the 
mean personal error. The constant quantity fo introduced into this com- 
putation, represents the smallest possible value of the personal error 
with the maximum of attentiveness and sensitiveness, the minimum of 
tiredness etc. 

From the series of observations of the sudden appearance and 
disappearance of the artificial star, according to the latter method, 


the following values were found: 
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Magnitude of the artificial star a | 1:2 (BMG. Peo 
Personal error at the appearance 08,275 08,316 08,413 08,530 


disappearance 08,314 08,329 08,387 08,489 


Dy) ” ” n 


It is obvious that the absolute value of this personal error depends 
not only on the observer, but also on the apparatus and on the 
observing method. The differences of the personal error resulting from 
the different degrees of brightness are neither influenced by the 
apparatus nor by the observing method. As care has been taken 
that the observations with different magnitudes should be made 
in rapid succession and that they should be distributed symmetri- 
cally, the variations of the personal error with brightness may be 
deduced from the numbers given above with tolerable accuracy. 

In the “Archives Néerlandaises’’ I have derived from these results 
an explanation of the relation between the personal error in the 
transit observations of stars and their brightness. Here I shall only 
refer to the influence of this error on astronomical observations in 
which the sudden appearance or disappearance of a star must be 
determined, as for instance with a ring or bar micrometer. In 
determining the differences of right ascension of small and bright 
stars systematical errors of more than 08.2 may occur; a good 
example is seen in the series of observations of O. A. L. PIHL to 
determine the positions of stars in the stellar cluster of x Persei, 
(The stellar cluster 7 Persei micrometrically surveyed, 1891) where 
the errors amount to more than a second of time. 

This personal error will have a great influence on the position 
of the moon derived from the observations of occultations. The amount 
of the error with different methods of observation (registering method, 
eye and ear method) may obviously vary; it seems, however, that 
this error does not differ much for the appearance and the dis- 
appearance, so that the influence on the moon’s diameter will not 
be great, wheras the moon’s longitude, derived from occultations 
especially of smaller stars will be too large and its error may 
amount to 0".2 and more; therefore it is necessary to determine 
this error and to account for it. 


( 469 ) 


Physiology. — Dr. C. Wuinxter presents in the name of Prof. 
J. K. A. WERTHEIM SaLoMONSON an essay, entitled: “4 new 


law concerning the relation of stimulus and effect.” (III). 


In our two former essays we have demonstrated the relation, 
existing between magnitude of stimulus and effect. We proceeded 
to test the law, by which this relation is expressed, to the results 
obtained pommel by some physiologists, and found this law 
prevailing for all direct and indirect stimulation of the muscles, for 
galvanic as well as for faradic stimulation, for stimulation with 
ascending or descending make or break shocks. The law was 
further proved to prevail too for the electrical stimulation of nerve- 
fibres. Lastly we found the facts, kown to us about the relation 
between stimulus and effect for the eye, to be in accordance with 
our law, for all stimulation either by light or by electricity. 

Our present essay intends to examine if our law may be applied 
to sense-perception; in how much therefore it might be called a 
psychophysical law (in the biological sense of course). At the same 
time we will try to investigate its connection with the well known 
psychophysical law of WEBER-F'ECHNER. 

Whilst for the nerve-muscle preparations the relations are very 
transparent — there we have only one conducting organ: the nerve 
fibre, and one organ receiving and transforming the stimulus: the 
muscle — in the case of the senses the relation is infinitely more 
complicated. 

Here in the first place there does exist a peripherical organ, 
receiving the stimulus, e.g. the retina-elements, the Cortian organ, 
the tactile corpuscles ete. These are directly connected to the primary 
sensible neuron or form part of it. From this primary neuron 
a stimulus is transferred to a secondary neuron ending in the 
thalamus opticus; thence the stimulus passes on to a third sensible 
neuron, its endarborisation being placed in the cortex cerebri. To 
reach the sensible cortical centrum therefore a stimulus must pass 
at least three neura. And even after this having happened, we 
know. to a certainty that only a first step has been taken 
towards the bringing about of a “sensation”. We have only suc- 
ceeded in raising the general impression of light, touch, hearing or 
smell, without a single indication as to the miclte of ine sensation. 
This is achieved only when still higher neura — associative 
neura — have been brought into action and when the stimulus has 
been conducted from the projection-systems to the rants 
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Whilst in the case of the passage from the secondary motor 
neuron to the primary neuron .we have to consider only the 
passage from one single neuron to another single neuron, (this 
latter however receiving probably also stimuli from other secondary 
neura: commissural cells, cerebellar and sensible neura etc.) we 
know for certain that in the case of the sensible neura every 
peripheric sensible neuron is related to numerous secondary neura. 
An elementary stimulus, applied to one single sensible neuron of 
the first order, will therefore needs rouse to action several secondary 
neura Furtheron we shall have occasion of referring again to this 
fact. 

Meanwhile we may state with absolute certainty that no sensation 
is possible after a peripherical stimulus, unless at least three suc- 
cessive neura have been roused to action, and also that, if we 


desire a sensation explaining the cause of the stimulation, — in 
other words an associative sensation — at the very least four suc- 
cessive neura must be in function, but most probably a great 
many more. 


First of all we will examine what becomes of our law in the 
case of a stimulus being transmitted to several excitable organs, in 
such a manner that the effect of the stimulus on the most peri- 
pheric neuron is supposed to form the stimulus for the following 
neuron. We take thus for granted here that the effect of the original 
stimulus e.g. the potential wave extending itself along the peripheral 
neuron forms the adequate stimulus for the next neuron. 

Very strong arguments may be forwarded in favour of this view, 
whilst a combating of it, as took place only very recently on the 
physiological congres at Turin, does not imply the whole of the 
conclusion from the there alleged experiments. For the moment I 
think our view may safely be considered as an orthodox one. 

The stimulus #, applied to a peripheric neuron, operates an 
effect that, as has been proved elsewhere, may be represented by: 


Ey — A, ier (1) 


—B, (R—C)) | 


This formula may also be written in a slightly altered form: 


—b kh 
: Ey = a—¢, € + So ettin ouch earsse et) 
wherein : 
B,C, 
a =A, b=B, eae 
A, 
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consequently only one of the constants having been changed. 


The stimulus, acting on the second neuron is formed now by 
this effect F. 


The effect of the stimulus on the second neuron may be repre- 
sented by 


i ag — Co €é ° ° e . . . e . (3) 


Or, if we give to @ the value from (2) this becomes: 


Ee ey Ay 
Ey = Ag — COE 


(4) 


In this form the formula (4) is unfit for use. But we may first 
alter it a little to: 


—b,R 
— a, be bye 
Ey = ag — Cg & . & 
and finally to: 
ShR 
Be eee ere se eeeerti)) 
Ey, =a, —ke 
in which 
— a, by 
hor tp @ and p= bee, 


Expanding the exponential form in an infinite convergent series, 
we obtain: 


DET A ene Ve hee Eee a 
By = a, —k(1 +4 fe + 9 (Fe Sr Eke + ete ) Rif) 


Neglecting the higher terms, and retaining only the two first, 
this expression is simplified to: 


ee 
Ey =—a3— [ie . ° ° . ° ° ° (7) 
wherein : 
dg = ag —k en i ae 


Which last expression (7) is perfectly identical to (1) as regards 
the form, only the constants having been changed. 


We still have to account for the possible consequences of ne- 
glecting the 34 and following terms in the series of formula (6). 
31* 
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A simple consideration shows that in so doing we put a lineal function 
of the first degree in the place of the exponential function, in a 
case where the action of the stimulus on a nerve-fibre was concerned. 
Now in our two former essays we proved precisely that it is 
allowed to do so where the nerve is concerned, because this behaved 
as a purely transmissive organ, and because only in the case of 
infinitely stronger stimuli than those that practically occur, a lineal 
function of a higher degree or even an exponential function may be 
needed to explain in what manner the nerve-fibre itself behaves 
under the influence of stimuli. 

Consequently we obtain for the transmission of a stimulus from a 
first to a second excitable element — this last element being a 
nerve-fibre — the same expression, as the one originally esta- 
blished for the law expressing the relation between stimulus 
and effect in the case of one single organism. The above made 
demonstration may of course be extended to a third and a fourth 
element, the Jaw always remaining unaltered and only tke con- 
stants being changed. From the foregoing we deduce the consequence 
that a priori it may be deemed very probable that for sense- 
stimulation too the effect 1s expressed by our law, though we must 
instantly add the restriction, that this may be expected to 
hold true only where momentary stimuli are concerned. For in 
establishing the law the time-function was neglected. From this 
we may not conclude that time does not exert any influence at 
all, but simply that the law prevails only in cases where that 
influence may be excluded. This is possible only in cases where 
the space of time, during which a stimulus is acting, is extra- 
ordinarily short +), so that in reality the stimulus has finished 
acting before the effect reveals itself, consequently only for momen- 
taneous stimuli. 

Within my knowledge there have been made only a very few, 
and rather insufficient researches about the magnitude of the sense- 
perception in the case of momentary stimuli. For the present there- 
fore the efficacy of the law cannot be tested to these. 

It is possible however to investigate in how far this law is con- 
ner with the well-known psycho-physical law of WEBER-FECHNER. 

Previously to this we will show, how, guided by our former 
demonstrations, we may arrive at a biological explanation for the 


1) I have succeeded in finding an expression for the addition of stimuli 


| . open- 
ing quite novel views on some as yet insufficiently explained physiological facts 
iS : 
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fact of the ,Unterschiedschwelle’. In what manner, relying on 
the neuron-theory, can we understand the process of the origin- 
ating of a sensation? In the first place a stimulation of the 
direct sensible neuron is needed. This causes a potential wave 
to travel along the nerve and to act on a series of secondary 
neura, in case it has reached a certain magnitude. As soon 
as here too the stimulation-effect has passed a certain threshold- 
value, tertiary neura are excited. In the same way the stimulus 
is transmitted to neura of still higher order. In what now may 
consist a difference of sensation? 

Firstly in the fact that a neuron of higher order is alternately 
more or less strongly stimulated. This view is highly improbable, 
as it would postulate a localisation for every elementary sensation; 
each neuron, each nervecell would serve for one particular sen- 
sation. Still another view may be taken however, one that appears 
to me far more probable. We know that a whole system of 
neura of a higher order is excited, whenever an external stimulus 
is applied. The excitation of this complex of neura occasions a 
sensation; to intensify this sensation it is necessary that the number 
of excited neura should be augmented. And this will be the 
case only then, when the external stimulus is increased to such 
an amount, that the threshold-value of those several following neura 
is passed. 

The Unterschiedschwelle in a sensation is formed by the threshold- 
value of a following system or number of neura. 

About the manner in which by a stronger stimulus a higher 
system of neura or perhaps more neura may be excited, dif- 
ferent views may of course be taken into consideration. One of 
these views I think especially plausible: viz. that the potential wave, 
in proportion to its centripetal extension along the primary neuron, 
decreases in amplitude. Consequently this stimulus will become 
feebler in centripetal direction, and operate an ever diminishing 
effect on the successive secondary neura, until at last the ampli- 
tude has become so small, that it remains under the threshold-value 
of a following secondary neuron. 

In accepting this view we suppose the conditions for the originating 
of a more or less intensive sensation to be determined already in 
the spinal chord; the facts known to us about the skin-reflexes 
make this supposition very allowable. 


What is the relation existing between our law and the psy- 
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chophysical law? As we know, the mathematical formulation of the 
latter is the following: 


Ep log (R—s 7. ee ote ee ee 


in which p and s represent constants, R the stimulus and £ the 
effect. The curve expressed by (8) is a logarithmic curve showing 
great resemblance to the curve representing our law, but, unlike 
ours, possessing no asymptote. This fact is one reason amongst 
others why the psychophysical cannot express the relation between 
stimulus and effect for single neura or for the muscle (myophysical 
law). In psychophysics, where it is never allowed to make use of 
stimuli, capable of damaging the sense-organ, scarcely ever an effect 
is reached that may be considered a maximum, consequently the 
possibility of examining the upper part of the curve is excluded. 

As far however as my law may be represented with sufficient 
accuracy by a lineal function of the 2"4 degree (because we are not 
allowed to introduce more than three constants), so far it is found 
to be in perfect accordance with the psychophysical law, as this 
latter too may be represented in the same manner by expanding in 
a series. 

And I wish to point out the fact that this part is relatively 
a rather large one: for a height of curve reaching more than one 
half of the maximum, we might with sufficient accuracy for practical 
aims, make use of a lineal function with three constants or of the 
law of WEBER-FECHNER. 

In all experiments that have hitherto been taken to confirm or 
to combat the law of WesER-FECHNER, generally not even approxi- 
mately so large a part of the curve has been examined. 

Now does there exist no single fact, capable of procuring us a 
decisive answer on the question whether for the sense-perception the 
possibility or the certainty of a maximal sensation may be taken 
for granted; a fact capable of deciding whether or not a psycho- 
physical curve possesses an asymptote? I believe such a fact to 
exist for one sense-perception, viz. for the sense of weight. For 
the asymptote may be said to have been reached at the point 
where the action of the muscle proves insufficient to lift a burden: 
at that moment we have the maximum sensation of weight 
that may be obtained with the organism employed, and that 
cannot be any more surpassed. Probably therefore for the sense 
of weight there exists an asymptote, approached by the curve expres- 


( 475 ) 


sing the relation between the magnitude of burden and the sensation 
of weight. 

How now for the other senses? A palpable fact tending to prove 
as for the sense of weight, the existence of an asymptote, is not 
known hitherto. Here thas we shall have to try to find an indirect 
proof. This latter too cannot easily be furnished. A few indica- 
tions however we may be enabled to find. To that purpose we 
will consider in the first place in what manner we may deduce from 
our law an expression for the absolute and relative ,Unterschied- 
schwelle”. We proceed therefore in forming from: 


E= A{1—¢-8(R-o} 
the differential quotient: 


dE 
ed ie eR EER Lae) 


or 


1 
die ——— 6 RO dk ke concn he 5 0 
AB’ * (1) 
Passing from the differential to the difference we obtain: 
er rn Nien sy (11) 
AB 


and as, according to Frcuner, the value A &, the so-called minimum 
differential sensation, is constant, the formula stands: 


TB) eg (ID) 
and putting 4, . e~?°=-&: 
AEH bed bi dant ade s og (lS) 


By this process we have calculated the value of the absolute 


differential threshold-value for each value of R. 
For the relative differential ‘threshold-value we find: 


R BR 
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in the psychophysical law of Weper-Fecuner we find for the 
absolute and relative differential threshold-value: 


R 
AR= const. Xi \yand a =ziednist, DT eaia at WEED) 


i.e. the relative threshold-value is constant. 

Almost all experiments concerning the question of the correctness 
of the WEBER-FECHNER law, have tended to prove this last condition. 

The results obtained by them are well-known. Neither FECHNER, 
nor HELMHOLTZ, nor Kéyic, nor BropHuN, nor MULLER—LYER, 
nor the English, American and French investigators have been able 
to afford definite proofs for the absolute constancy of the differential 
threshold-value. 

Most of them have been led by their experiments to the conclu- 
sion that over a definite area the relative threshold-value was smallest, 
and that it became greater as well above as below that area. This 
is beautifully demonstrated by the experiments of Strantey HAL, 
YuzerRaA Morora, AUBERT, HELMHOLTZ, KénIG—BRODHUN and many 
others, who all found an ,optimum” in the curve of intensity above 
and below which the relative threshold-values rose. 

Considering now our formula (16) for the relative threshold-value, 


deduced from our law for the relation between stimulus and effect, 
we find: 


This formula may again be represented by a curve. In what 
manner will that curve progress? To know this we ask in the first 
place whether there is a maximum ora minimum. This last is proved 
to be the case. There is a minimum for: 


eo 


If however we compare the curve represented by (14) with curves 
that may be obtained from the results of the above mentioned expe- 
riments, then it becomes clear that only for the sense of weight a 
somewhat sufficient acccordance is obtained. 


By the experiment of Kénia and Bropuun is shown clearly, that 


(AIT) 


in (14) the curve makes a much more acute bent, descends with far 
greater rapidity to the minimum and ascends far more rapidly too, 
than the curve that may be deduced from their experiments. 

Whilst the possibility is not excluded that by our law the relation 
between magnitude of stimulus and effect is rendered with some 
accuracy for the sense of weight, such is not the case for the senses 
of sight and hearing, within the limits of observation at least. 

I trust soon to be able to show, that this fact may be the 
consequence of a biological correction, quite independent from accom- 
modation or pupil-alteration, caused solely by addition of stimuli, and 
accompanying every stimulation of sense. 


Bacteriology. — “The Physiological Bacteriology of the intestinal 
canal (2°4 abridged paper: The Bacteriological relations in 
the intestinal canal of the rabbit).” By Dr. ALEx Kugrn. 
(Communicated by Prof. Pace). 


Already Pasteur fixed the attention on the great signification of 
the question in how far the numerous lower organisms, present in 
the intestinal canal of man and animals, play a part in the digestion. 
Since that time (1885) an extensive literature on the bacteriology 
of the intestinal canal has appeared; the results of these researches 
are in brief as follows: 

In the first part of the small intestine of most animals, if no 
ingesta are present, no, or at least very few bacteria are found, 
(auto-sterilisation of KoHLBRUGGE); downward in the small intestine 
the number increases (NENCKI, GILBERT-DoMINICI, Brotzu, ESCHERICH 
i.a.). A very considerable increase is observed in the Coecum 
(Auapy, EscuericH, KoHLBRUGGE i.a.), whilst in the rest of the 
large intestine now an increase, then a diminution of the number 
of lower organisms may be stated. Basing on these observations 
and at the same time in consequence of direct experiments conducted 
in that direction (BIENSTOCK, VINCENZI, ScuUrTz), the existence of 
an anti-bacterial action in the small intestine is admitted. This 
anti-bacterial action, by killing the “wild germs”, introduced together 
with the food, is cause of the restriction of the putrefaction processes 
in the intestinal canal. In the Coecum there is no such an anti- 
bacterial action; it has a flora of its own, consisting of the “obligative 
intestinal bacteria’ (chiefly B. coli and allied organisms), of which a 
symbiose with the mucous membrane of this portion of the intestinal 
canal must be accepted (ScHOTTELIUS, KOHLBRUGGE); this flora is of 
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importance for the digestion. Moreover, in consequence of the results 
obtained by painstaking and interesting experiments on animals, 
bred sterile from their birth, the influence of the intestinal bacteria 
on digestion, has been denied by some (NUTTALL and THIERFELDER), 
confirmed by later researches (SCHOTTELIUS). 


The foundation of these numerous investigations, the determination 
of the number of bacteria in the different parts of the intestinal 
canal, must be called an erroneous one, in as much as all these experi- 
ments relate only to the living bacteria present in the intestinal 
canal. And as little as the sanitary condition of a population can 
be judged only after the number of living individuals present at a 
given moment, or the murderousness of a battle exclusively after 
the number of remaining soldiers, without taking into consideration 
the killed, as little is a right insight to be acquired into the sanitary 
condition of the bacterial population of the intestinal canal and the 
battles fought there between these lower beings and the living 
animal organism (anti-bacterial influences), by only looking at the 
living individuals, leaving the dead ones out of account. 

The proportion existing between the number of living and of 
dead individuals I call the sterility-index; this proportion thus 
indicates the degree of sterility reached by a determined population 
of bacteria. 

The sterility-index of a bacterial population is estimated from 
the relation of two data: 18* The difference in number of this 
population found between the culture-method and the microscopic 
counting-method (proportional number), and, 2°¢ the determination 
of that fraction of the microscopically counted organisms, which 
are still able to propagate. 

The latter determination is effected biologically : the living organisms 
in the bacterial population are allowed to propagate and after a 
certain time the number is again determined, as well microscopically 
as by culture. In order to accomplish this propagation the same 
medium is by preference used in which the original bacterial popula- 
tion developed, as the lower organisms also have in the beginning been 
able to increase in this medium. Only it will be necessary by dilution 
sufficiently to remove an eventually active anti-bacterial action 
which originates from the fluids of the human or animal body. The 
moment for the second determination should in each special case be 
fixed experimentally. The difference in time must not be too short, 
else the increase of living organisms is too slight to produce a 
distinct augmentation of the number of microscopically counted. 
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bacteria; and, again, the quickness of increase of the living individuals 
corresponds with the nature of the food, the presence of anti-bacterial 
influences, etc. Nor must this period be taken too long because 
finally the dead individuals decompose and vanish. 

If the excess of microscopically counted bacteria prove to have 
completely died, the sterility-index is directly found by diminishing 
the original proportional number with 1; this is for instance the 
case in human faeces!) But when only a fraction died, so that 
part of the microscopically counted organisms are alive but do not 
develop on our usual culture-media, then, for the estimation of the 
sterility-index from the data found, it is admitted that the living 
but not cultivable individuals have multiplied during the period of 
observation in the same measure as the cultivable ones. 

The determination of the sterility-index might also directly be 
made microscopically, if the bacteria that have died already before, 
could be distinguished by microscopically perceptible changes from 
those organisms which in the beginning were alive. Indeed, after 
death there occur modifications in the bacterial bodies, at least in 
the intestinal canal of the rabbit, which considerably alter the 
pigment-absorbing faculty of these organisms. In general three 
stadia of decomposition may be distinguished: 

1st. The granule-stadium, where one or two (seldom more) very 
darkly coloured granules may be observed in a for the rest lightly 
coloured stroma of the bacterial body ; 

Qnd, The shade-stadium, the dark granules are no more present 
and the bacterial stroma is still lighter coloured; and 

34, The membrane-stadium in which the bacterial stroma absorbs 
no pigment at all; at least there remains nothing but a fine coloured 
line, which still very markedly and sharply indicates the margin 
of the original organism. 

The greater part of these decomposing bacteria are so fragile that 
they can but be observed by the use of the delicate treatment of the 
»moist staining”; when applying Kocn’s staining-method they mostly 
fall asunder at the drying and flaming of the preparations and 
then form what has been by some described as bacterial detritus. 

These post-mortem bacterial phenomena cannot however at first 
be used for the determination of the index of sterility, as they do 
not appear directly, but only some time after the death of the 


1) See my Paper »Bacteriological investigations of human faeces’’, Proceedings 
Royal Acad, of Sciences, Amsterdam, Vol. IX, p. 57. 
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bacteria; hence a greater number of dark and evenly coloured 
ee are microscopically detected than corresponds with the 
number of living bacteria. 

Perfectly healthy rabbits were killed by the blow on the neck ; 
directly after death the abdomen was opened, the bowels were 
bound off with sterilised silk threads and the contents of the different 
parts of the intestine were introduced into sterilised mortars under 
aseptic precautions. By means of sterilised pestles the substance was 
evenly mixed in the mortar; when making the dilutions the intes- 
tinal contents were for some time thoroughly shaken in sterile Hasks 
with porcelain balls. In particular for the contents of the small 
intestine which mostly consist of a viscid, sticky mass, in which the 
lower organisms are most unevenly distributed, such a laborious 
manipulation cannot be dispensed with in order to get a homoge- 
neous emulsion. Nearly always all the contents of each portion of 
the intestine were used for the research, with exception only of the 
Coecum, of which after previous emulsion, 10 ers. at least were used. 

In the different parts of the intestinal canal there now appeared 
to be a great disproportion between the number of cultivated and 
that of microscopically counted bacteria; the culture under other 
circumstances or on other nutrient media had no perceptible influence 
on the surplus of microscopically countable bacteria. 


TA Balai: 
Parts of the intestine Times of the Puede cone Increase | Numbers of bacteria | Increas 
3 : : found by culture in 
: countin 1 . e 
of rabbit n° 2. research. ae Se Peeiante with 1 mgr. of contents. with 
directly 685.000 | | (1 organism on 5 mgrs.] 
Small intestine........... 206 . 000 975. 
24 hours at 37°C, 891.000 |! 275.000 
directly 26 975.300 more thar. 136 more tl 
Coec. and Proc. vermiform. | 121’, 4121) 
2 
24hoursat37°C.| 39.792.000 millions 12.558 .700 millio 
directly 8.565.000 nearly 67 near] 
Large intestine and Rectum | 91/, gl/ 
2 
24 hours at 37°C 417.937 .000 | millions 9.432.000 millio 
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proportional 
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When considering the column ,cultivated” organisms, quite the 
same relations are met with as described till now: very few bacteria 
in the first portion of the small intestine ; the number increases in 
the end of it, but a vigorous augmentation appears in the Coecum, 
Processus vermiformis, and Colon adschendens, whilst in the rest of 
large intestine and Rectum again a decrease may be observed. 

Quite otherwise, however, the image becomes when viewing at 
the last column, representing the sterility-indices of the different portions 
of the intestine: whilst the sterility-index of the whole small intestine is 
169942, that index mounts in the Coecum to 972356; the increase 
in number of living organisms in the Coecum is accordingly only 
an apparent one; on the contrary, instead of an increase we find in 
the Coecum, with a more than five times greater index of sterility, 
that no less than 80 pCt. of the original number of bacteria which 
arrived living in the Coecum are dead. 

In the rest of the large intestine and in the Rectum the sterility- 
index (688310) has become a little lower than in the Coecum. It 
may become lower by an increase of the number of living indivi- 
duals, but also by the decrease of dead organisms; the latter being 
the case here. The proportion of solid substance in large intest- 
ine and Rectum has mounted to 34.26 pCt., thus more than two 
times that of the Coecum, hence, we might be expect here per mgr. 
at least twice as many microscopically countable organisms. Instead 
of 2 X 68.065000, however, only 17.607000, are found, which con- 
sequently proves that a large number of dead bacteria are decom- 
posed and have disappeared, yet a considerable number of bacteria that 
had remained in the Coecum, have died, as this number should at 
least have mounted to 2 x 70 per mgr. whilst only 25 per mgr. 
were found. 

In the whole small intestine no ingesta were present. The num- 
ber of microscopically counted bacteria in the hindmost part of the 
small intestine, is in accordance with the higher rate of solid substance 
somewhat greater per mgr. than in the superior part; still the sterility- 
index of the former is much lower than in the latter. Hence, in 
that first portion there must have been a considerable dying of 
bacteria, whilst, as a matter of course, the 2°¢ part has only for a 
shorter time been free from ingesta and accordingly also contains a 
greater number of living organisms. After the passing of the ingesta 
the living organisms thus die off largely in the small intestine, so 
that the number of living individuals there may finally grow very 
small; and at the irregular distribution of the bacteria in the viscid- 
mucous substance, there may then be found relatively large sterile quan- 
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(e.g. loops of some mgrs.). Still the contents of the small 


tities 


intestine never prove quite sterile; an absolute sterility of the small 


intestine (so-called auto-sterilisation) is not attained in any case. To 


be convinced of this it is only necessary to use a more refined method 
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Tf all the contents of the small intestine in which 


there are but few living bacteria are placed at 37° C., in dilute 
state, in order to remove an eventually present anti-bacterial action, 


so that those few bacteria are allowed to propagate, then, after a 


of examination. 


DAs Balke \; 
Rabbit n° 3 
C Solid Total numbers. In 1 mgr. of contents. 
ontents Oe 
Parts of the intestine, ; substance Sterility-index, 
iin grams |: in pCt. |Microscopic. counted| Cultiv. Counted, Cultiv. 
a GOLD, eee 
Small intestine (Superior part)| 12 8.93 2.209.125 .000 — 209 .000 — — ease 
Smallintestine(Inferior 75cms.)| 4 (ingesta) | 14.63 1.317.900 .000 60.465 329.000 15 24.795 
Coecum, Pr.vermif.andCol.adsc.} 82 24.55 (5.191.109. 162.000 0.297.560 | 63.306 .209 126 504.109 
Large intestine and Rectum | 6 40 34.189.921.000 | 1.416.000 | 5.698.320 236 24.144 


SS 


TAB ls VE 
Rabbit n° 7. 


Contails Solid Total numbers. In 1 mgr. of contents. 
Parts of the intestine. substance Sterility-index. 
{in grams]. | ; i : 3 ‘ 
in pCt. |Microscopic. counted.| Cultiv. Counted. Cultiv. 
pecs ie a a a ee ee ee a 
Duodenum and Jejunum.....| 27.5 8.17 19.965 .000.COU 15.125 726.000 pak x 1.320.000 
ee a 465 847 
NORIT heie o ora On aS ete ....| 39 (ingesta| 411.19 48 537.060 .000 131.923 | 1.244.540 3 368.931 
Coecum,Pr.vermif.andCol.adsc.109.3 22.70 | 895.524.135.000 | 4.789.360 | 8.193.267 16 499 .893 
Large intestine and Rectum .| 25.2 39.71 | 140.260.428.000 263.340 | 5.565.890 10 532.620 
_—_ SSS 
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certain number of hours, a great many organisms are found. Whilst 
at first in the superior part of the small intestine on each quantity 


of 3 mgrs. only one living bacterium was to be found, the same quan- 
tity, placed in a dilution of 1:11 at 37°C., after 21 hours, and estim- 
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ated for 1 mgr. of the original contents, showed by means of culture- 
method 2.660.000 living organisms. If the small number of living 
bacteria present in the small intestine in absence of ingesta, is taken 
into consideration it is commonly possible, either by plate culture 
or by different dilutions in bouillon, to determine the number of 
these living bacteria. 

In rabbit n° 8 (Tab. III), without ingesta in the small intestine, 
quite the same relations are observed. » Probably the Ileum here 
already for a long time contained no ingesta; hence the sterility- 
index is higher than in the former case. The Duodenum and Jejunum 
which have undoubtedly already for a longer time been free from 
ingesta possess a still higher sterility-index. In the Coecum, Processus 
vermiformis, and Colon adschendens the sterility-index again rises 
much, whilst in the rest of the large intestine and the Rectum again 
decomposition of dead organisms has taken place, and, in relation 
to the rate of solid substance, neither increase nor diminution of 
living bacteria has occurred. (Table IV, p. 483). 

If ingesta are present in the superior portion of the small intest- 
ine, the sterility-index is of course very low; the second part of the 
small intestine which for a longer time already contained no ingesta, 
shows a very high index. In the Coecum the index is again many 
times higher than in the whole small intestine. 

If ingesta are present in the Ileum, whilst Duodenum and Jejunum 
are devoid of them, (Tab. V, VI and VII), these ingesta prove 
still to contain a great number of living organisms; the sterility- 
index is then low there; in the Coecum, Proc. vermiformis, and 
Colon adschendens it is, however, always higher than in the whole 
small intestine. As the ingesta from the second part of the small 
intestine arrive at the Coecum with a relatively low index, the 
dying of living bacteria there is evidently much more considerable 
than might be supposed from the comparison of the sterility-index 
of the Coecum with that of the whole small intestine, especially if 
the latter contain no ingesta at all. 

Accordingly the bacterial population in the intestinal canal of 
the rabbit has the following course. With the ingesta large numbers 
of living and dead bacteria come from the stomach into the small 
intestine. As they move on, a number of living bacteria that have 
remained in the parts of the small intestine devoid of ingesta 
die off, without these parts, however, becoming altogether storie) 
When the ingesta have entered the large intestine the same process 
takes place in the inferior part of the small intestine. Furthermore, 
in the Coecum, Processus vermiformis, and Colon adschendens there 
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is a dying on great scale of living lower organisms. In the rest of 
the large intestine and the Rectum in not one case increase is 
observed, in most cases on the contrary, a continuous dying away. 
From the Duodenum down to the Rectum nowhere an increase of 
bacteria; mostly from beginning to end throughout the intestinal canal 
a continuous annihilation of the living bacteria. Bacteria are in 
the intestines of a rabbit as an army passing through the country 
of the enemy, being continually decimated. 

In the Coecum, Processus vermiformis, and Colon adschendens 
the greatest mortality by far is observed. This may be nearer 
pointed out if, using one and the same dilution, the living organ- 
isms present in the different parts of the intestinal canal are comp- 
ared. The after-action of the influences which during the life of the 
animal provide for the extermination of the bacteria in the intestinal 
canal, also proves to be most vigorous in the Coecum, Processus 
vermiformis, and Colon adschendens. 


VAS Be VEL 


| 


Sg) Pats of the | ge? | BY |2E ES) Fine mumber | rite ongal 
® =. #03 S08 : 

S Fe intestine. Oe g Z z o e a of contents. mu Pey ie 
8. |Duodenum and Jejun.|9'/, hours) 1:33 |fon4mgrs 96 384 
Ileum, id, 1:33 |fon2mgrs 673 1.346 
Coecum, etc. id. 4 +33 6 4 Wear 23 
Largeintest.andRect.| id. 1:33 415 4.195 79 
7. |Duod. and Jejunum.)20 hours} 1:11 |fon2mgrs 21 .000 42.000 
lleum. id. 1:11 3 243 .000 81.000 
Coecum, etc. id. dead 16 108 .000 6.750 
Largeintest.andRect.| id. 1:41 10 130.000 13.000 
Duod. and Jejunum.|21 hours} 1:11 {fon3mgrs| 2.660.000 7.980.000 
Ileum. id. 1:41 19 1.543.000 81.000 
Coecum, etc. id, 4:41 70 726 .000 10.300 
Largeintest.andRect.| id. 1:11 25 1.831.000 73.000 
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Notwithstanding in most cases more living organisms per mgr. 
are originally to be found in the Coecum than in the other parts 
32* 
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of the intestinal canal, they multiply in equal times, much less 
vigorously in the former than in the latter. 

If thus we arrive at the conclusion that in not one locality of 
the intestinal canal an increase of lower organisms is seen, there 
can be no question of that canal having “a flora of its own”, 
nor of a distinction between “obligative’ and “facultative” in- 
testinal bacteria. Indeed, we find in the whole intestinal canal 
the same species of organisms, chiefly Coli and Coliform bacteria, 
probably because these organisms are so universally distributed in 
nature and, accordingly, with the food get in large numbers 
into the intestinal canal. Furthermore, because by their great 
resistance, — which is also shown by their ubiquity in nature, — 
they are able longest to resist the anti-bacterial influences of the 
intestinal canal. At those places of the small intestine where ingesta 
are present, there are commonly found a number of other bacteria too. 
On the culture-plates these species, either by the quickness with 
‘which they liquefy the gelatin, or by the great number in which 
they are eventually present, may prevent the appearance of Coliform 
bacteria. The greater part of these organisms possess, however, a 
much slighter power of resistance than the bacteria of the Coli-group, 
and thus die first, so that in the Coecum, Processus vermiformis, 
and Colon adschendens chiefly part of these Coliform bacteria alone 
are found in living state. 

Putrefaction is excluded from the intestinal canal of the rabbit, 
bacteria not increasing there at all. 


ACB EX. 


Contentectil te eer ea tie whole J stosility index Om milioatey 
Rabbit ee tae eet oer : ie dead organisms 
Sa Microscopic. counted. Cultiv. intestine, are alive. 
INO Gh. 70 945.727.500.000 | 14.654 .000 64.549 15 
» 2. | 125.250 | 2.784.775.050.000 | 14.298.700 194.756 5 
» 3. | 104 5. 229.126.108.000 | 11 774.025 444,123 2 
» 4. | 454.700 669.801.285.000 | 5.736.732 116.755 8 
» 5. | 142.500} 7.743.706.142.000 | 8.100.375 955. 967 1 
» 6. |} 4133 6 .527.707.536.000 | 1.388.124 4.702.538 0.2 
ye i eo 1 .104.286.623.000 | 2.199.748 502.004 2 
» 8. | 128.750 | 6.186.609.6714 .000 723.714 8.548.447 01 
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Finaliy we come to the last question, of great signification for 
the physiological bacteriology of the intestinal canal: Have the micro- 
organisms of the intestinal canal of the rabbit to play a part in 
the digestion ? 

If attention is paid to the following facts: 

1°. The very small number of living bacteria with respect to 
the number of grams of intestinal contents; 

2°, The very small number of living bacteria with regard to the 
number of dead ones, in particular perceptible from the high sterility- 
indices of the whole intestinal canal, and from the slight number 
of living bacteria found on 1 million of dead organisms, and 

3°. That at no single place there is a multiplication, on the 
contrary, that nearly in the whole intestinal canal there is a mortality 
on large scale of living bacteria, we are obliged to deny the bacteria 
playing any part in the digestion in the intestinal canal of the rabbit. 


Mathematics. — ,On the motion of variable systems’ by Prof. 
CARDINAAL. 


1. With considerations relative to the theory of motion, we 
generally start from the principle that two phases of the system 
are congruent. If the two systems considered in this way are 
situated in a plane the pole of the motion is the only real point 
of coincidence of the two systems; if they are situated in space 
the principal axis of the motion is their line of coincidence. If 
we suppose the second system to have approached the first at 
infinitesimal distance, the rays connecting the homologous points 
are directions of velocities and one of the principal problems of 
motion consists of the construction of the directions of these velocities. 
Special constructions exist for this, the second system not being 
suitable for use. 


2. In the plane the construction of the direction of velocities 
is a simple matter, the polar rays being normals to the orbits and 
the velocities touching them. In space the construction becomes 
already more elaborate; however, we can notice that the directions 
of velocities are the rays of a tetraedral complex; to this complex 
belongs moreover a focal system, the properties of which enable us 
to find the points belonging to these rays. This paper now purposes 
to investigate this same subject for systems of points in space changing 
projectively during their motion. ‘The investigation is independent 
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of the length of the velocities; however it is necessary to investigate 
more closely the above-mentioned tetraedral complex. 


3. When a system remaining congruent to itself is displaced, 
two opposite edges of the tetraeder of coincidence (principal tetraeder) 
are real: the principal axis / and the line /,, at infinity common to 
the planes normal to J. Now there must be on / as well as on 
lo two real or imaginary vertices; if we call the first pair P,Q 
and the second R,S, then P,Q are the double points of two congruent 
ranges of points on J and therefore united in one point at infinity ; 
R, S are the double points of two congruent systems in the plane 
4, at infinity, therefore two cyclic points of any plane normal to J. 

From this ensues : 

Of the four vertices of the principal tetraeder of the complex two 
coincide in 4,,, the two other being the cyclic points of a plane nor- 
mal to l; of the faces of this tetraeder two likewise coincide inA,,. 

Suppose the direction of a velocity vq is given and we wish to 
construct the point A possessing this direction of velocity ; then we 
have to construct the line d of shortest distance from / and %,; this 
cuts vz in A. If we bring a plane @ through d normal to vq then 
this plane is normal in 4 to the locus of 4; the rays through A 
in @ are the normals to the orbits and at the same time rays of a 
focal system having 7 and /, as conjugate polars. Thus the focal 
system is connected with the tetraedral complex. 


4. Let us now suppose, that the system in motion changes projec- 
tively. If we imagine two positions of the system, then the points 
of coincidence are the vertices of the principal tetraeder PQRS, which 
tetraeder we suppose for our further consideration to be constructed 
and for the present entirely real. The tetraedral complex is determined 
by the principal tetraeder and the line connecting one pair of homo- 
logous points. This ray, however, is not only the line connecting 
two homologous points; the same complex appears, when it is regarded 
as the bearer of x? pairs of homologous points. 

If now this ray is the direction of velocity v of a point A of 
this system, it is evident that for the determination of this point 
further conditions must be introduced, namely such as permit the 
construction of the point A as well as of the plane «. 


5. In the first place a pair of opposite edges of the tetraeder must 
be conjugate polars of a focal system; PQ and RS to be taken for 
these. This condition, however, is not yet sufficient, as in the 
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preceding problem d was not only normal to J but also to v,. The 
plane id constructed according to the supposition made there and 
a plane through / parallel to v, are normal to each other and are 
thus conjugate in respect to the planes through / and the cyclic 
points in the plane normal to J; by applying this last named 
principle to the case of projectively altering systems, we obtain the 
following construction for the point A, whose direction of velocity is vg. 

Suppose the given direction of velocity va cuts the plane PRS in 
the point Z; construct in this plane the ray PL’ harmonically 
conjugate to PL with respect to PR and PS, which cuts RS in L’; 
bring through Z' a ray cutting PQ and vq; then this ray will cut 
va in the point A possessing the given direction of velocity. 

For the determination of the focal system the construction of the 
ray Z'A is not sufficient, as we know of the focal plane @ belonging 
to 4 only that it passes through Z'A. To determine @ entirely we 
have to notice that with the motion of congruent systems @ cuts 
the plane 4, in the polar of the point of intersection Z of va and 
Ao in respect to the imaginary circle in 4,,. This circle passes 
through the imaginary vertices in A, of the principal tetraeder 
and the point of intersection of / and 4, is the centre of it. By 
applying these principles to the case of systems changing projectively, 
we obtain the following construction. 

We assume a conic K?, touching PR and PS in R and S; we 
construct the polar p of Z through Z' in reference to K? and we 
bring the plane @ through A and p; now @ is the focal plane of 
A, So with the motion of systems projectively varying the complex 
of rays and the focal system are connected with each other. 


6. The edges PQ and RS determine with vq a hyperboloid 1/?, 
on which the polar of va in reference to the focal system is also 
situated. This cuts the plane PAS besides in FS also in PL; so 
from this ensues that the polar of vq relatively to the focal system 
cuts the plane PRS in a point of PL, lt is then easy to see, that 
PL is the polar of L' relatively to A’. 


7. Not until the inverse problems are solved, are the con- 
structions complete, thus (a) when for each point the direction of 
velocity and the focal plane are constructed, (4) when for each 
plane the focus and the direction of velocity of this focus are con- 
structed. We suppose in these constructions the complex of rays 
to be determined and K® moreover constructed. 

a. Given point 4. Draw through A the line cutting PQ ail 
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RS, the latter in Z’; construct PZ harmonically conjugate to by 
relatively to’ PR and PS; according to the preceding Z must be 
determined on PL. When the complex of rays is determined the 
ray through A must cut not only PZ, but also a ray in the plane 
QRS belonging to the pencil of rays with centre Q, projective 
to the pencil P/RSL; this ray QL" corresponds to PL. So we have 
to determine this ray QL" according to the known projectivity of 
the pencils with the centres P and Q and to construct the line 
through A cutting PL and QL"; by this the plane @ is at the 
same time known. 

b. Given a@; the connection of the point of intersection of « 
and PQ with the point of intersection Z' of @ and RS produces a 
focal ray. We determine farthermore the pole JZ of the line of 
intersection of « and PRS relatively to K?, construct the ray QL" 
corresponding to the ray PL in the two projective pencils P/RSL, 
Q/RSL" and bring through JZ a right line, cutting QL” and the 
constructed focal ray. This right line is the direction vg and its 
point of intersection with the focal ray is A. 


8. The preceding considerations point to a connection existing 
between the investigations of A. SCHOENFLIES “Geometrie der Be- 
wegung” pages 79—129 and those of L. BuRMESTER “Kinematisch 
geometrische Untersuchung der gesetzmiassig verainderlichen Systeme”, 
Zeitschrift fiir Mathematik und Physik, vol. 20, pag. 395—405. The 
former treats very completely of the constructions ensuing from the 
focal system and the tetraedral complex belonging to it, when the 
system remains congruent to itself during its motion; the latter 
assumes the projective variability of the moving systems, but does 
not make use of the focal system. 

It would not be difficult to give a more general form to most 
constructions appearing in the former consideration ; this would however 
give rise to unnecessary repetitions; so it will be sufficient if this 
is shown in a single example. 


9. To do so we take the construction corresponding to that of 
the characteristic of invariable systems; so the question is to deter- 
mine according to the foregoing principles in the plane @ the right 
line a containing the points the directions of velocities of which lie 
in a. For this a must be the line of intersection of two homologous 
planes of the two systems at infinitesimal distance of each other ; 
so if we think on % the point A to be determined and the point 
A' at an infinitesimal distance of it, and the planes @ and @' to be 
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constructed, then a proves to be the polar of vq relatively to the 
focal system. 

According to (6) @ passes through a point of PL, moreover a lies 
in a, so it has a point in common with the line of intersection of 
the planes @ and PRS which is the polar P of Z relatively to K?; 
from this ensues: 

The polar a of vw relatively to the focal system cuts the plane 
PRS in the pole of ZL' relatively to K® and lies on a hyperboloid 
of which PQ, RS and va are three generators. 


10. Up till now we have supposed the four vertices of the prin- 
cipal tetraeder to be real. The constructions, however, can still be 
performed if we assume that the two vertices RS are conjugate 
imaginary. The two edges PQ and RS namely remain real, also the 
planes PRS and Q&AS, the imaginary edges PR and RS are repre- 
sented as imaginary double rays of an elliptic involution of rays 
with the centre P; the construction of the conic K? and of the 
polar p remains however possible and therefore also the remaining 
constructions of the complex of rays and of the focal system. 

If, however, the four vertices of the principal tetraeder are ima- 
ginary, then the construction can no longer be performed, because 
according to the preceding it ought to take place in a plane (PRS), 
which becomes imaginary itself. As the constructions treated of here 
will also be considered from another point of view, this case shall 
for the present remain unnoticed. 


11. In the theory of the motion of an invariable system we 
imagine cylinders of revolution to be described round the principal 
axis. If one of these cylinders is constructed, the velocities touching 
these cross the principal axis under the same angle, so that they 
are tangents to helices of definite inclination. Let us now find out 
the analogon of these cylinders in the motion of projectively changing 
systems and let us to do so return to the formerly (5) constructed 
rays PL and PL' which are harmonically conjugate with respect to 
PR and Ps. 

We suppose furthermore a quadratic cone C? to be constructed, 
the vertex of which is P which touches the planes PQ and PQS 
of the tetraeder according to the edges PA and PS; then the planes 
PQL and PQL' are conjugate polar planes of C*, If we now bring 
a tangent plane to C® through PL, this touches the cone according 
to a generator lying in the plane PQL’; from this ensues: 

The right line @ through Z’, cutting PQ and vz, also cuts the 
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generator according to which the tangent plane through PL touches 
C2, If C? is:.constructed in such a way that the plane through 
PL and vq touches it, d cuts vq in the point of contact with C?. 
We can thus make a geometric image of all directions of velocities 
namely in the following way: 

Given a ray v, of the complex, cutting plane PRS in Z; construct 
a cone C*, having P as vertex, touching the planes PQR and PQS 
according to PR and PS and touching moreover vq. Construct the 
harmonic ray PL’; then the Trays through Z’ cutting PQ, also cut 
the complex rays tareush L in the points of contact with C% If 
we construct all the rays of the complex, a pencil of cones is 
formed; to each tangent plane PLvq belongs a cone and a pencil 
of complex rays through a point of PL. 

So whilst to each tangent plane a cone belongs, two tangent 
planes PLvg, PLv', belong to each cone; the ray d through 'Z’ 
cutting PQ and vq, also cuts v'g in a point of contact with C*. 

The planes dPQ, dRS, dvg, dv’, form a harmonic pencil. 

12. Finally a few general observations may be in their place 
at the conclusion of this communication. 

a. It is clear, that if we consider the four vertices P,Q,R,S as 
the points of coincidence of two projective systems, each of these 
points plays the same part; by regarding, as was done in the 
beginning, the edges PQ and RS as conjugate polars of a focal 
system a limiting condition has been introduced. 

And the introduction of this condition is allowed as the principal 
tetraeder and one direction of a velocity do not determine, the position 
of the homologous points of two projective systems though they determine 
the complex of rays. By the second assumption, that of the conic K?, the 
focal system is determined. As it is possible to choose in three different 
ways a pair of edges as conjugate polars and moreover the point of 
intersection LZ can be assumed in two different planes, the point A 
can be determined in twelve different ways on a direction of velocity vg. 

b. The number of solutions for the determination of the point A 
on the direction of velocity vq diminishes, when two of the vertices, 
say R,S are imaginary. So PQ and RS form the only possible pair 
of opposite edges. The point of intersection Z can be determined in 
two faces (PRS and QkS). If now also the points P and Q coincide 
as is the case for the motion of invariable systems, only une solution 
is possible. 

c. The entire preceding consideration is independent of the length 
of the velocities. It is also possible to find constructions fur which 
use is made of that length. This will be done in a following com- 
munication, 
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Physics. — ,On the measurement of very low temperatures IV. 
Comparison of the platinum thermometer with the hydrogen 
thermometer,” by B. Mettink. (Communication n°. 77 from 
the Physical Laboratory at Leiden by Prof. H. Kamer- 
LINGH ONNES). 


§ 1. The research on the relation between the electric resistance 
of platinum and the temperature (below zero) considered in this 
paper forms a part of a more general investigation including some 
other metals, which will be treated in following papers. It seemed 
advisable to divide this entire investigation into two parts, viz. 

1st to express as accurately as possible the resistance as a function 
of the temperature for a standard metal, for which purpose platinum 
offers great advantages ; 

2.4 to express as accurately as possible the variation due to 
temperature, in the ratio between the resistances of several perfectly 
pure metals or metals with certain known small impurities and the 
resistance of the standard metal (platinum). 

The absolute determinations mentioned under 1 consist of a com- 
parison of the platinum thermometer with the hydrogen thermometer, 
a subject with which Oxuszewskr'!), HoLBorn and WIEN *), Dewar 
and FLemine and lately Houporn *) again have been occupied. 

§ 2. Arrangement of the resistance thermometer. 

The hydrogen thermometer with which my resistances have been 
compared, is described in Communication n° 27, viz. the one with 
the reservoir of 90 cc. In the main the observations are made as 
related in n®. 60. From the agreement of the pressure coefficient 
of hydrogen, deduced from the investigations described there, with 
that of CHAPPUIS, it appears that a high degree of accuracy can 
be attained in this way. Under favourable circumstances the tem- 
perature can be determined to within 0.02 deg. C.; even for the 
boiling-point of oxygen the uncertainty remains less than 0.03 deg. C, 
In terms of resistance this corresponds to about ’/39 °/o at —180° C. 
and 4/199 °/) at 0° C. Therefore the determinations of resistance were 
arranged so that this accuracy could also be attained with the 
absolute determinations. 

Even if we increase without special arrangements the accuracy 
of the determinations of resistance, and perhaps also that of the 


1) Akademie der Wissenschaften in Krakau. Juni 1895. 
2) Wied Ann. 59. S, 222, 1896. 
3) Ann, der Physik 6. 8, 252. 1901, 
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measurements of temperature by the hydrogen thermometer, this 
is not of much use as long as we are not correspondingly certain 
of the equality of the temperature in the resistance and the 
hydrogen thermometer. This equality was obtained by immersing the 
hydrogen thermometer together with the resistance to be compared 
into the bath of liquified gas in the cryostate (described in Comm. 
54). Therefore in the construction of the resistance thermometer and 
in the arrangement of the measurements- of resistance the circum- 
stances under which the resistance is employed are taken into account. 

In order to bring the platinum wire and the hydrogen thermo- 
meter as much as possible under the same conditions, the former 
was wound round a hollow cylinder, into which the reservoir of the 
hydrogen thermometer was placed. This form of the resistance is 
also a very appropriate one to measure the temperature of the same 
vessel, when other apparatus than the hydrogen thermometer occupy 
the place usually occupied by the latter. Even with a high resistance 
a thermometer of this form occupies a very small space, and the 
remainder of the vessel is thus left very satisfactorily free for other 
experiments. 

In order to obtain reliable measurements with the hydrogen thermo- 
meter, the latter is kept for a long time at a constant temperature 
and the operations required for this are simplified when the wire 
follows directly fluctuations or variations of the temperature of the 
vessel, even when they are very small, and indicates them in the 
reading [of the galvanometer. This is obtained by bringing the wire 
into immediate contact with the liquefied gas. Also the heat due to 
the JouLe effect and — a question to which the proper attention 
has not always been paid — the influence of radiation and of conduction 
of heat along the leads are diminished by this as much as possible. 
There is no objection to using a naked wire in the case of platinum, 
with regard to any action on the substance itself. But the difficulty 
remains that in using naked wires (comp. Commun. n°. 27 § 10) 
care must be taken that the bath into which the platinum resistance 
is immersed should be a better insulator than otherwise. Therefore in 
the construction of the resistance thermometer it was desirable to 
avoid the use of ebonite or similar substances liable to be attacked 
more or less by liquefied gases or by the liquid bath used in the 
determination of the zero. 

This has been obtained very satisfactorily by constructing a 
resistance, exclusively of glass and metal, which even in boiling 
oxygen amounts to 30 Ohms. 

On a glass cylinder (see fig. 1) height 50 m.m., outer diameter 
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48 m.m. a screw thread was etched as deep as possible !). On the 
upper end, at a distance of 1 c.m., two copper blocks a, and ag are 
fastened to the glass by means of screws passing through holes. In 
order to avoid uneven tension some leaves of tin-foil were laid 
between the blocks and the glass. To prevent the blocks from turning 
round the screws they rest on the rim by means of two wings. 
Finally to prevent the wire from rubbing against the wall of the 
vessel (see fig. 3) protruding points of glass ) were made at the lower 
and the upper end of the cylinder. The wire was wound double, for 
which purpose another projecting point of glass was sealed on at c, 
round which the wire was turned, the ends of this wire were soldered 
on to the blocks, where also the leads were fastened. Hence the wire was 
free from induction which was a great advantage in the measurements 
with the WHEATSTONE’s bridge although on the contrary the conduction 
through the liquid has now a much greater influence and hence the 
bath had to be kept very pure. If the wire is wound on two con- 
centric cylinders, the thermometer occupies more space, but then 
the insulating power of the liquid need not be so great as was 
required for this thermometer. We tried to make the resistance so 
high that the measurements could be sufficiently accurate even at the 
lowest temperature observed; this was attained both by taking a long 
wire and by choosing it as thin (0.1 m.m.) as could be done with 
advantange without making the surface too large in proportion to the 
resistance of the wire. As the numerous (50) turns are distributed 
over the whole height of the cylinder, their resistance expresses as 
well as possible the mean temperature of the bath over a large range, 
if this should not be the same everywhere. 

Four copper leads are used, 2 at each end. This number is 
required in the measurements with the WHEATSTONK’s bridge for 
the entire elimination of the resistance of the leads. Moreover this 
gives an opportunity for measurements by means of the differential 
galvanometer and similar apparatus. 

For the first experiments the leads were 0.5 m.m. in diameter. 
But the variation of resistance of these relatively thin wires some- 
times proved too great in the measurements, so that later copper 
wires of 2 m.m. diameter were taken. The ends of these in the 
bath had been flattened over a length of 11 c.m. to 5 m.m.’s width 
and 0.15 m.m.’s thickness, which prevented the increased conduction 
of heat along them from being of any influence. 


1) For the resistances used later, similar screw threads were ground in the glass, 
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Fig. 3 represents the resistance mounted in the bath for the deter- 
mination of the zero. (comp. § 4). 
§ 3. Measurements with the WHEATSTONE’s bridge. 


The resistance was measured by means of a WHEATSTONE’s bridge, 
of which two branches were formed by coils of manganin wire. For 
this purpose pairs of about 7, 14 and 21 Ohms are wound, which 
may be introduced separately or together. The ratio of these resistances 
has been several times determined at different periods. Values 
were found for it, which differed by less than #/,99 %/o. 

The third branch was a resistance box of HARTMANN and Braun, 
also of manganin wire. This has been tested at the Reichsanstalt, 
where 0.00001 was given as the co-efficient of temperature, so that 
no correction for the temperature had to be applied. A resistance 
box of Siemens and HaLSKE was arranged in parellel in order to 
apply variations of resistance smaller than 0.1 Ohm. 

In determining the dependance of the resistance on the tempe- 
rature the absolute values of the resistances are of less moment 
than their ratios. The latter have been determined a few times 
for the resistance box in the ordinary way and corrections have 
been applicd wherever necessary. 

In the measurements with the WHEATSTONE’s bridge the contact 
resistances, if the resistance to be measured is small, may become 
of great influence. Even when all possible care is taken to keep 
the plugs clean and to tighten them well, yet with ordinary stops 
the resistance is not certain to less than 0.0005 Ohm. Therefore it 
was important that the platinum wire even at —180° C. should 
still have a resistance of about 30 Ohms, as in comparison with 
this resistance the connecting resistances may be entirely neglected. 

The connecting resistances in other 
parts of the circuit which may vary 
considerably from day tot day, were 
always eliminated as indicated by CatL- 
LENDAR. I took 4 wires instead of 3 
in order to render the elimination more 
complete. ‘he connections required were 
made possible by a commutator, made of 
copper in order to avoid thermo-electric 
effects — they occur for instance to a 
high degree with contacts in mercury 
cups. The annexed fig. 2 represents 
diagrammatically the commutator with 


its connections. 
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By means of the blocks 1 and 2 the resistance to be determined 
is included in one branch of the WuEarsronn’s bridge, 3 and 4 are 
connected to one pair of leads ts; and 14,5 and 6 to the other ¢; and ty. 

By a proper arrangement of the plugs we measure successively 
Deets tpctaslt., coo tet atye wire Oto tg he AO det te, 

Tt is clear how the value of R will follow from this. 

No uncertainty remains here but that caused by the differences 
in the connecting resistances of the plugs in the commutator and 
of the resistance box used in the measurement. 

The galvanometer was a thick wire Tuomson with a resistance 
of about 1.2 Ohm, and a sensitiveness of 1 m.m. at a distance of 
3M. for 2.10—8 Ampére. Period of oscillation about 10". The 
galvanometer was suspended after the manner of JULIUS in a stand 
on a fixed pillar. So the zero was very quiet. Thermo-currents 
were so small that they could be neglected. They have been pre- 
vented as much as possible by making contacts of copper on copper 
and by bringing the soldering places of the platinum wire as close 
as possible together. In the branch of the galvanometer was a 
commutator with mercury contacts as described in Communication 
INO et. 

§ 4. The determination of the zero. 

The determination of the resistance at 0° C. offered at first many 
difficulties. 

It is absolutely necessary to enclose the wire in a glass vessel 
containing a liquid, as otherwise we have no certainty that it really 
becomes 0° C., when this vessel is placed in ice. Paraffin oil or 
petroleum as mentioned in § 10 of Communication N°. 27, proved un- 
suitable, because it was difficult to clean the wire again. It is a 
good expedient to use a liquid which boils at a temperature a little 
above zero, and which by moderate heating under diminished pres- 
sure can be removed altogether. As such isopentane and amylene 
were used. 

In order that this liquid should leave nothing behind on the wire 
after evaporation, it is necessary to transfer it by distillation, the 
air being excluded, into a vessel in which the resistance is to be 
brought to 0° C. 

When we used thin conducting wires the arrangement of this 
vessel differed a little from that used with thick and hence stiff wires. 

Fig. 3 represents the apparatus as used with thin wires. The tube 
A, after being narrowed at the top and provided with a side tube 
d and ground joint, was carefully cleaned. Then the resistance was 
put in at the wide end, pushed up as far as ¢ and the tube sealed 
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off at f. During this operation care was taken that the interior 
of the vessel remained perfectly dry. The opening g was closed with 
sealing wax. The wire was then annealed by keeping it for several 
hours at 100° C. 

The amylene or the isopentane were distilled into it through the 
side-tube d by means of a flask connected to it by a ground joint. 
After the distillation a tube with phosphorus pentoxide was connected 
to the joint, lest moist air should come into contact with the liquid 
with time and should be absorbed by it. If this had been neglected 
the liquid after some time no longer insulated sufficiently. The 
smallest quantities of water caused short circuiting in the resistance 
which owing to the magnitude of the latter, soon rendered the 
measurements inaccurate. This secondary circuit revealed itself in the 
variation of the resistance and in the appearance of polarisation current 
on breaking the principal current. The glass vessel was placed in 
ice, planed as described in Communication N®% 27. This was heaped 
up till high above the narrowed part. Heaping the ice still higher 
round the neck of the vessel appeared to have no influence. Hence 
we might accept that the resistance came to 0° C. 

When afterwards as leads copper wires of 2 m.m. were used 
it appeared that the operations, required to bring the resistance into 
a zero-vessel, as described above, would, owing to the stiffness of the 
copper wire, prove too dangerous for the cylinder and resistance. 
Therefore (c. f. fig. 2a, Pl. III, Communication N° 27) a tube was 
taken (see fig. 4), closed nearly hermetically at the upper end 
by an india rubber stopper, through which passed the 4 leads #3,..., tg, 
a tube to distil the liquid into it g, a sensitive thermometer (from 
a BECKMANN apparatus), and a stirring apparatus 7. 

The thermometer and the stirring apparatus were introduced because 
now the ice cannot be heaped up above the india rubber stopper: 
for fear 1s of introducing moisture, 2" of conduction between the 
leads through the ice. Then we cannot be certain that the liquid 
takes the temperature of the ice, the more so as the leads are so 
much thicker than in the case considered above. However, when 
the vessel was brought into ice the temperature appeared to differ 
not more than 0.02 deg. C. from 0° C. 

Again a tube with phosphorus pentoxide was connected to the 
joint h, as long as the resistance was kept in the vessel. 
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Mathematics. — “Factorisation of large numbers.” (3* part). 
By F. J. Vass. (Communicated by Prof. P. H. Scnoute). 


XIII. Abbreviated method of § I. 


The determination of the differences of squares allows of a very 
considerable abbreviation. 

According tv that method we write G==a,2—d,, and to b; we 
add 2a, +1, 2a,+ 3 etc. until a square J? is arrived at. 

If to reach this p additions are necessary, then 


Ce cay (Pole oo tee ek ) 
— rr Se 
p terms 
= 6b, +p XK 2a, + p*, 


so b? = p (2a, + p) + 4}. 


Example: G = 5138667 = 717?—422, (See pag. 328). 
We test for p successively the values 1, 2, 3, etc. as follows 


1 < (1434-4 1) + 422 = 1485 + 422 — 1857 


2 X (1434 + 2) + 422 = 3294 

3 X (1434 + 3) + 422 = 4733 

4 (1434 4 4) + 422 = 6174 
etc., 


and we see whether the result is a square. It is immediately 
evident, that in this way the same numbers are obtained as for 
the additions on pages 328 and 329, but at the same time that it 
is not necessary to take all values 1, 2, 3, etc. for p. 

For 6? must terminate in 4 or 9 (pag. 328), so that the product 
(before 422 is added) can have only 2 or 7 as final figure. So we 
have but to calculate: 


2 >< (1484 + 2)-+ 422 = 2872 + 422 = 3294 


4X 14388 5752 6174 
7X 1441 10087 10509 
9x 1443 12987 13409 
etc., 
33 
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where we obtain exactly the sums, found on page 329 by adding 
2 or 3 numbers at the same time. 

So the operation gives a good insight into the reason of the 
addition of the numbers in groups of 2 or 3; it admits however 
still of a simplification if we pay attention to the last two figures of 
the sums. 

The terminal figure 4 or 9 of b? must be preceded hy an even 
figure, so the terminal figure 2 or 7 of the product must likewise 
be preceded by an even figure. If on the place of the tens an odd 
figure appears, we need not continue. 

We directly see that this is the case for 2 < 1436, and 4 X 1438, 
but then also for 12 & 1446, 14 = 1448, 22 1456, 24 « 1458, in 
general for (2 + 107) (1486 + 10x) and (4+ 10 n) (1438 + 102). 

So there remains: 


7X 1441 4+ 422 = 10087 + 422 — 10509 


9 x< 1443 12987 13409 

17 x 1451 24667 25089 

19 & 1453 27607 28029 
etc. 


Only the first two multiplications need be executed; after that 
additions suffice. 

For (7+ 10n) < (1441 +10 n)=7 X 1441 + 14480 n + 100 n2, 
so that we can arrive at 171451 by adding 14480 + 100 or 
14580 to 10087; in the same way we find 27 x 1452 by adding 
to the obtained result 


14480 + 300 or 14780, 


etc.; each following number to be added is 200 more than the 
preceding. 

This holds good for the products with factors 9, 19, 29 etc. and 
the operation becomes 


7X 1441 + 422 = 10509 9 < 1443 + 422 — 13409 

(7 + 1441) x 10 + 100= 14580 | (941443) 10+100= 14620 
25089 “28029 

14780 14820 


39869 42849 —2072, 
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In both columns the addition must be performed at the same 
time; the entire number of additions is only 4. 


Example G = 1677803 = 1296? — 1813. 


Here 0? can end only in 1, so 6? — 1818 or p(2a, + p) only 
in 8. 

Of 1 X 2593, 2 x 2594, etc. we need but take those, whose first 
factor ends in 2 or 6. 

This gives the operation (at the same time in two columns): 


2 2594 4-1818= 6901 6 & 2598 + 1813= 17401 
(2 + 2594) x 10+ 100= 26060 | (642598) x 10+-100= 26140 
32961 43541 
2626 2634 
5922 6988 
2646 2654 
8568 9642 
2666 2674 
11234 12316 
2686 2694 
13920 15010 — 
2706 2714 
166261 177241 — 4212 


from which ensues G = 1362? — 421? 


= 1783 x 941. 


According to the common method of § I 


13862 — 1296 = 66 


numbers ought to have been added; now their number is only 12. 
The additions of the first column are useless and the question 
might be put whether this was not discernible beforehand. 
This is really the case, if we make use of the table of the 4 last 
figures of a square (page 332). 
For 82 can terminate only in 1, so a? in 04, 24, 44, 64, 84. 
According to the table a number terminating in 04 can be square 
only when the number formed by thousands und hundreds is a 
4-fold or a 4-fold —1. For shortness’ sake we shall indicate this 


by: Ce ) 04. If we subtract this number 7803 formed by the 
33% 
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4 2 
4 last figures.of G, there remains CG. ‘3 “i O1, for the 4 last figures 


of 4%, because 78 is a 4-fold + 2. 

According to the table the terminal figures 01 in a square can 
be preceded only by a 4-fold, or a 4-fold + 2, so that for l° we 
can only have: (4v-+4+1)91 and for «:(4v— 1) 04. 

If we apply the same to the terminal pate 24, 44, 64, 84 of a? 
we arrive at: 


4v 4v+2 4y+1 4v Ay 
Cy -1)08 G v1 )84, Va te) Ss © aa) 84 
to be subtracted 7803 


remainder by Heys Cae On "a1, Gai Gale) 81, 


of which are only possible the cases: 


(40+ 2)01, (40+ 1)21, (40) 41, (40 —1) 61, (40 + 2) 81. 


Now the first column of the additions begins with 6901, 
and therefore with a (4v-+1)01, to which is added 26060, that is 
(4 v )60 
which gives (4v + 1)61 and therefore never a square. 


To this is added 26260, a (4 v + 2) 60, together (4) 21, which 
can neither be a square. 


And in succession we shall have: 


(40 )2k 
(4 v ) 60 
(4 v ) 81 

“Gea from which is evident, that a square can 
(4 v ) 60 never be obtained. 

(Ao) OL. So it is only necessary to calculate the 
(4 v + 2) 60 second column, which however still admits 
5 o-+ 2) e of a simplification. 

SC ESe Trae For 17401 is a (4 0 -+ 2) 01, and 26140 
(4 v + 2) 60 a (4v-+1)40, so that we obtain in suc- 

(46-4). SL) cession : 

(40 ) 60 
(40+ 2)41 
(4 v + 2) 60 
(40+1)01 


etc., 
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(4v + 2)01 
_4v4+1)40 
(4v—1)41 
(4v — 1) 40 
(40 + 2) 81 * Only the numbers marked with an as- 
_(4v4 1) 40 terisk can be squares and the operation 
a v Z ri can become: 
v — 
(4v—1)61 * 6 X 2598 + 18138 = 17401 
(4v + 1) 40 26140 + 26340 = 52480 
(40+ 1)01 69881 
(4 v — 1) 40 53280 
(4 yal.* 123161 
(4v + 1) 40 54080 
ee oi 177241 = 42)? 
v— 0 
7 v ch i, i ig with only three additions. 
Uv 
(40+ 2) 61 
(4v — 1) 40 
(40 + 2) 01. * 


Example: G = 33379631 = 5778? — 5653, 


Now a? can terminate only in 00 or 56, 0? in 69 or 25, and p(2a, + p) 
ine 5G; or 192; 


The terminal figure of » can be only 2, 6 or 8 and we have 


2 11558 + 5653 = 28769 6 & 11562 + 5653 = 75025 
(2 + 11558) & 10-4 100 = 115700 | (6 + 12562) x 10 + 100 = 115780 
144469 


8 >< 11564 + 5653 = 98165 
(8 + 11564) x 10 + 100 = 115820 
116020 
116220 
446225 


The sums of the second and third columns must always have 
25 as terminal figures, so that we shall be able to add 5 numbers 
at a time. 

So we must add to the second column: 


5 x 116180, 5 X 117180, 5 X 118180, ete., 


ae tact 
or 580900, 585900, 590900, that isa(4"" 1) 00, 
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and as 75025 is a (4v + 2) 25, we shall have: 


(40 + 2) 25 According to the table 25 can be preceded 

cleneey only by a 4-fold or a 4-fold + 2; con- 

ie i; 00 sequently the second column can produce 

“(40 + 2) 25. a square only after addition of successively 
10 numbers. 


To the third column we shall have to add successively : 


5 X 116820, 5 x 117820, 5 x 118820, ete., 


4 1 
or 584100, 589100, 594100, that isa(4) * 1) 00, 


and as 446225 is a (4v-+ 2) 25, also this column can produce a 
square only after addition of every time 10 numbers. 

As 28769 of the first column is a (4v—1)69 and 115700 a 
(4v-+ 1) 00, we shall have successively 


(4v — 1) 69 from which in connection with the table 
(4 + 1) 00 is evident, that only the 274, 4th, 6th ete. 
rae 0) additions can produce squares, so that the 


operation becomes: 


2 11558 + 5653 = 28769 
(2 + 11558) x 10 + 100 = 115700 
115900 231600 


(4 v — 1) 69, 


260369 
2324 


4927 
2332 


7259 
2340 


9599 
2348 


11947 
2356 
14303 
2364 


16667 
ete. 


The numbers 2316, 2324, etc. ascend with 4. Another small 
abbreviation can be brought about by remarking that 5? must be 
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a (4v— 1) 69, so a? (= 8? + G) a (4 v) 00, 80 that a? can terminate 
only in .400 or .600, and by this J? only in .769 or .969. So we 
could have added the numbers 2316 and 2324 at once, the numbers 
2356 and 2364 likewise, etc. Of every 4 additions one is dropped, 
After adding 44 numbers, so after about 36 additions, we find 


Ge 1097506933 132, 
so that 
G == 6000" —oalo = 00s < oo4t- 


The second and third columns were not continued for a reason to 
be mentioned in the following §. 

According to the common method of § I 6669 —5778 or 882 
numbers would have to be added, which can be taken in groups, 
but which would require a considerably larger number than 36 
additions. 

Also the method of § VII would require a greater number of 
operations. 

A table showing the 6 or 8 last figures which may appear in 
a square, would undoubtedly lead to further abbreviations. 


§ XIV. Property of a*® and 0b. 


G 1\2 G— 1\2 
If for shortness’ sake we call (“Jana (=<—) or and: “da? 


then G=?—d*®. If moreover G = a*—l*, we have a?—b? = o?—d?, 

Now 6? and d* can never have the two terminal figures alike; 
neither can a? and ¢?. 

To show this we consider the table, giving the four last figures, 
which can appear in a square; immediately the following theorem 
strikes us: in a column under an even number and in a column 
under an odd number, there is always one of the two XX, but 
never more than one at the same height. 

Or: In the columns under an even number the two XX are 
placed immediately under each other, in the other columns there is 
every time a space of a line. We must moreover fancy that under 
the fourth line of the table the two first lines have been repeated. 

The consequence is evident from an example: 


4v ae 
On pag. 504 a number a® of the form oe 04 is given, from 
which 7803, a (4v + 2) 03 is subtracted. 
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4y +2 
4y+1 
the lines of the 4-folds and the 4-folds 1 on two lower lines, 
namely those on which for instance the <x of column 44 are to 
be found. 

As 0? is odd, only one of those two <> can be used, namely on 
the line of the 4-folds+2. Consequently 4? can be but a(4v+2)01, 
and therefore «u* only a (4v) 04. ; 

The same consideration holds good for ¢? and d?. 

If now 5? and d? were to have the same two terminal figures, then 
also d® must be a (4v + 2) 01, and c® (4v) 04. 

Now c?—a? = d?—b?; and the second member will bea (4v+2) 00, 
the first a (4v) 00. 

So d? and 6? can never have the terminal figures alike. 

In the last example in § XIII ¢@ must end in 5, so d? in 25; 


The remainder was ( ) 01 ; by the subtraction we arrive from 


as 
so the second and third columns will lead to ee 


Apparently there is an exception to the property mentioned here, 
namely in the case, that the number formed by thousands and 


: 4-fold ; 
hundreds of G are just a nih ye) and the two terminal figures 
ll 
form a number ~.... than the number formed by the two terminal 
greater 


figures of a’. 
For if in the example under consideration (page 505). 
Ge 70 3.76.08 


we should have: 
. fe ) of which is possible only: 


4y +3 for 6 (and so also for d?) (4v) 01 

to be subtracted 76 03 — Ne ia Ger Famer aC uay | 
ary 4y Then d?—-b? = (4v) 00 
xeutlindee G ++ 4 Ot: tand c’—a? = (4v) 00 


Evidently the 4-folds preceding the terminal noughts must however 
be the same for both remainders, so that G would have to be 0003. 
But then we shall make use of the same consideration as above 
for the number formed by the 5 and 6* figure of G (reckoned from 
the right side). 


(March 20, 1902). 


KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN 
TE AMSTERDAM. 


PROCEEDINGS OF THE MEETING 
of Saturday March 29, 1902. 


00 e—— en 


(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 
Afdeeling van Zaterdag 29 Maart 1902, Dl. X). 


Contents: “Structure and function of the trunkdermatoma” (IIT). By Prof. C. Winker 
and Dr. G. van RigNBERK, p. 509, (with one plate). — “Series of Polynomials” (I), 
By Prof. J. C. Kiuyver, p.,525. — “Ternary systems” (II). By Prof..J. D. van 
DER WAALS, p. 539. — “On the asymmetry of the electro-capillary curve”. By J. J. 
van Laar. (Communicated by Prof. J. D. van DER WAALS) p.560. — “Right lines on 
surfaces with multiple right lines”. By Prof. Jan DE -Vrigs, p. 577. — “On Integrals 
containing functions of Bessex”. By Prof. L. Gegenpaver. (Communicated by Prof. 
W. Karreyrn), p. 584. — “The motion of variable systems (2nd part). By Prof. 
J. CARDINAAL, p 588. — Preliminary Report of the Dutch expedition to Karang Sago 


(Sumatra), p. 598, (with 3 plates). 


The following papers were read: 


Physiology. — “Structure and function of the trunk-dermatoma.” III. 
By Prof. C. WinkKLER and Dr. G. vaAN RIJNBERK. 


(Communicated in the meeting of February 22, 1902). 


Before treating of that part of the dermatoma, situated between 
the mid-dorsal and mid-ventral lines, which may be called the 
“lateral part’? of the dermatoma, we will proceed with the com- 
munication of a few chosen experiments from the extensive series 


at our disposition. 


OxservaTion 1. Young black female dog. (Series I Nr. XVII). On Aug. 9th 
1901, under rigorously aseptic conditions, the 19th pair of roots is sectioned 
extradural on both sides. On the next day the sensibility to pain is determined 


by pinching with a fine artery-pincet. 


34 
Proceedings Royal Acad. Amsterdam. Vol. IV. 
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Fig. 20. The 19th pair of roots!) 
sectioned on both sides. 


On both sides an insensible triangle is found, lying adjacent to the mid-ventral 
line (see flg. 20). The insensible area did not suffer any notable change during the 
next four weeks. Autopsy confirms the section of the 19th pair of roots. 


OsservaTion II. Young male dog. On December 27th 1901, under rigorously 
aseptic conditions, the 15th, 16th, 18th and 19th pair of roots to the right, the 
17th pair of roots to the left, are cut through extradural. The autopsy on Jan. 
13th 1902 confirms that the 17th root is intact to the right and sectioned to 
the left. The determination of sensibility on Dec. 28th shows the following : to 
the right, a sensible band between two insensible continuous bands; to the left 
an insensible triangle lying adjacent to the mid-ventral line, including that part of 
the central area of the opposite dermatoma exceeding this line. 


Fig. 21, The 17th dermatoma. To the right, isolated between 
two sectioned roots, to the left cut through. 


To the right the caudal analgetic area is no longer a continuous band. Besides, 
it does not reach the mid-dorsal line becausé the sensible left half of the body, 
situated behind the caudal end of the section through the skin made at 27 Dec., 
exceeds there the mid-dorsal line. 


1) This figure has been obtained by counter-drawing the original photo on transparent 
paper in a few crude outlines, very carefully designing the boundary-lines, and 
afterwards reducing this figure, consisting only of a few simple lines, by photographic 
proceeding. The images, obtained in this manner, are highly demonstrative, if the 
analgetic areas are dotted, as has been done for all our. figures. 
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RaGuiigl. Sil DE. 


Largest breadth 


Measurings. Mid-dorsal line. of central area. Mid-ventral line. 
Cranial analgetic area (2 roots) 2.7 cm. 2 cm. 5.3 ¢.m. 
Sensible area Soler a5 1/45) Ou 
Caudal analgetic area (2roots) 3 . interrupted (0 or —) Oem 


The interruption of the right caudal analgetic area occurs on 8.7 c.m. distance 
from the mid-dorsal and on 12 c.m. distance from the mid-ventral line, and pos- 
sesses a breadth of 15 c.m. 


LA Pete Sehp &: 


The analgetic triangle, adjacent to the mid-ventral line has a breadth of 3.2 c.m. 
Its top is situated at 3.8 c.m. distance from the mid-ventral line. 


OxservatTion III. Young black male dog. (Series II, No.1). On Dec. 17th 190! 
under rigorously aseptic conditions the 14th, 15th, 18th and 19th pair of roots 
to the right and the 16th and 17th pair of roots to the left, are sectioned extra- 
dural. The autopsy on Jan. 2d 1902 confirms that this has been the case. 

The results of the determination of sensibility on Dec. 19th are somewhat 
different from those on Dec. 22th, the latter being rendered in fig. 22. 


Fig. 22. The 16th and 17th dermatoma 
to the right isolated between two sectioned roots. 


Here too the caudal analgetic area is interrupted, it does not reach the mid 
dorsal line, because the sensible left half of the body exceeds this line below the 
caudal end of the wound. The right sensible zone exceeds the mid-ventral line, 
where it is encompassed by the analgetic interrupted band on the left side. 


B-eG HoT) 5 DE: 


Mid-dorsal Largest breadth 


Measurings. line. of central area. | Mid-ventral line. 
Cranial analgetic area (2 roots) 2.5 c.m. 12 ie. m. 6.2 cm. 

Sensible area 5 AN Gis +& 7 B aye 
Caudal analgetic area = 2.7, interrupted (0 or —) Uh 


The place of interruption is situated at 8.5 c.m. distance from the mid-dorsal 
line and at 13.6 c.m. distance from the mid-ventral line, and has a breadth of 2 c.ms 
34* 
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LEFT SIDE. 


Largest breadth 
Measurings on Jan. 2d: Mid-dorsal line. of central area. | Mid-ventral line. 
Analgetic area (2 roots) ~ « 26-6.%n, Interrupted. 6.5 c.m. 


The place of interruption is situated at 7 c.m. distance from the mid-dorsal and 
at 10 c.m. from the mid-ventral line, and possesses a breadth of 3.6 e.m. 


Ossernvation IV. A spotted female dog. (Series II, No. IV). On Jan. 7th 1902 
under aseptic conditions are cut through extradural: to the right the 13th, 14th, 
15th, 17th, 18th and 19th pair of roots; to the left the 15th, 16th and 17th. 
The autopsy on Jan. 22th confirms that this has been the case. 

The first determination of sensibility is made on Jan. 8th: the hind-legs of the 
dog are lamed. Fig. 21 represents the areas found to the right on Jan. 8th. 


Fig. 23. The 16th dermatoma. 
Isolated to the right between 3 roots on both sides. 


RIGHT SIDE 


The measurings on Jan. 8th are the following: 


Largest breadth 
Mid-dorsal line. of central area. Mid-ventral line. 
Cranial analgetic area (3 roots) 3.5 c.m. 4.8 cm. + 7.2 cm. 


Sensible area (1 root) 3.1 , OS .2 es is not reached 
(distance 0.7 c.m.) 
Caudal analgetic area (3 roots) 6.1 , SG ge + 6.8 c.m. 


LEFT SIDE, 


The measurings on Jan. 8th are the following: 


Largest breadth 
Mid-dorsal line. of central area. Mid-ventral line. 
Analgetic area (3 roots) 6.9 cm. 5 cm. 7 c.m. 


On Jan. 22th the dog is again able to walk normally. Sensibility is determined 
once more. Death by chloroform. 
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RIGHT SIDE. 


Measurings on Jan. 22th are the following: 
Largest breadth 
Mid-dorsal line. of central area. Mid-ventral line. 


Cranial analgetic area (3 roots) 3.2 c.m. 2:2: ¢.m: 7.3 cm. 
Sensible area (1 root) 3.9 , Oo Dl Wg 
Caudal analgetic area (3 roots) 63 , 4 . 6.8 , 


Li:ELP\ Ts: Sih D_E. 


The measurings on Jan. 22th are the following: 
Largest breadth 
Mid-dorsal line. of central area. Mid-ventral line. 


Analgetic area (3 roots) 4.6 cm. 2.4 ¢.m, 7 cm, 


The distance from the mid-dorsal to the mid-ventral line is: to the right in 
the cranial area 21.5 c.m., in the caudal area 21 c.m. and to the left in the 
analgetic area 22 c.m. 

The most important narrowing in the cranial analgetic area to the right is at 
11 cm. distance from the mid-dorsal, at 10.5 c.m. distance from the mid-ventral line. 

The most important narrowing in the caudal analgetic area to the right is at 
9 c.m. distance from the mid-dorsal, at 13 ¢.m. distance from the mid-ventral line. 

The most important narrowing in the analgetic area to the left is at 9 c.m. 
distance from the mid-dorsal, at 13 cm. distance from the mid-ventral line. 


OxsservaTion VI. A black male dog. (Series II, dog VI) On Jan. ist 1902 under 
rigorously aseptic conditions, are cut through extradurally: to the right the 11th, 
\2th, 13th, 15th, 16th and 17th pair of roots; to the left the 12th, 13th, 15th 
and 16th. 

On both sides the 14th remains intact, as is confirmed by the autopsy on 
Jan. 19th. The sensibility, determined and noted on Jan. 18th, presents the 


images, rendered by fig. 24. 


Fig. 24. The 14th dermatoma, 
isolated to the right between three sectioned roots on each side, to the left 
between two sectioned roots on each side. 
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RelkeGsHet (Sepik: 


The measurings on Jan. 18th are the following : 


Mid-dorsal line. Largest breadth Mid-ventral line, 
of central area. 
Cranial analgetic area (3 roots) 2.7 c.m. 2.4 cm. 7.6 ¢.m. 


Sensible area (1 root) A 6 5 is not reached 
(distance0.4 c.m.) 


breadth of sen- 

sible area at that 

point 1.9 cm. 
Caudal analgetic area (3 roots) 5.2 e.m. 4.6 c.m. 7.6 c.m. 


EP EekeT eS Da: 


Measurings on Jan. 18th are the following: 


Mid-dorsal line. Largest breadth Mid-ventral line. 
of central area. 
Cranial analgetic area (2 roots) 1.8 c.m. Interrupted (0 or —) 6.4 c.m. 
Sensible area (1 root) Os ax (3). Cian, is not reached 
(distance0.3 c.m.) 
breadth of sen- 
sible area at that 
point 1.1 cm. 
Caudal analgetic area (2 roots) 3.4 c.m. Interrupted (0 or —) 6.4 c.m. 


The distanee from the mid-dorsal to the mid-ventral line is in the cranial anal- 
getic area to the right 24.5 ¢.m., to the left 26 c.m.; and in the caudal analgetic 
area to the right 23.5 c.m.. to the left 24.5 c.m. 

The narrowing of the right caudal area begins at 9 c.m. distance from the 
mid-dorsal line. 

The top of the dorsal triangle of the left cranial area is situated at 11 em. 
distance from the mid-dorsal line, the top of the ventral triangle at 13 ¢.m. dis- 
tance from the mid-ventral line. The breadth of the interrupting band is 1.5 c.m. 
For the left caudal area these distances become relatively 10 c.m. and 11 c.m., 
whilst here the interrupting band has a breadth of 3 c.m. 


Ozsservation V. A large brown dog. (Series II Nr. VII). On Jan. 26th 1902 
are cut through extradural under aseptic conditions: to the right the 12th, 13th, 
14th, 16th, 17th and 18th pair of roots, to the left the 13th, 14th, 16th and 
17th pair of roots. The autopsy on Febr. 4th confirms the intactness of the 15th 
pair of roots on both sides. 

The determination of sensibility on Jan. 27th proves the extension of the 15th 
dermatoma to be such as is represented by fig. 25. 


Fig. 25. The 15th dermatoma, 
isolated to the right between three sectioned roots on each side, to the left 
between two sectioned roots on each side. 


RG HT eS Tp es 
The measurings on Jan. 27th are the following: 


Mid-dorsal line. Largest breadth Mid-ventral line. 
of central area. 


Cranial analgetic area (3 roots) 3.5 cm 1.5 c.m. 6.2 cm. 
Sensible area (1 root) 44 , SHAE Is Dees ge 
Caudal analgetic area (3 roots) 6 , eee 6.9 , 


The distance from the mid-dorsal to the mid-ventral line is in the cranial area 
26.4 c.m., in the caudal area 27 c.m. In the cranial area the most important 
narrowing is situated at 12 c.m. distance from the mid-dorsal and at 15 c.m. 
distance from the mid-ventral line. In the caudal area it is situated at 13 c.m. 


distance from the mid-ventral line. 


LEFT SIDE. 


The measurings on Jan. 27th are the following: 


Mid-dorsal line. Largest breadth Mid-ventral line. 
of central area. 


Cranial analgetic area (2 roots) 2.6 c.m. Interrupted (0 or —) 5 em. 
Sensible area (1 root) Wpey ee) gett, laa 
Caudal analgetic area (2 roots) 4.5, Interrupted (0 or —) a) og 


The distance from the mid-ventral to the mid-dorsal line is 28 c.m as well in 
the cranial as in the caudal area. The top of the anterior dorsal triangle is situated 
at 9 c.m. distance from the mid-dorsal Jine, the top of the anterior ventral triangle 
at 16 c.m. distance from the mid-dorsal line and at 9 c.m, distance from the mid-ventral 


lite. The breadth of the interrupting band is 7 c.m. 
The top of the posterior dorsal triangle is situated at 8 c.m, distance from the 
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mid-dorsal line, the top of the posterior ventral triangle at 16 cm. distance from 
the mid-dorsal ‘line. The breadth of the interrupting band is 8 ¢c.m. 


Osservation VI. A brown and white spotted male dog (Series II, Nr. V). On 
Jan. 14th 1902 are cut through under aseptic conditions extradural; to the right 
the 10th, 11th, 12th, 14th, 15th and 16th pair of roots and to the left the 11th, 
12th, 14th and 15th pair of roots. The autopsy on Febr. 3rd confirms that the 
13th has been left intact on both sides. 

The sensibility, determined on Jan. 15th and Febr. 2nd, offers only slight dif- 
ferences, and the relation between analgetic and sensible areas is represented in 
fig. 26 as it has been found existing on Jan. 15th. 


Fig. 26. The 13th dermatoma 


to the right between three sectioned roots on each side, to the left between 


two sectioned roots on each side, 


R-bGH Ts. bDek: 


Measurings. Mid-dorsal line. Largest breadth Mid- 
of central area. ventral line. 
Measurings on = Jan. 15 Febr.2¢ 9 Jan. 15 Febr.2¢ = Jan. 15th Febr. 24 
Cranial analgetic area Interrupted Interrupted 
(3 roots) 3.7¢.M. 3 c.m. (over1.5c.m) (over2c.m.) 6.5¢e.m. 6.4¢m. 
sensible area (1 root) 35 , 42, 4.7 , Gaerne Joh Oe a 
BncL Ra area bk 4B, Gre irre (Ue eee Kilist 3 


On Febr. 2d the distance from the mid-dorsal to the mid-ventral line is 22.1 c.m 
in the cranial, 21.2 c.m. in the caudal area. ook te 

The top of the dorsal triangle is situated at 5.5 c.m. distance from the mid-dorsal 
line; the top of the ventral triangle at 13.5 c.m. distance from the mid-ventral 
line; the breadth of the interrupting band is 2 ¢.m. 

On Febr. 2d the most important narrowing in the caudal area is found at 9 e.m 
distance trom the mid-dorsal, at 12 ¢.m. distance from the mid-ventral line, oi 
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DB El S-14D: E, 


Measurings. Mid-dorsal line. Largest breadh Mid- 
of central area. ventral line. 
Measurings on Jan. 15th Febr.2¢ Jan. 15th Febr.2¢ Jan. 15th Febr. 24 
Cranial analgetic area Interrupted Interrupted 
(2 roots) 1.9¢.m. 1.4¢.m. (over 6¢.m.) (over9c.m.) 4.8¢.m. 5.2¢.m 
sensible area (1 root) 38 , 4 , Gar Oeemo els D ae Seer 
Caudal analgetic area SP AAS ues De a es ee 


(2 roots) 


On Febr. 2d the distance from the mid-dorsal to the mid-ventral line is 23cm. 
in the cranial, 24 c.m. in the caudal area. 

The top of the anterior dorsal triangle is lying at 3.2 c.m. distance from the 
mid-dorsal line, the top of the anterior ventral triangle at 14 c.m. distance from 
the mid-ventral line. The breadth of the interrupting band is 9 c.m. 

The top of the posterior dorsal triangle is situated at 55 c.m. distance from the 
mid-dorsal line, the top of the posterior ventral triangle at 16 c.m. distance from 
the mid-ventral line. The breadth of the caudal interrupting band is 2 c.m, 


OxsservaTion VII. A black male dog (Series II, No. III). On Dec. 31th 1901, 
under aseptic conditions, are cut through extradural: to the right the 11th, 12th, 
14th, 15th, 17th and 18th pair of roots, to the left the 11th, 12th, 16th and 17th 
pair of roots. The autopsy on Jan. 2d confirms that this has been the case. On 
Jan. 1st the hindlegs of the animal are paralysed. 


Fig. 27. To the right the 13th and 16th roots are isolated, both between two 
sectioned roots on each side. To the left the 18th, 14th and 15th 
roots have been preserved intact between two sectioned roots above 


and below these three. 


On Jan. 17st the sensibility is determined. To the left, although two roots have 
been cut through, there is only found cranially a ventral analgetic spot, offering 
again a triangular form. To the right the most cranially situated sensible area, 
has pierced on both sides the neighbouring analgetic areas. On the contrary the 
most caudally situated sensible area is very considerably narrowed, even half of it 
being interrupted by the caudal analgetic area. 


From these observations it becomes clear, that under favourable 
conditions, the isolated central areas not only reach their largest 
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breadth in the lateral part of the dermatoma, but are also consider- 
ably broader there than at any other place. 

This fact, considered in its connexion with our former communi- 
cations, is of the highest importance. 

Indeed, when we first found it necessary to distinguish in the 
dermatoma between a central and a marginal area, we were at the 
same time. obliged to consider these two as two variable quantities, 
suffering mutual interchange of action. 

As soon as the dermatoma is damaged, the marginal area becomes 
larger according to definite rules, whilst the central area, also 
according to definite rules, is diminished first to a triangular figure 
(fig. 2—4)!) which afterwards in the lateral part is interrupted by 
an insensible band (fig. 5). 

In this place is located the relative minimum for the sensibility 
of the central area,1) but at the same time, as has been made clear 
by the foregoing, it is at this place too that the central area is 
broadest. 

Every serious operative lesion, and more especially a partly sec- 
tioning of root-bundles in the posterior root, will create the possi- 
bility of central areas being formed, not properly fulfilling their 
functions. 

By not properly fulfilled functions is meant here: the threshold- 
value for the sensibility being raised, or the marginal area being 
enlarged at the expense of the central area. 

This diminished action evidently will become most obvious at the 
place where a very broad central area possesses a relative minimum 
of sensibility. 

By this fact an apparent contradiction is solved. ‘The obtained 
results were viz.: in the case of one or two roots being simply sec- 
tioned without any more, interrupted analgetic areas, 2) and in 
the case of one root being left intact, between two sectioned roots 
on either side of it, continuous analgetic bands. 

In the latter case the larger bone-wound, the greater hemorrhage, 
the increased cooling of the spinal medulla, furnish so many un- 
favourable conditions, by means of which, during the first days at 
least, are originated central areas of the isolated dermatoma, not 
properly fulfilling their functions. 


1) See: Proceedings of the Royal Acad. of Sciences. Meeting of Nov. 30th 1901 
pag. 281, Fig. 8. j 


*) See: Proceedings of the Royal Acad. of Sciences, Meeting of Dec, 28th 1901 
pag. 361, Fig. 10. : 
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These central areas will necessarily suffer their most important 
reduction in that place where, their breadth being largest, already 
under normal circumstances the sensibility is raised relatively only 
a little above the threshold-value, in the lateral part therefore. 
Consequently there is formed in this case a continuous insensible 
band, denoting the destruction of two roots. This band is found 
to be interrupted in the case of these same roots being simply cut 
through without any more. Still there may be noted instances (in 
Fig. 24 and 25, left side) where after a few days or under especi- 
ally favourable conditions, even directly after the operation, both 
analgetic bands correspondent with two sectioned roots, are inter- 
rupted in the lateral part by the sensible central area. There the 
accordance with the simple sectioning of two roots is found to be 
perfect. 

It may happen however that the central area, either at the 
caudal or at the cranial side, has been damaged by the isolation, 
and that therefore (as is the case in fig. 21 and in fig. 22 for the 
analgetic area correspondent with the 18 and 19 pair of roots), 
there is found a one-sided interruption of the central area by the 
neighbouring analgetic area, whilst it continues to fulfill its functions 
properly on the other side. 

Indeed, with deeply destroying operations it may even happen 
that one of the analgetic areas encompassing a central area, and 
correspondent each with two sectioned roots, begins to interrupt the 
central area — generally a caudally situated analgetic area may do 
this — whilst at the same time on the cranial side the central area, 
properly fulfilling its functions there, may be found interrupting the 
cranial analgetic area. 

This is the case e.g. in fig. 25, right side, where two dermatomata 
have been isolated by sectioning six roots, and where the anterior 
(13) central area shows on both sides the lateral interruption, 
whilst the posterior (16) central area, probably because the me- 
dulla has been damaged (hindlegs are paralysed), is threatened to 
be interrupted by the analgetic area of the 17 and 18' root, 
which latter interruption however is only half achieved. “e 

The lateral part of the central area and to all probability of the 
whole dermatoma is its broadest, but at the same time its feeblest 
part. 

The first influence, exerted by the out-growth of the upper extre- 
mities on the higher trunk-dermatomata, is their being pressed into 
one another. The consequence is such as represented in fig. 27, 


left side. 
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The sectioning of two roots (in this case the 10th and 11th) 
entails here the same consequences as the sectioning of one root for 
the lower trunk-dermatomata. Towards the niid-dorsal line sensibility 
is preserved, towards the mid-ventral line an insensible triangle is 
formed. Even by sectioning three roots in this region, as has 
been done in fig. 26 (LOth, 11th and 12th), we only succeed in 
achieving here what is achieved for the lower dermatomata by the 
sectioning of two roots, i.e.: an upper -ventral insensible triangle 
with broad basis, and, separated from this by a sensible lateral band, 
a lower ventral insensible triangle with narrow basis. Therefore the 
statement does hold no longer good here, that the insensible band 
of two sectioned roots cannot be smaller at the mid-dorsal line than 
half of the isolated central area. Even on the 11th and 12th this 
influence of the extremities is still exerted (see Fig. 26). The insen- 
sible dorsal triangle, dependent on the section of these two roots, 
is very narrow there. 

Meanwhile we are enabled also to survey in a simple manner 
the different relations, existing at the mid-dorsal line, in the lateral 
part (largest breadth of central area), and at the mid-ventral line. 

When we conceive a ranging of successive central areas, {whether 
overlapping one another or not, supposing them (in as far as the 
middle trunk-dermatomata are concerned) to be all of the same size, 
and, if overlapping one another, to do so to the same extent, then 
the differences in these relations may be expressed by a formula in 
the following manner. 

Starting from a lower central area, we will call the distance 
between its cranial end and the caudal end of the next central area 
y, and the distance between its cranial end and the caudal end of 
the second following central area x. Then it will follow clearly (for 
at the mid-dorsal line only a transposition was performed, as y 
represents in that case the overlapping of the central area, x the part 
of the central area not overlapped by central areas, that the breadth 
of the central area = «+ 2y.1). The breadth of two central areas 
lying adjacent to one another, is thus represented by 2¢-+ 3y, 
three by 32+ 4y etc. In the same manner the breadth of the 
analgetic bands will be represented: for one sectioned root by 2, for 
two roots by 2%-+y, for three roots by 27+ 3y ete. 

But this formula is a general one, in as much as it holds good 
not only here, but also for the mid-ventral line and the lateral parts- 


1) See: Proceedings of the Roy. Acad. of Sciences. Meeting of Dec, 28th 1901, p- 360. 
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At the mid-dorsal line (Fig. 28A) 2 is represented in caudo-cranial, 
y in cranio-caudal direction. 

If this is supposed to be the positive direction, then in the case 
of central areas being ranged in wide intervals from one another, 
as they are at the mid-ventral line, there will only be this difference, 
that y will be set like 2 in caudo-cranial direction, consequently y 
will be set in negative direction. (Fig. 28 B). The breadth of the 
ventral central area thus becomes #—2y, that of two succeeding 
central areas 2x—3y, three 3v—4y etc., whilst the breadth of 


' é t 
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a 


1] a, *, 


Fig. 28. 4. General representations of the ranks of the central areas at the mid- 
dorsal line, k=x-++2y. B&B. of the ranks of the central areas at the mid- 
ventral line, k=x —2y. C. of the ranks of the central areas at the lateral 
part of the body, k = 2y — x. 


the insensible bands may be represented by 2, 2#—y, 3#—2y ete. 
according to the number of sectioned roots. 
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Besides the inverted direction of y, there exists still another diffe- 
rence between the ranks of the dorsal and those of the ventral central 
areas, because experiment shows, that by sectioning one root 
insensibility will be roused at the mid-ventral, but not at the mid- 
dorsal line. At the mid-dorsal line therefore the first x does not 
exist. Insensibility in that part is counteracted by marginal areas 
overlapping one another, which is not the case at the mid- 
ventral line. 3 

In the lateral part on the contrary the central areas are ranged 
more closely than at the mid-dorsal line. They overlap one another 
farther, even until more than midway. Still the central area may 
be here again expressed by «+ 2y, it being understood however 
that in this case too « and y are set in the same direction. But now 
a will be counted in cranio-caudal direction, and obtain consequently 
a negative value. Therefore the value of the central area will be 
in the lateral part 2y—z ete. 

The results, obtained by applying these formulas, are very simple. 

They may be demonstrated by means of Observation III (Series 
II, Nr. 1), the same observation put to use already in our former 
essay, where the sensible area corresponds with two roots left intact, 
whilst three analgetic areas (two to the right and one to the left) 
in their turn correspond each with two sectioned roots. 

The central area in this case is: 


Mid-dorsal line. Largest breadth of the central area. Mid-ventral line, 


2.5 6.2 
2x+ 3y = 4.6 apy =|20 2x+3y=7.5 aty=|19 2x+3y=3.2 axty=}et 
: or — 6.5 


thence 
0.725 1.05 | 3.8 aK 
\ —0.975 (3.15 ( { 
Xe Ons y= fi KS y=; X= 12.7 = }—0.7 
10.875 0.9 ool (3.7 (aie, Gaeeowe 
or 
9.825 0.8 
k= |28 bes ee eee 
2.775 ; 0.9 
=+0.8 a 
=+98 *== 2s X= + 3.8 
: y=il kK=£08 5 ~E(-15) 
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By reconstructing now the ranging of the central areas on this 
dog, a ranging communicated !) already formerly, without however any 
mention then being made of their enlargement in the lateral part, 
fig. 29 is obtained. 

In this figure moreover the curve of sensibility on the central 
area has been designed each time. At the mid-ventral and at the 
mid-dorsal line are designed the addition-curves of sensibility, deduced 
from those curves, and represented in our former communication 
for the same dog by fig. 16 and 18. In the lateral part too 
has been designed on each central area, at the place where its 
breadth is found to be largest, a curve of sensibility (B), rising 
only a little above the threshold-line A, because in this place is 
located the relative minimum of the central area. 

The slight rise above the threshold-line and the large basis of 
this curve, combined with the mutual overlapping of 4 or 5 of these 
curves, are cause that in the lateral part the tops and valleys of 
their addition-curves offer differences of far less importance than 
those found at the mid-dorsal and especially at the mid-ventral line. 

This latter fact promises to become of great interest clinically. 
Already the existence of hyperalgetic bands next to bands of 
diminished sensibility had been demonstrated by Dr. LANG@ELAAN ) 
on normal persons and by Dr. BEYERMAN °*) on patients, suffering 
from tabes. Especially with tabes, when in consequence of the 
diminished sensibility the threshold-value rises, and only the tops of 
the addition-curves have preserved sensibility intact (or sometimes 
increased it) the contrast can be striking, on chest and ventral part, 
between the valleys of the curve of sensibility, perceiving pain 
hardly or not at all, and the hyperalgetic tops. In the lateral parts 
of the thorax this difference either does not exist or is only slightly 
pronounced. 

But apart from the differences in sensibility, existing between the 
dorsal part, the lateral part and the ventral part of the trunk, by 
this drawing is shown directly what will happen in the case of one 
or more dermatomata being destroyed. 

When one dermatoma is destroyed, then the dotted area disappears and 
the ventral insensible triangle is formed. This single circumstance is in 
itself sufficient to prove the necessity of admitting the existence of 


1) See: Proceedings of the Roy. Acad. of Sciences. Meeting of Dec. 28th 1901. Fig. 19. 
2) See: Proceedings of the Royal Acad. of Sciences. Meeting of Sept. 29th, 1900. 
3) See: Proceedings of the Royal Acad, of Sciences. Meeting of Sept. 29th, 1900. 
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marginal areas in the structure of the dermatomata, for under normal 
conditions the ventral part is sensible over its whole extension. But 
the smaller dorsal analgetic triangle, which should be formed at the 
mid-dorsal line is never observed. This again argues the existence of 
marginal areas — or, if one prefers, parts of the dermatoma, whose 
sensibility remains below the threshold-value — of the neighbouring 
dermatomata, being able of providing together in the sensibility of 
this band, as soon as one dermatoma has-been taken away, though 
unable of doing so alone. 

As soon however as two dermatomata (4 and 5) are taken away, 
there is formed a double triangle; marked with +-+. In the lateral 
part an interruption will necessarily occur, because in that part the 
overlapping of the central areas is so great, that the 3 and 
6th dermatoma are situated in very close proximity, even touching 
one another. 

The relative minimum of the central area, here drawn out to its 
largest breadth, is cause of different facts: the contrast between 
central and marginal area being at one time very slight, and then 
again very striking. If the central area has been isolated under very 
favourable circumstances, performing its functions in the best possible 
way, there will be hardly any question here about a marginal area. If 
on the contrary it has been isolated, not fulfilling its functions so 
well, then this part of the central area falls wholly or almost wholly 
below the threshold-value. It then becomes totally or nearly totally 
marginal area, and the lateral insensible interruption of the central area 
is brought about. 

We conclude from the foregoing that the improvement of sensi- 
bility in the first 4 or 5 days after the operation, is achieved solely 
by parts of marginal areas being joined to the central area. Accor- 
ding to our belief, in no other manner any improvement of sensibility 
may be achieved, at least during some months. The results, observed 
consequently to similar operations after the first fortnight, are found 
unaltered after six weeks or three months. 
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Mathematics. — “Series of Polynomials”, (1st part). By Prof. 
J. C. KLuyver. 


(Communicated in the meeting of February 22, 1902.) 


Starting from a given power series representing within a definite 
circle of convergence an analytical function F(2), investigators have 
endeavoured to deduce for this function other developments with a 
different region of convergence. In the first place another power 
series will present itself as a new development; however this has 
the drawback, that each coefficient of whatever order is dependent on 
all coefficients without exception of the given power series. We can 
require the nt term in the new development to be completely deter- 
mined by the first » terms of the given power series. 

This demand is fulfilled by the development of F(#) in a series 
of polynomials according to the idea of Mirrac-LEFFLER, and now 
it is known that for each function such like developments can be 
found in infinite variety. 

The purpose of this paper is in the first place to give a simple 
deduction for such like series of polynomials, in the second place to 
treat of a couple of simple examples which can serve as an expla- 
nation of the peculiar conditions of existence of the polynomials. 

1. When the power series 


h=o gh 
F(a) = F(0) + =F FY) 


must be continued by a series of polynomials we need some auxiliar 
function g(u), of which we suppose the following : 


1.9(u) is holomorphic in u=0 and uniform for | «| <4, where 
k is greater than 1. 

2.1f g(u) is not everywhere finite within the circle |u| =4, the 
function is for |u| increasing from nought for the first time 
finite in a point a. 

3.9(0)=9, gl) = 1. 


By these three suppositions one is but slightly limited in the 
choice of the function g(u). From any function f(«) holomorphic 
in u=0, a function g(u) can be deduced; we can take 


Ff (Au) — £0) 


I) =F) — FO)’ 
35 


Proceedings Royal Acad, Amsterdam, Vol. IV. 
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We now consider F(ag(v)) first as a function of u, then as a 
function of xg). So we arrive at the two developments 


m 


Plegu)) = FO) +E = Dao Flog) 


and 
Pee ee el FU(0), 
h=1 
from which last equation ensues 
ham FAO 
B Peg) = = ah 9) Deo gu 
So we have 
m=o h=m Pe) Pisz. g(uyh 
— um = . siete te 
P(ag(u)) = F(9) + Pai ne ai i cr (I) 
or 


EF’ (ag(u)) = F(0) += Tm (2). 


The coefficients Z'n(x) of this power series in u are polynomials 
in # and the coefficients of the polynomial 7;,(z) contain of the ori- 
ginally given power series only the m first coefficients 


FQ)(0), F@(0),... . FO (0). 


The power series (I) has when is given a definite radius of 
convergence, which may not, as is easy to understand, exceed a 
limit independent of z, i.e. |u| may never become greater than 4, 
because for |u| >&, g(u) and with it F(zg(u)) cannot have a fixed 
value. 

For the rest with each « the series is convergent for very small 
values of w approaching nought, and its sum is that value of F(xg(u)) 
which transforms itself for «= 0 into the given constant (0). With 
a steady increase of | w| the series remains convergent and its sum 
is to be stated at #(2g(u)) if only the argument <= z9(u) continues 
to indicate a point within a region, extending around z=0, in 
which /(z) is holomorphic. Such a region is for instance the star 
of Mittac-LEFFLER although the rays of this star need not be right 
lines. If #(z) is uniform in the whole plane and holomorphic in 
z=oo, this region can even surround the point z=o. In every 
other case ¢=c must remain outside this region and the series (1) 
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must certainly diverge if |u| has reached the limit | a | , because 
then g(u) and also z = 2g(u) might become infinite. 

The region in which z=2 g(u) is moving, must never contain the 
singular points of the function F(z). So if we call these singular points 


Aj = 17 e*}, 
GV = hy 2, 3, e ° ° ) 
then, when | u | increases fluently, we may never have 


veri F hae ca en Re 


We suppose that for given 2 from this equation (II) wis deduced. 
Perhaps that solution is impossible, and not to be satisfied by any 
value of u with a modulus smaller than & In that case we shall 
decide, that for the point * under consideration the radius of con- 
vergence of the series (I) is equal to & If there are solutions with a 


modulus smaller than %, we then call #,; the smallest of the moduli 
of the obtained solutions and R, the smallest of all moduli &,,; 


G= 1,2,3,...). For |u| < R, now z=z#g(u) will not be able 
to reach any of the singular points A; , F'(ag(u)) will have a finite 
and definite value and the series (I) will converge if only the nature 
of the function F(z) in z= does not limit | u{ more closely. 

So the result of the foregoing considerations respecting the radius 
of convergence of the series (J) is the following. For a multiform 
function F(x) the radius of convergence when « is given is equal to 
the smallest of the two quantities R, or |a|. If there are no 
singular points in the finite part of the plane the radius of conver- 
gence is equal to | a|. On the other hand for a uniform function 
F(x), holomorphic in «=o, the radius of convergence is always 
R;. In some cases, where the limit f, is wanting, the radius of con- 
vergence can increase to k. 

In the series (I) we now substitute « = 1 and we obtain in this 
way formally the development of F(x) in a series of polynomials. 

We find 


= ko HOO), Dyiy'g(uyh 
F(e) = F(0)+ = ah ap _ 
m=1 


F(0)-+ = (2), « (IL) 
m=1 


and now the question arises whether this series converges or diverges 

in a given point x. If it converges it will produce that value of 

F(x) which is deduced out of F(xg(u)) when |u| gradually 

increases from 0 to 1. To judge its nature we must arrange the 
35* 
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points x of the plane according to the values of FR, belonging to it. 
In the first place we find a region G, simply connected or of higher 
connectivity within which everywhere R, <:1. That region G, will 
include « = o and the singular points A;, or one or more of these 
points lie on the boundary of this region, and in each point of G, 
there is divergence. The value of R, gives a notion of the rate of 
this divergence in a definite point x, for we have 


ee Lui) : 1 
Lin|/ |Tal@)l=p+ + + + + GY) 


By one or more closed curves G2 is separated from the region G, 
containing the points 2, where R, is > 1. So this region G; is the 
region of convergence of the series of polynomials. But not every- 
where in G, is the convergence equally strong. With the aid of the 
value of the limit (IV) the rate of convergence can be judged. For 
shortness’ sake we shall call that value “mark”’ of the series of poly- 
nomials in the point « and in general the convergence will be better 
the lower this mark falls below unity. 

On the boundary of G, and G,, which latter region may consist 
of different parts separated from one another, the mark is constant 
and equal to 1. If we move away from this boundary the mark 
falls. However, it never falls below 1:4, for & was the uttermost 
limit for the radius of convergence of the power series (I). Perhaps 
too, that /(o) is infinite or indefinite, whilst g(w) has a pole a inside 
the circle |u| =. Then convergence is possible only for | a| >1 
and the mark of the series (III) is at least 1:|a|. 

So we shall often be able to distinguish two different parts in the 
region Gj. In the outer part G," bordering everywhere on G the 
mark of the series is variable. It varies either between 1 and 1: &, or 
between 1 and 1:|a|. In the inner part G,' however, the mark 
is constant; it is continually equal to 1: or equal to 1: | a| 
according to the nature of /(z). The shape and size of these con- 
sidered regions is entirely dependent on the singular points of F(a) 
and of the choice of g(w). It is very well possible that Ga, G," 
or G,' are wanting. Thus for instance the series_will converge 
everywhere independently of « with a constant mark, if in 
the finite part of the plane there are no singular points Ay 
and when |a| is >1. On the other hand it may happen 
that everywhere for R, a value smaller than 1 will be found out 


1) Lim denotes here vla plus grande des limites” of Caucuy. 
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of the equations (II) and that although F(«) at infinity is completely 
regular, the region of divergence G, covers the whole 2-plane. Finally 
there are cases in which a region of convergence G, can be found, 
but in which the mark of the series never falls to the lowest limit 
1:k or 1:|a|, so that there is no question about a division of Gy 
into the regions G,' and G,". 

Beforehand we can take care to let the series of polynomials 
possess by all means a region of convergence G). This takes place 
when we choose for g(u) a function always remaining finite within 
the circle | «|= 1. For then for a point a in the immediate 
vicinity of the origin x = 0 the equations (I1) 


will furnish for #z a value greater than 1 and the series (IIT) 
will of necessity converge in the vicinity of the origin « = 0. And 
in the same way, if g(u) remains finite inside the circle |u| = k 
and the point a is lacking, the origin « = 0 will also be a point 
of the region G' inside which region the series converges everywhere 
with the mark 1: k. 


2. After having pointed out in general the possibility of the 
existence of the regions Gg, G,", G;', we must find out how to 
construct these regions. A point w belongs to G2 when one of the 
equations 

ag (u) = A; 


admits of a solution w of which the modulus is smaller than 1. If 
thus by the above-mentioned equation we map the w-circle with 
radius unity and centre at the origin on the z-plane, we obtain a 
region G,,; where the series diverges. It is very well possible that 
a part of the z-plane is covered bij that representation not only 
ence but more times and that the representation of the circumference 
of the circle is a closed curve, cutting itself several times. Any 
region that is covered can be considered to belong to G4,ji, no 
matter how often this takes place. All the regions Ga, together 
form the region of divergence Go. of the series. What remains of 
the wz-plane is to be regarded as the region of convergence Gi, 
which we can now divide with the aid of a second conform repre- 
sentation into the two parts G," and G,'. Again with the aid of 


the equation 


ag(u)ymA 
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we determine in the «-plane the region Gg,; + G,",; as the conform. 
representation of the u-circle | «| = & or in other circumstances 
of the u-circle |u| = |a|. Together these regions give after 
subtraction of the region Gy, already found the region G"; the 
remainder of the region G, will be the region Gy’. 

It is a fact that according to the nature of the given function 
F(x) the regions G, and G@, can assume forms widely differing, but 
the manner is most simple in which the function exercises its 
influence on the form of the series of polynomials (III). 

As long as g(u) is retained, it is sufficient to replace in this series 
everywhere FM(0) by ¢)(0), to change the development of /() 
into the development of another function p(z). So it is to be recom- 
mended if we search for the development of /’(x) to regard before- 
hand the simplest function 1:1—z, which according to (IIL) assumes 
the following form 


m h 

1 m=oh=m Dee g (u) 

= | (ORES BE AS 
=14 = 2% a «5 


If we write the terms 7(#) of this series in the form 


h=m 


Tn C= = Bu, h ah, 
1 
it follows that the first coefficient Bn,, is always equal to 


1 
—gy (m) (0), 
ml 


and so equal to the coefficient of w in the power series into which 
g(u) can be developed. 
To determine the general coefficient B”"1) we can generally 


1) By ARBoGast was given in his Calcul des Dérivations (1800)” the development 
of F(a +ay+ay?+... .) according to powers of y. If we put a =0, a; = bie 
and if we replace y by « we have the development of F[#(J,u+ w+... )] 
=F (xg (u)) according to ascending powers of w and to determine the coefficients 
we can follow the rule found by ArsoGast and called by Carey “the rule of the 
last and the last but one’. 
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apply successfully the identity 


k=m—h+j 
By," = = : By, j Bn—k, h—j + 
Say 


Here j is rather arbitrary, only it must be taken > h—1. 


The function 1:1—z is uniform with the single pole #=1, 80 the 
regions Gz and G, are determined with the aid of the single equation 


tg) 1 


and inside G the mark of the series is always indicated by 1: R,. 
We need not look about for possible infinities a of g(w). 
F) (0) 


we obtain out of 
hl! 


By the introduction of the coefficients 


the series (V) a series for /(#) and it is apparent that we shall 
now be able to find the various parts G2; of the region of divergence 
of this new series by applying successively to the region of diver- 
gence of series (V) the transformations 


(a; A; 2). 


In a similar way the regions G,’ and G,' can be determined. 

However we must keep in mind that in accordance with the nature 
of the function F(«) the mark for the new series will perhaps be 
in some regions no longer 1: R, but 1: | a|. The case might present 
itself that notwithstanding the existence of a region of convergence 
for the series (V), the deduced series for F(x) might diverge every- 
where. 

The preceding more gencral considerations on series of polynomials 
we do not desire to continue befure we have treated some simple 
examples. It seems difficult to make a simple calculation of the 
coefficients Bn, agree with a large extension of the region of con- 
vergence. But if on this last point we are not too exacting we can 
obtain rather useful developments which are suitable for application. 

Supposing that a is a given constant, we put 


a—l)u 
pees : 


a—u 


The function g(u) is everywhere uniform, so in this case k=; 
jnside the circle |u| = 4 is the single pole u = 4, 
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For the coefficients B,,, we find 
1 ie Ge Dew meal 1) _m uy—t 
yay A ics Ds HQ eee 
Bu, — Du=o CES: —( a ou =) 


(a—1)* 


qm 


Bn, ik = (m—1)p—i 


So the series of polynomials (V) becomes 


@]Ah 
= a = h(q—]1)h 
ae 1+ = 52 (m—1),-1 24 (a—1)kF , . . (VD) 
or if we like 
1 a svete hos E gael 
l—zx a Mira a 


The series of polynomials has again become a geometrical series 
with the ratio [1-+-2(a—1)]:a, and the region of convergence must 
be a circle. We do not pay attention to this casual circumstance, but 
we determine G, according to the general rule, according to which 
G, is made in the «-plane the representation ot the circle unity of 
the u-plane with the aid of the relation 


(a—l) wu 
r a 


or 


1+ 


a—l 


From this is evident that the region of divergence G, encloses 
that part of the 2-plane which is situated outside the circle with 


1 
centre — ay and radius i The interior of this circle is the 


region of convergence (fig. 1); on the boundary of G, lies the sin- 
gular point «= 1, 
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Fig. 1. 


If R, is the modulus of u deduced from the above-mentioned equa- 
tion, then 1: R, is the mark of the series in the point z. We find 


1 
1 Beep aay 
sreere es 


a—1 


then the mark is constant on circumferences of circles concentric 
with G, and it can vary on each radius between 0 and 1. 

Just as this will present itself in more general cases, the auxiliar 
function g(u) contains here a parameter a, which can be varied 
arbitrarily either for a definite point to lower the mark of the 
series i. e. to strengthen its convergence, either to enlarge or to 
reduce the region of convergence G;. In the considered very simple 
case all this is easy to see. Considering in the first place the trans- 
formation and also the situation of the region of convergence, we 
see that for G,a—=o transforms itself intu the unity circle and that 
the series (VI) again becomes the ordinary power series. 

When | a—1 | decreases the circle G, becomes larger and larger, 
at last when a approaches to unity G, encloses half of the z-plane, it 


1 
has become the half plane containing the point — Fee (M) and limited 
a— 


by the normal, which can be erected in the point #=1(A) to 
AM (fig. 1). But this is a limiting case, for then in G, the mark of 
the series is everywhere 1 ; independent of « the terms of the series 
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(VI) become infinitely small and the convergence of the series becomes 
infinitely slow. 

It will be noticed that only for | «| >1 the origin will be inside 
G,. If thus we deduce in the indicated way a development of poly- 
nomials for an arbitrary function F(«) out of the series (VI), we 
have no certainty, if || is assumed < 2, that there exists for this 
development a region of convergence G. And very surely if faa) eces 
the series deduced for F(x) would diverge everywhere if this function 
were not holomorphic in « =o or not uniform in the entire 2-plane. 
In the second place the question rises: what is for a given point x 
the value of a which causes in « the mark of the series to fall most ? 

It is evidently always most advisable to bring the centre of G, in 
the point 2, that is by taking 


1 —= =a. 
x 


In that case the mark of the series will be 0. One may wish a 
to be real in the series (VI). To obtain the lowest mark with this 
limitation we must bring a circle through P and A with the centre 
of the axis of the real quantities. For the centre of the circle G, 
we must take the second point of intersection N of that circle and 
of that axis (fig. 1). In the point z the mark of the series will be 
equal to sin “PAN. 

We will now deduce out of the series of polynomials the devel- 
opment of another function, in the first place of log (1—a). In 
the finite part of the plane there is only the singular point «= 1, 
for the rest the function is multiform and not holomorphic in = 0. 

Therefore we must keep the pole a of g(w) outside the circle 
| «| = 1. In that supposition the region of convergence of the 
new series is identical with that of the series (VI). The series itself 
will be 


== conf fia > 
log (l—z) = =a = ane (mia 5 <= ~ (a1) = = 
== h=I1 
mo 
=— > ae: jee 
ete ne wa [f} +2 (a 1] 1 


Again in the point @ the mark of the series is generally deter- 
mined by the equation 
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1 
1 ai alien 
Ry 1+ Da) Aa 


a—1| 


but now that g(w) has the pole a and log (1—z) is multiform, the 
mark can not fall below 1: |a|. The circle G, can here rea!ly 
be divided into two parts G") and G’;. In the outer rim G@", (fig. 2) 
the mark varies between 1 and 1 : | @|; in the inner part Gy, a 


: : 1 ; 
circle with centre — -—— and radius 
am 


Peat 


1 
vent the mark is everywhere 


a 


If we wish to calculate log (1 — x) for x =e“, we must bring a 
circle through the points z(P), 0(O) and + 1(A) and assume the 
centre M of the arc OP as the centre of the region G). The mark 
of the series is then as low as possible and equal to 


MP _ Q 
MA” 14+ o?+1—2¢ cos 0° 


The point a(P) is now situated just on the boundary of G", 


and G';. So for instance for 2 = — 2 we shall assume the centre 
M of G, in x =—1, i. we shall put a= 2 and the mark of 
the series wil be 4. Indeed we find in this supposition 
mono 1 (—])m—] kee 1 1 
Pea Bg ad bead —________ = log, 
m= m 2m kao (24-1224 +1 i} 


a series, bearing distinctly the mark 3. 
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As second application we take the function tun—*x. Again the 
function is not uniform in the whole plane; now there are two 
singular points + ¢ and — 7 at final distance. So convergence 
is again only possible for |a@| > 1 and the mark of the series 
can fall at most to 1:|aJ|. The region of convergence is found 
by applying to circle G, of fig. 1 successively the transformations 
(x, ix) and (x — ix). The new region G, is the part of the x-plane 
common to the two transformed circles. .It is a double segment, 


bounded by the circles with the radius , having the centres 


pi iss 
=) 
+ — and — — (fig. 3). If we describe out of these centres 


circles with the radius 


1 
a—l 


these circles touch each other externally. So here is no region G; 
within which the mark of the series is constantly equal tol: | a]. 
For a given point 2 inside G, the mark 1: R, is found by solving 
according to v the two equations 


piGird NPE oy 


a—uU 


The smallest value of |u| is R,. To obtain the Jowest mark for 
the series we must bring a circle through #(P),-+7(A,) and —x(Q) 
and determine the midpoint 1, of the are PQ. If we now describe 
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the circle with M, as centre and A, M, as radius and symmetrically 
to the former the circle through 4, with radius M, 4g, then we 
obtain for the region of convergence G, a double segment, inside 
which lies the point 2(P), where the mark of the series will be 
M, P: M, A, = M, P: My Ay. 

Out of (VI) we find for function tan—! 2 the following series: 


Gee 
ae NS 24 ee Gi ipeet. CVT 
ate SS ma ht 1) (vit 
or 
1 [xz (a—1) 1 pee 1 E (a—l) 2 ) 
a == a= — 
tan—! « : k i a i = i 3 aa 


1 fx (a—1) x3 (a—1)8 1 [2 (a—1) #(a—1)8 a5 (a—1)5 
eal penta leper Viabae's MRSS | 
1 pe (a—1) z* (a—1)3 x (a—1)5 
=| —"—10. 5, ee 


Who wishes to calculate tan—} Laz with the aid of this series 


will arrive at the best convergence for a=2, i.e. by placing in 
the point — 7, and according to the above-mentioned the mark will 
be 1: y2. 

We shall find 


tlds lis mirage 14x J 
+ algo ate] tela gts] + 
1 1 Leal Laid 1 ieee 
bse -pet ula poe ering ecey, Sr 
son Lge a: a ier 1 Taner aA 
ie 1 1 1 
+ lp 28 ets Biote|+e.s 
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The first nine terms contain of the power series for tan—! 2 only 
the first five’ coefficients. Together they give: tan—! 1 = 0.7821 
instead of 0.7854. ; 

Out of the first five terms of the power series we should find 0.8349, 
It is not difficult to transform the terms of the series of polynomials 
into a simpler form. 

After some deduction we get 


F(t g)-s(etetats (5 +a5tes) +: 


or 


$ ==(-<) F a a er T 3 — | ; 


and by a similar notation it is evident that really 1;/ 2 is the mark 
of the series of polynomials. 

The example treated of here can serve to notice a phenomenon 
which will undoubtedly make its appearance in more intricate cases. 

In the series (VII) all kinds of values of the parameter a might 
have served to calculate tan—! 1. If for simplicity’s sake we consider 
only real values of a, then the following is to be noticed. 

For a4 = o we should have obtained the narrowest region of con- 
vergence G,, which encloses just the point e=1; the mark of the 
series would have been 1. A wide region of convergence we should 


; 3 rece ; 
have had for instance for a= * In the direction of the axis of 


reality it would have extended to «=j/ 5, and in «= 1 the mark 
of the series would have amounted to 3:1/13 = 0.83. The smallest 
mark 0.70 was obtained for a = 2, that is with a region of conver- 
gence reaching to a=// 3. 

Something similar will always take place as soon as we can 
enlarge or reduce the region of convergence by changing a para- 
meter. If by means of a series of polynomials we wish to find the 
value of F(x) in a given point 2, we must avoid an unnecessary 
extension of the region of convergence, but on the other hand we 
must not allow the boundary of this region to approach the point 
« too much. A region of convergence enclosing # not too narrowly 
and yet not too widely furnishes the best converging series of poly- 
nomials. 
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Physics. — Prof. J. D. van per Waats on: “Ternary Systems.” 
II. (Continued from page 463). 


It occurs frequently in a binary mixture that two phases coexist 
which have the same concentration. In this case the pressure when 
we move along the connodal curve is either maximum or minimum. 
An isobar may then be drawn, touching both the liquid- and the 
vapour branch, and the isobars of other values of p cut then both 
branches twice. The ¢-curves for such a binary mixture will have 
a much more complicated shape than I have given up to now, and 
if we should now have a ternary system in which one or two or 
the three pairs which may be formed from it show this particularity 
then the ¢-surface will also show particularities whose main fea- 
tures we shall examine. As a minimum pressure has not yet been 
observed for normal substances, we shall only discuss the case of 
maximum pressure. 

The property that for a bipary system the concentration of liquid 
and vapour are the same, coheres with another property for such 
systems, which I have discussed, Cont. II, p. 86, though I have 
neglected to point out the relation between these two properties. 
This second property and the relation is found from the following 
formula. One of the conditions for coexistence is: 


Ce 


w= fo) — | pao, 


& Peale, =| (3) a. 


For the case that «, =z. we derive from the above furmulae: 


We write 


and so 


v1 


J@p= 


U2 


which equation occurs already in Théor. Mol. Arch. Néerl. XXIV. 
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In order that 2 Ja, integrated between the liquid and the vapour 


volume, be equal to 0, (2) z must be ai to zero somewhere 
“v 


between these two volumes. In consequence the particularity that 
mixtures may be formed, for which #; = 2, occurs only when a 


locus exists in the av diagram, along which (Z)=0. Accordingly 


Quint has observed the circumstance that, keeping 7 constant the 
curve p=f(2,v) in the mixture of HCl and C,H, shows a maxi- 
mum. In Cont. II p. 86. I have discussed such a locus, and 
proved that for great volumes it has an asymptote parallel to the 
volume-axis, and that for small volumes it moves to the side of the 
component for which 2 is greater. In fig. 7 the dotted line passing 
through P and Q, represents this locus. On the left of this curve 
(2) is posilive, and on the right negative. All the isobars must 
then possess a tangent parallel to the z-axis in the points where 
they cut this locus. In fig. 7 the course of some curves of equal 
pressure has been traced. The temperature is assumed to be so 
low that the plait on the y-surface stretches over the whole breadth 


of the diagram, and so the curve, for which i ") =0, continues 
xT 


to consist of two isolated branches. The curves LD PM and L' Q M' 
represent these branches, viz. the dotted ones. 

The limits of the unstable region are somewhat wider, and they 
are also indicated as passing through L, P and M, or L', Qand M’; 
in the figure they are indicated by lines of alternately larger and 
smaller dots. That these limits of the unstable region must pass 


through P and Q, follows from the property, that if (2) is equal 
LS yT 


to 0, the condition: 


ey ay ( Oy y= ; 


0a2 Que Ox dv 


° ° e . 2 
is satisfied in the points, in which ay — ee = 0 is 
dv? ; 


If we closely examine the character of the points P and Q, we 
conclude that p in the point Q is really a maximum, The point Q, 
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Fig. 7. 


namely, lies on the isothermal of the concentration #@ and on that 
isothermal it is the point where the pressure is maximum while on 
36 
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a section parallel to the z-axis, the value of p is also maximum. 
The point P on the other hand, lying on the isothermal of the con- 
centration xp, represents a phasis for which the pressure on the 
isothermal is minimum, while p along a line parallel to the z-axis 
in P, is maximum. From this follows 1% that the isobar passing 
through P has a double point in the point P, and 24 that the 
lines of equal pressure enclose the point Q, — and in such a way 
that as the pressure approaches that of ~Q, the closed curves get 
narrower, and keep also entirely within the limits of s=0 and 
a= 1 and are completely enclosed in the 2v diagram. 

The isobar through P had a shape which may be considered as 
transition form between the shapes for pressures which are greater, 
and pressures which are smaller than pp. For pressures which are 
greater the isobar consists of two separate branches, viz. 1s a 
closed curve round Q and 2"4 a branch lying above P and which 
therefore, remaining on the liquid sheet, belongs to a volume 
smaller than that of P. In fig. 7 we can take for it e. g. the 
branch passing through C, which must show a maximum-volume 
on the dotted line. Then the closed curve of Q, belonging to the 
same isobar, is indicated by the curves passing through C’ and C". 
For the isobar of P these two separate branches have drawn so 
near each other, that they have met in P. Accordingly this isobar 
has the following shape, indicated by 4PB'B"A"A'PB, The points 
B' and B" must be thought connected by a piece lying outside 
«=1 and in the same way the points A” and A’ by a piece 
outside «= 0, The lines of equal pressure for p< pp must fill up 
the space lying within APA’ and BPB' and that below A’B". 
A similar curve, provided p > pz, begins below A on the curve 
«= 0, passes on to greater values of z, has a tangent parallel to 


the v-axis on the locus for which & =0, and then returns to 
We 


smaller values of z. It is continued for vapour volumes greater 
than that of AB", and appears again between BPB' provided p be 
also greater than Py. The shape between BPB' is analogous to 
that of APA’, 

In order to find the mixture for which liquid and vapour con- 
centration is equal, we must determine on a line, parallel to the 


v-axis two points chosen on the same isobar, in such a way that 
Y 


0 
4p (=) dv = 0. In the figure the points D’ and D"” have been 


U3 
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chosen for this. Of course one point D had to be taken on the left 
of the locus PQ, the other on the right. 

The pressure on the connodal curve being maximum for that 
mixture, the connodal curve must touch a curve of equal pressure 
both in D and in D’. On the left and on the right of D and also 
of D' the connodal curve must pass on to isobars of lower pressure. 
If we assume the maximum pressure of the first component at the 
chosen temperature to be equal to pc, and that of the second com- 
ponent to be lower e.g. ps, the connodal curve has a shape as is 
represented by the somewhat heavier curves CEDFB and C"E"D"F"B", 
But we must take care that zg >ae and a7 << zp. 


Fig. 8. 


36* 


( 544 ) 


The accurate knowledge of the course of the isobars is required 
for indicating the value of ¢ at every value of p for the binary 
mixture and so also for the description of the shape of the $-surface 
for a ternary mixture, if the here discussed peculiarity occurs for 
at least one of the pairs. And in order to be able to do this also 
at higher temperatures, at which the critical phenomena occur, and 
because the course of the isobars at such temperatures is greatly 
modified, 1 have represented this modification in Fig. 8 (pag. 543). 

The principal modification, which is to be introduced in fig. 7, 
and which leads to fig. 8 is this, that the isobar through P presents 
its whole closed curve within the limits of -=0 and =1. The 
curve PQ has slightly changed its place and its shape (see Cont. 
II pag. 88), but the change is comparatively small. That the whole 
curve keeps within the «v-diagram follows from two circumstances. 
1st. The pressure of P, which is a minimum pressure on the iso- 
thermal of zp, lies but little below that which can be realised as 
liquid phasis, if the temperature is close to that at which both 
minimum- and maximum pressure disappear and 2™4 the difference 
of pressure along a connodal curve generally increases at higher 
temperatures. The whole curve showing itself, the course of isobars 
for which p < pp can also take place without interruption within 
the whole 2v-diagram — at least for values of p lying above a 
certain limit which may be derived from the preceding conside- 
rations without nearer indication. If we follow such an isobar, e.g. 
CFHIMNO, it must be possible to draw a tangent parallel to the 
v-axis in F/ and H and also in M@ and N, in which four points the 


., (OP : mah, 
curve for which (=) = 0 3s cut; in point J, in which the curve for 


OL6 
ne Op : 
which Sle 0, is cut, the tangent must be parallel to the z-axis 


Between / and 4H, and also between M and WN the value of « 
retrogrades. For the isobar passing through XK the retrogression on 
the left side of the figure continues, but it has just ceased on the 
right side. 

In fig. 8 point S indicates the plaitpoint and the isobar passing 
through S must therefore touch the connodal curve in that point. 
In the same way the connodal curve must touch a curve of equal 
pressure in the points D and D’. All this proves that the tempe- 
rature is thought to be so high, that there is still question of a 
maximum pressure on the connodal curve. (Consult the observations 
of Kusnen and those of Quinr for mixtures which have minimum- 
critical temperature). Between S and R is retrograde condensation 
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of the second kind and the fact that the values of zz and ag differ 
so little is in accordance with the fact that it is very difficult to 
prove r.c. II experimentally. 

Let us now proceed to describe the shape of ¢ for the binary 
mixture, in the first place according to fig. 7, so at lower tempe- 
ratures. Let us begin with p< pz, so p smaller than the mini- 
mum pressure of the isothermal of the first component. We assume 
this value of pz to be greater than 0. In this case has ¢ one 
value, at least on the side of z= 0. As soon as p is chosen some- 
what greater than pz, there are three values of the volume for 
small values of 2 and so also for ¢. If we apply the same consi- 
derations to values of near x=1, py must be substituted for 
pL. The whole curve consists then, for » somewhat larger than 
pL and pm, first of a continuous curve (vapour branch), and further 
of two separate parts lying on the right and the left, each termi- 
nating in a cusp (see fig. 9). 


ve 


Tig. 9. Fig 10. 


If p has increased to the value which the pressure has on the 
line with the loop, the two cusps in fig. 9 have met, and the 
upper branches on the right have coincided with those on the left 
and form two curves with a double point. This is the case which 
I mentioned in note (1) on p. 459. In this case the vapour branch 
lies still lowest, then follows the liquid branch which shows a 
discontinuity, and above it again the branch of unstable conditions, 


also showing a discontinuity. 
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As soon as the pressure has increased to pc (the maximum tension 
of the first component) the vapour branch has moved so far upward 
that it has reached the liquid branch on the left side of the figure. 
For the right side this would take place for p=pwH (maximum 
tension of the second component). And for pressures between pc 
and pp the gas- and liquid branches have a double point on the 
left of 2p — in the same way for pressures between py and pp 
a double point on the right of # . 

For pressures above Pp the gas-branch has moved above the 
liquid branch; for p= Pp these two branches touched each other. 
If the pressure is made to draw near to pq, the gas-branch and 
the branch of unstable phases form a closed curve, which has a 
cusp right and left, which curve is reduced to a point for p= pa, 
and for still higher values of p also this point has disappeared, and 
only the liquid branch remains. 

We shall be brief in the discussion of the value of ¢ at different 
pressure at the temperature assumed in fig. 8. The ¢-curve for the 
pressure p=pc is represented in fig. 11; the four cusps lie at 
zp, 2H, ty and «zy. For a somewhat lower pressure p = px the 
tight crest has disappeared, and for a still lower pressure p = ps 
(plaitpoint pressure) the right part of ¢ is curved continuously. So 
we have here between S and # retrograde condensation of the 
second kind. I shall leave the modification of ¢ for pressures 
greater than po undiscussed. 


Vig. 11. 


For a binary mixture I have pointed out that there is a connec- 
tion between the circumstance that two phases of equal concentra- 
tion can coexist, and the circumstance that for a mixture of the 
two components of that system a minimum critical temperature 
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occurs. The existence of such a connection having since been perfectly 
confirmed by the experiments of Kuenen and Quint, we are naturally 
led to investigate whether a minimum-critical temperature can occur 
also for a mixture of three substances — and what are the conditions 
for the existence of such a minimum critical temperature. That 
connection could however not follow and could not be derived simply 
from the principle of continuity, but considerations of a molecular- 
theoretical nature were required to conclude to the existence of such 
a connection. Therefore I shall at the moment, as we consider it 
only our task to examine what follows for a ternary system from 
the assumption of continuity, refrain from seeking the conditions 
which the components must satisfy in order to be able to form a 
mixture which possesses maximum pressure and assume only that 
a mixture can really be formed from the three chosen components 
for which liquid and vapour are composed in the same way and 
whose coexistence pressure is therefore maximum. 

If we take the pressure somewhat smaller than that maximum 
pressure, so that we get a section of vapour and liquid sheet as 
drawn in fig. 10 for every section normal to the zy-surface passing 
through the point representing that special mixture, the connodal 
curve will consist of two closed curves, of which the inner curve 
indicates the vapour phasis. If p is equal to that maximum pressure, 
the two closed curves have been reduced to one point, the point 
where the two sheets touch each other. Under a still greater pressure 
the vapour sheet will have risen quite above the liquid sheet. With 
decreasing pressure the two closed curves extend, and if we took 
only the principle of continuity into account, a great many cases 
would be possible. For instance the extending closed curves might 
reach the sides of the triangle which represent the pairs of which 
the ternary system consists, and cut them in two points, either one 
side or two sides, or all three the sides. In the last case the three 
pairs which compose the ternary system, would possess all three the 
properties of maximum pressure. But an extension is also possible, 
at which the second and the third side is never cut twice — and 
even one at which none of the sides is cut twice, and at which 
therefore the closed curve which extends and which is changing its 
shape, reaches the sides of the triangle for the first time in one of the 
angles. In this case the ternary system would have maximum  pres- 
sure, without this being the case with any of the pairs of which 
it consists. The investigation of conditions which are required for a 
minimum critical temperature will probably be able to decide the 
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question as to the possibility of these cases. But I shall not enter 
into this subject at least for the present. 

Between the two closed parts of which the projection of the con- 
nodal curve on the zy-surface consists, lies another closed curve, the 
projection of the double points. The curve, which consisted of one 
branch in the case discussed on page 460 within the triangle OAB, 
consists in this case of two branches lying within the triangle. At any 
rate it will always consist of two branches theoretically; but for the 
C-surface we need only to know that part which lies within the 
triangle. When p has the value of the before-mentioned maximum 
pressure, the closed curve of double points too contracts to one point. 
This point is the same as that to which the two closed parts of the 
connodal curve contract. 

If for a moment we take recourse to molecular-theoretical consi- 
derations to derive properties of the locus of the double points, we 
should write down the equation of p. 461 in this way: 


we =i(% 


In this equation which holds good at least as an approximation, 
lesa Las hoe 

27 be 873 27 6 

Keeping 7 constant, we get by differentiation: 


Se (Be ly an 
NG b 


we put f= constant and pe = 


or 


dp ee db fu da 
—= 5} Ns ai A a 
(ax iF ee 1). 


Keeping p constant we find the condition: 


da i ipe 

a ernie 
OURS O59 Bix 9 
b MG RTS 


In the limiting case, for continually decreasing values of T, the 
value of the second member = 1, and so: 


1 da, dy 3 
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from which for the projection of the curve of the pressures of 
coincidence at very low temperatures follows: 


1 da 1 db 
dy a dx 6 Oa 
dz 1 da a 0b 

‘a oy b ly 

or 
a 
any 
dy Ox 
dz a 
ais 
dy 


d 
If = has an arbitrary value, as is the case when the locus has 
5 as 
been reduced to a point, then oS) and in the same way cae 
a MI 


eno e ; ae 
Ds and so also 7 must be capable of having a minimum. In 


this way we arrive therefore for a ternary system at the same 
result, as I had formerly obtained for a binary system, also for the 
limiting case of low temperatures. 

If we do not consider the limiting case, which would correspond 
with 7=0, but if we give 7 a definite value, we find: 


1 a db 


d= = ——s 


b T cp 
———]1 
fT 


from which follows that for the maximum pressure at temperature 
=T the values of « and y are found from the two following 
equations 


and 
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a ; , 
If we assume that J decreases with 2, a must increase with z and in 


the case of a minimum it must have passed that minimum. So the 
point for which the coincidence pressure is maximum, and for which 
also there is equality of composition of liquid- and vapour phasis, 
lies more to the side of the components with the smallest molecules 
than the point indicating the mixture with minimum-critical-tempe- 
rature — and this will be the more so in proportion as 7 is higher. 

For the case that 7, as function of randy might be represented 
by approximation as a plane (see Cont. II, p. 153) we find 


d : . 
= = constant, and so the line of the double points under a constant 
x 


pressure is a straight one. 


RELATION OF VOLUME, CONCENTRATION AND TEMPERATURE FOR 
COEXISTING PHASES OF A TERNARY SYSTEM. 


In fig. 2 of the preceding communication the curve ABPRB'A 
represents the projection of the connodal curve on the w-surface of 
a binary system in the wv-diagram at a constant temperature. This 
line may also be taken as representing the relation between molecular 
volume and concentration of a binary mixture at given temperature. 
If the temperature was put lower, this curve would have consisted 
of two isolated branches, one representing the liquid volumes, and 
the other the gas-volumes. Let us now think as third axis, a y-axis, 
and let us think also in the oyr-plane a similar curve drawn for 
a binary mixture that consists of the first and the third substance. 
If we further draw for every point of the right-angled triangle of 
the ozy-plane the volume at which a mixture represented by that 
point loses or resumes its homogeneity at increasing pressure, we get 
a surface which consists of two isolated sheets at low temperatures, 
and which at higher temperatures e. g. when 7’ is above 7., of one 
of the components, is contracted to one sheet. 

If 7 is increased the form of the surface is modified in that sense 
that the new surface les quite within that of lower temperature. 
At least for substances which do not enter into chemical combi- 
nations with each other, and which continue to consist in them- 
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selves of invariable molecules — so which do not associate to more 
complicate atom-groups. 

For a binary mixture I have (Cont. II p. 101) derived the diffe- 
rential-equation for the relation between »v, « and 7. We shall be able 
to find in the same way the differential equation for the relation 
between v,2,y and 7. 

For coexistence of two phases of a ternary system, distinguishing 
the phases by the indices 1 and 2, the following equations must be 


satisfied 
Gr),= Gr), 
(ir), = Ge), 
Gr), =@), 
a 


; eo w 
in which ©” represents (<2) ete. 
dv du ayT 


If the concentration for the first phasis is given, and so x, and 
71, then the quantities ,79, 42 and v are determined by the four 
above equations, and so the properties of the coexisting phasis. But 
in order to calculate them all the equations would have to be known, 
for which the knowledge of the equation of state is required. Even 
if we make use of them, the intricacy of these forms does not admit 
of the solution of the unknown quantities. Results, however, can be 
derived from the differential equation, even if we do not know these 
quantities accurately, and these results are not without interest. In 
the same way as is followed in Cont. I page 102 for a binary 
mixture, we find for a ternary system : 
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of Cw. , dy j 
+ (t#2.—2)) rae dv, + du,” dz, + any ny dy, { aR 
een uses Sie ay 5 he eee 1 
+ (Y2—I1) Peso, dv, + Amare day + ay 2 a (ea) 7 (1) 


The quantity (e)), is, see l.c. p. 104, for normal substances a 
negative quantity. 

If we keep Z constant for the moment, so if we inquire into 
properties of one of the before-mentioned surfaces, we can derive the 
following rule for the position of the line that connects the two 
coexisting phases. If we for instance imagine on the liquid sheet a 
point determined by », 2; and y, and if we inquire into the direction 
of the line connecting the coexisting phasis with the chosen liquid 
phasis, so into the quantities proportionate to v,—v,, 22—x, and 
Yyo—y1 , We bring in point 1 as center a quadric surface: 


Ma ere wi gee ny ee 
xa? gps ao + 2d +2 a aad arr ae, yo2 res a a (2) 
We cut that surface through the tangent plane at the liquid sheet, 
then the direction of the line connecting the two nodes, will be con- 
jugate to the section of tangent plane and quadric surface cosines. 
The locus of the middle of the chords, whose cosines are equal to 
A, w and y, is given by: 


and this equation leads to (1), when in equation (1) dT is put 
equal to 0 and when dv, dx and dy, are substituted for », « and ¥ 
and so when this middle plane is tangent plane to the », 2, y-surface 
under consideration. 

On account of the importance which the surface represented by 
(2) has for the equilibrium of the ternary systems, it deserves a closer 
examination. 

If a definite quantity of a substance, which is ternary composed 
is to be in equilibrium at given temperature in a given volume 

op dy dy aan oy 9 


oy dw wy ow 
then ay? Oe? A wy ee a, ay must have an invariable value 
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throughout the space. For a homogeneous phasis this condition is 
satisfied. And when therefore the given quantity of substance is homo- 
geneously distributed through the space, we have a state of equilibrium. 
But if that state is to be realised the condition of stability must 
also be satisfied. From the principle that w must be a minimum, 
we derive for the condition of stability: }) 


oe ae? Eat + Ea? b4ae 


© de do + 


oy dx dy >9. 


o°y 
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This condition can be brought under the following form: *) 


Hy, Bu a, te, |, aw (Gabe) 
: ( y Y a, Orie dx du dx2 
splat” ' Bede | dydo  ) | fae Ow fi 
Ou Ov? 
a Sate a 
o’y dy dv 219 ey da ov y dv} q 0 
af dy? Oty oy Ov dy O’y Pater hg) 
ue Qu? 


Now follows from: 


(2) = En 


Gels Galt (eh)y@).» 


and from: 


follows 
(du, Bude _ 
dvdx dv* dap, ‘te 


1) For a binary system the derivation of the condition of stability is given Cont. IT 
p. 8. Before that time in Théor. Mol. Arch. Néerl. XXIV. 
2) See Arch, Néerl. Série Il Tome II page 73. 
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Hence 
dey \2 
(ae) _ By Br) 
dx? /pty dx ay 
dv? 
In the same way we find 
ow \2 
(2%) te (aya) 
Oy? Jp To oy” ofp 
dv? 
and 
oy dy 
Gas) _ dy de dvdy dv 
dv dy/pr dady O2y 
Que 


So we can write (3) also under the following form: 


L(y By ae 


eee °y eet 
pl 30? oa, ep a yy + pit y? +2 =a dy >0 
dv" 
or 
1 (ay gt age gt). ba ae OCG 
Bula o aede eons Hear las et oe 7 ay) + 
do* “Oa2 
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In order to satisfy this last equation for every arbitrary value of 
dv, dx and dy, the following equation must be satisfied: 


fy 0*6 026 9°f ao \2 
1st 0 ; Onda r 
eye gt OM aes —(< =) >0. 


The form sub. 3'4 or 
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can be brought under the form: 
ay dw Oey 
dv? dedv dydv 
Oy | Py dy dy 
dv? a dx dv dv® dwxdy (ome “) 
ow dy oy 
dy dv dady dy? 


Aud we know from the theory of the quadric surfaces that if 
a relation exists between the coefficients as is indicated by the 
equation (4), such a surface is an ellipsoid. Coexisting phases being 
stable phases, the surface is a real ellipsoid, if C is positive. 

If we bring through the line connecting the coexisting phases 
a plane cutting the tangent plane at the »,,y-surface along a 
straight line and the surface of stability along an ellipse, then the 
directions of the nodal line and the before-mentioned straight line 
are conjugate directions for those elliptic sections. In the same way 
conjugate directions are the projection of these two lines on an 
arbitrary plane for the elliptic projection on that plane. If we give 
to the plane such a position that: 


oy 
dy dv 


7p 


a2 dy = 0 


Aa ot oe ae age 


or what is the same » = constant, then the factor of ve—v, is equal 
to zero, and we get after having eliminated dv, : 


2 2 
(any |S 2g Aa ue a + (¥2—91) fe : ade + ets} =06) 
The projection on the «xy-plane of the line connecting the coexisting 
phases, is therefore conjugate to the projection on that plane of 
the section of the tangent plane, indicated by p= constant, with 
respect to the elliptic projection of the section of the surface of 
stability. This is the theorem which has been proved under another 
form Arch. Néerl. p. 76. 


By giving such a position to the plane that 


ey. 


ait = 0 
an dv dw + y 


wo 
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or Sites constant, we might derive an equation analogous to (5) for 


Ow 
the y,v-surface; also for the 2,v-surface by choosing the plane in 
such a way that: 


oy 
Oy dv 
or ss is constant. 
dy 
It we take volumes lying within the limits of the z, », y-surface 
under consideration, which we shall henceforth call surface of coexis - 
tence, then the homogeneous phase thought in such a volume, will 
be stable, as long as 


eles Oe 
in Shae + 1y = 0 


ow 3°6 
OA yige Cee eye ee) mace (Gai) 
v2 * Oe? ~ du? of ay? = aE 

Fro Qa? 


In proportion as we move further from the sides of the gurface 


of coexistence, we approach the volumes, for which ude = cen 


dv = dv? 
he surface, for which —” =.0,. wi 
e surface, for which =, = 0, will for a ternary system take 


the place of the curve which we have represented by CKC' for a 
binary mixture in fig. 2 (previous communication). 
But the stability will have ceased long before we have reached 
7m dat 
whereas the condition of the stability is that this quantity be 
e i 
a 076 ae 0? dydr 
positive. Also ye" which is equal to sf ee would be —oo 
ro 
for such volumes, whereas the condition of stability is not only 


that this quantity be positive, but even that it have a value such 
that: 


2 
the volumes for which —— 0. For such volumes og — Oo, 
v 


nods oe ; 
dy? Oa? ~ saiy) ‘ 


The conditions for stability increase therefore with the number 
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of components. For a simple substance a phasis is stable as long as 


Of 
dv? 


For a binary mixture the following condition must be satisfied : 
o2y \2 
Oy Gael 
ove Oey 
Oa? 


for a ternary mixture the following condition must be satisfied: 


(Hy) ey) |, ae Bap ey 

dey dw dv Py dy dv dy dadv dydvf \duedy 

a? ty «| fat — tty (Pot tw hy 
G2? oy? dxdy Oa? Oy? 


The transition of the stable and unstable phases takes therefore 
place at 


Py oP cau oP Ga 


emir satel tpagh ie ays Sk aay 
Qa” Oy? 


and 

1 eae 
dv?’ drdv’ dydv 
Ow Op dy 
dvde’ da?’ dyda 


ey dy dy 


dvdy ’ dady’ dy? 


What the spinodal curve is for the binary mixture (see fig. 2 
the curve CEPE'C’) the surface represented by (6) is for the ternary 
mixture, viz. the limit between the stable and unstable phases. In 
the sides of the prism described on the triangle oxy, this surface 
must therefore pass through the spinodal curves of the pairs of 
which the ternary system is composed. So we find from equation (6) 
which may be written: 


37 
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dy dy dep dP d?w? — dy dew O° / O° 
dv? Qa? dy? ae) Oa? (4) - oy? reat) ti 
ay ay Oy _ 
dvdy dxdv dydv 


2 
putting tae as it must be in the ovy coordinate plane: 
av 


ay ay _ (a 
dv? dy? dydu 


But just as the spinodal curve for a binary mixture (fig. 7 and 
2 
fig. 8) can have points in common with the curve me = 0, so it 
v 
can also happen that the two surfaces corresponding to these curves 
have points in common for a ternary system. First of all they 
o*y : 
touch if — and sr are both equal to zero — and in the second 
place they have points in common in the edges of the prism, so for 
the simple substances. And’ finally just as the spinodal curve and 
the connodal curve can have a point in common (the plaitpoint) for 
a binary system, in the same way the'corresponding surfaces can 
have points in common for the ternary system, and touch each 
other in these points. For if for the second phasis we have: 


0g = 0 + dv; ey = 7 + dey and yo = y, + dy 
the equation (1) becomes: 


0? 
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i dv, + aoe a dry oe dy, being equal to — dp, and the 
numerator of the second term being equal to d Ee) , and as p and 
da/p 
0c 


Ag must be equally great for coexisting phases, the above equation 
a 


cannot be satisfied without the factor of dy,” being 0. As we saw 
before, we reduce this factor to the criterion for the limit of 
the unstable and stable phases; and the surface of coexistence 
and the spinodal surface have therefore an element in common. 
As a rule these two surfaces will not only touch each other in 
one point, but we shall be able to give a continuous series of points 
of contact, so a curve along which the surface of coexistence 
envelopes the spinodal surface. The latter case has already been 
discussed in our former communication, when at equal temperature 
and variable pressure every time another mixture was in plaitpoint 
circumstance. The case that they touch each other only in one 
point occurs when we can form a mixture of the three components 
37* 
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for which Ter is a minimum. But it may be advisable to wait with 
the discussion of this and similar cases till an experimental inves- 
tigation has brought them to light. 

If by increase of temperature the surface of coexistence has so 
far contracted that it no longer covers the whole triangle ozy, a 
tangent cylindre may be drawn normal to the zy-surface. All the 
points, in which the tangent cylindre and the surface of coexistence 
touch, represent mixtures which are in~ critical tangent-point cir- 
cumstance. A plaitpoint can never lie on this apparent circumference 
of the surface of coexistence, except in some special cases. For as 
the generatrices of this tangent cylindre are parallel to the volume- 
axis and p must have the same value for the pair of phases coin- 
ciding in a plaitpoint, we have 


Oe 


==) 
dv? 
075 076 

for such a special case. In order not to have or — negative 

da,” dy,” 
0” 0° 
oY and SY must be equal to 0. Such a mixture behaves asa 
da dv dy dv 


simple substance even under critical circumstances. See for a similar 
circumstance with a binary system Cont. II page 116. So the 
plaitpoints lie either on the liquid sheet, or on the vapour sheet of 
the surface of coexistence. In the first case all mixtures, indicated 
by points of the zy-surface, lying between the section of the tangent 
cylindre and the projection of the curve on which the plaitpoints 
are situated, have retograde condensation of the first kind. If the 
plaitpoints lie on the vapour sheet, then such mixtures have r. ¢. II. 


(To be continued). 


Physics. — “On the asymmetry of the electro-capillary-curve.” By 
Dr. J. J. van Laar (communicated by Prof. vAN DER WAALS). 


I. We may suppose, that it is well known, that the new theory 
of the so called Capilary-Electrometer of LIPPMANN may be described 
as follows. 

Two mercury surfaces, one large (A), the other small (B) — this latter 
in the so called capillary — are separated by a conductive liquid 
C, diluted Hz SO,, a solution of KCl, or any other solution, In all 
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these cases some mercury is solved and a saturated though very 
diluted solution of Hg, SO, or Hg, Cl, ) is formed. 

The mercury and the solution assume 
therefore a different potential. The dif- 
ference between those potentials I call 
ynatural difference of potential”. The con- 


+ 
centration of the solved Hg,-ions being 
greater than that, at which the Hg-electrode 


and these ions are in equilibrium, some 


an 
Hgs-ions are deposited on the mercury, 


where ther oa discharged immediately. So at the separating surface 
between the mercury and the solution is established a so called electric 
double-layer: on the side of the mercury + electrons, on the side 
of the solution — ions SO, or Cl. The thus established difference of 
potential be V,—V,=Ap. (I always indicate the solution by means 
of the index 2). In the normal case this quantity is negative. 

We know however, that the absolute value of this difference of 


++ 

potential will decrease, when the concentration of the Hgo-ions in 
the solution decreases. When we extend the dilution beyond a 
certain point, the difference reverses its sign, the potential of the 
mercury becoming —, that of the solution +, so the electric be- 
haviour of mercury becomes comparable to that of zinc. 

How can this dilution at one of the electrodes be brought about? 

To that purpose we apply an electromotive force # in a manner 
as is indicated by the figure. In consequence of the transport of 


++ ; : 
ions, the concentration of the Hgp-ions in the solution near the 
large mercury surface will become greater, that near the small 


“fia + + 
surface will decrease. At this latter surface namely, Hg, (and H or K) 
will be continually deposited in consequence of the transport of 
$0, or Cl towards the large surface; but when the current of the 
inserted es has only passed for a very short time, the concentration 


of the eae near the large surface will practically not have 
varied, near the small surface however it will have varied conside- 
rably in consequence of the much greater density of the current. 


[See e. g 


++ + 
1) Not HgCl. The mercuro-ion being proved to be Hg, and not Hg. 
Oaa, Zeitschr, f, Ph, Ch, 27, 298 (1898)). 
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The more go, as the solubility of Hg, SO, (or Hg, Cle) is so small, 


ir + 
that the number of eso present in the solution was already 
very small from the beginning. 

Because of this considerable change in concentration near the 
small surface, the difference of potential soon varies at that place, 
and it is easy to see, that this ,kathodical” polarisation causes the 
current to cease quite, or nearly quite). Be # namely the elec- 
tromotive force of the inserted cell, then the intensity of the current 
has become zero, as soon as the original difference of potential Ao 
at the small surface has varied so much, that the new value 4 
satisfies the equation 


E=K— dy 


from which follows: 


AS Attia he a eee 


When this value is reached, the concentration ceases to vary and 
a stationary state is established. 

A, being negative, A will, when / increases, first reach a value 
zero and afterwards when £ increases still more, A will become 
positive. For every electromotive force Z, which we may apply, we 
get a definite value of A, and so — measuring every time the 
surface-tension y of the mercury in the capillary — we geta series 
of values, which form together a curve 


y=f(d) o =F(B), 


which is called the electro-capillary-curve. This is the curve whose 
properties we will discuss in this paper. 

On purpose I have given the above explanation rather elaborately, 
because for the theoretical considerations which follow, a clear 
insight is required in what takes place in the capillary-electrometer 
according to the new electrochemical theories of Nernst, PLANCK 
and others. These theories are confirmed brilliantly by the experi- 


1) We shall leave out of account the so called vresidual current”, which will 


be caused by the slow depolarisation by diffusion, the intensity of that current being 
extremely small, 
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ments of PaLMaAER!), Smrra2) and many others, and so the old 
theory of von HeLMHoLTz, that of the so called “charging current’’ 
has been overthrown. The electromotive forces, calculated according 
to the old theory, do not agree at all with the experimental data, 
ey those, calculated according to the new theory, agree quite 
well. 


Il. We will now deduce two relations. First one, giving O as 


. . ot . ° ° . 
a function of the concentration of the Hgo-ions in the solution; in 
the second place one, giving y as a function of A. 


fo ie In order to find the conditions of 
4h e equilibrium between a metal (mercury) 
5 and a solution (in which the ions of 


the metal must occur), we imagine a 
Eisete 
Hg-ion to pass the separating surface 


in the direction from the solution 
towards the mercury. The mercury is 
Fig. 2. thought +, the solution —. The 


++ 
molecular thermodynamic potential of Hg, in the solution be MH, 
and that of 2Hg in the mercury be 4, then the change of the 
thermodynamic potential per gram-ion will be: 


f1 —— a: 


As in every gram-ion 2¢ electric units are stored, the change of 


++ 
the thermodynamic potential for the passage of a quantity Hgo, 
corresponding with de electric units, will be: 


ims TE Ae ae bs acme (7) 
2 & 


The electric potential of the liquid being represented by V., and 
that of the mercury by Vj, the passage of de electric units through 
the bordering layer will work a change of the electric energy 


equal to ; 
Pied iene went Maw iid dl My (8) 


1) Z, £, Ph. Ch, 25, 265 (1898); 28, 257 (1899) ; 36, 664 (1901). 
2) Id, 32, 433 (1900). 
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Finally an accessory process takes place — and to this no suffi- 


cient attention has been paid as yet. As-soon as a fresh has 
passed from the solution into the mercury, a superfluous SO,-ion (or 
Cl-ions) will go to the bordering layer, and in the mercury the + 
electron, which is liberated, will also move to the bordering layer. 
In the bordering layer therefore changes take place. Let gs be the 
so called capillary energy (s representing the surface). This quantity 
changes, when the SO,- (or Cl-)ions go from the interior to the 
bordering layer. For the transport of a quantity SO,, corresponding 
with de electric units, this change will be: 


0 (3) 
de 


1 er ear Emre) ree) | 


In combining (a), (0) and (c), we get the following condition of 
equilibrium : 
ea 


a + (0) + 
£0 


O(ps) 
Cole oe 


0, 


or when we call f#.— 4; = 9, and V;—V,;=A, as we have 
already done: 


M12 Op 
Wiele sri. sls! See. se cle ee) 


é 
where 0 = i represents the surface density of the charge of the 


bordering layer. 
If we had made the supposition, that the mercury is negative, 


the solution positive (as is the case when the concentration of the 
++ 
Hg,-ions is exceedingly small), the electrons in the mercury at the 


bordering layer would have been negative, and im the solution 
see 


positive Hg,-ions would have occurred instead of the SO,- or Cl-ions. 
In that case we should have deduced the conditions of equilibrium, 
by imagining 2 Hg + positive electrons to pass from the mercury 


° s ae 
into the solution, where they would have formed Hes. The super- 
fluous negative electrons in the mercury would then go to the bordering 


mock ++ 
layer, while in the solution the Hg,-ions go thence. In this case 
we should have got: 
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Hors ta 
28 


+ (%s—-%) +22 = 0, 


0m . ++ 
where = is related to the change of the number of Hgy-ions in the 


bordering layer of the solution. So equation (2) would have been : 


ig Op . 
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Let us pay attention to the fact, that in (2) and also in (2b:s) 
the surface-density of the charge w is always taken positive ; A can 
be + or —, but @ is always +. 

Formula (2) has already been found by PLancx 3), though in another 
form and deduced in a somewhat different manner. We shall see 


how great the importance of the supplementary term gh is for the 


dw 
explanation of the asymmetry of the capillary-curve. 
Before we proceed to express y as a function of A, we will show 
how the usual expression of NeRNsT maybe deduced from equation 
04 
(2). To that purpose the term = whose value is small, compared 


with the two other terms, is neglected. So we find: 


42 


A=— 
2 & 


But for “,., we may write : 
fyg = Mgt = (tly + RT log c) — fy 5 


where, when the solutions are diluted, w»' will be independent of 


++ 
the concentration of the Hg,-ions. [As we mentioned above, the 
solubility of Hgg SO, (or Hg, Cl,) is so small, that the solutions will 
always be extremely diluted]. If we write: 


{y— Me = RT log C, 
then 


Cc 


1) Wigpemann’s Annalen 44, 385 (1891), 


and therefore: 
oe 
A Sa log = ° e e e . ry e (2a) 


which is the well known formula of Nernst. This formula repre- 


sents A as dependent on the concentration ¢ of the Hotton in the 
solution. C is a constant. 

If we express A in Volts, and introduce Briggian logarithms, we 
get as a factor 0,0002, and the equation becomes: 


C 
A=0,0001 Tlog®—. . . . . « « (28) 


For mercury at 18° the quantity C is 10-%4’, when we namely 


t+ 
put c=1 for normal concentration of the Hg»-ions. For normal 
solutions we get therefore as the value of the difference of potential 
(Pa '291" 2 


A = 0,0291 x — 33,7 = — 0,980 Volts, 
as also NEUMANN and others have found [with the exceedingly 


: efenl ; 
small concentration of Hg» Cle in Ti normal KCl-solutions, A=—0,616 


Volts (OsTWALD)]. 
From formula (2a) it is clear, that A will reverse its sign, when 
¢=.C, 1.6), 10>*4-normal: 


III. Let us now calculate the surface-tension y as a function 
of A or a. 


Ye 
e 


Meqiniet 


Fig. 3. 


To that purpose we increase the surface s virtually with an element 
ds. In that element a new state of the surface must be established. 
We have called @ the total increase of the thermodynamic energy 
per unit of surface, accompanying this change; therefore an increase 
of the surface with ds will involve an increase in energy with 


GUE) 5 Wee ot eel st aga NG) 
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But this quantity ¢ds, including the formation of a new double- 
layer, this formation must have been rendered possible by transition 


Ps 
of the required number of ho from the solution into the mer- 
cury. [We will namely first discuss the case that the mercury is +, 

the solution —]. Then in the solution SO,-or Cl-ions are left fe 
and in the mercury + electrons, ee may move to the new sepa- 


rating surface. The total number aeons required, is obviously that, 
corresponding with wds electric units. But we saw in II, that the 
change of energy, accompanying the passing of de electric units, is 
(only (a) and (6) have to be added): 


EES toa Vee) Gok 


2 & 


When in consequence wds units pass, this quantity will amount to 
yy ot 4 A) a 
According to (2), we may write this: 


BO seeps R eee Ole VANS fy 
dw 


Moreover for the formation of a new electric double-layer (mercury 
+, solution —) a (negative) electric energy «ds (V.— Vj) is required, viz. 


FL inl Nu aerate’ a Ok SE ne te ey ama (| 


Adding (a), (6) and (c), and representing the mecanical energy, which 
must counterbalance these changes, by 
yds, 
we get finally: 


y=p—ot tod. 


w being always +, we have in the case we are treating of 


(mercury +, solution —): 
A ti k , 


and finally we get the equation 


oy 9 
VP ee a Fs re a Ca Teac ee Dia (3) 


—_—_____ anannareed 
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and not simply y = 9 — 4*, as was assumed in the old theory, in 
which the changes of the bordering layer were neglected. 

Had we started from the supposition, that the mercury was —, 
the solution +, a transition of 2 Hg + positive elections from the 


mercury into the solution — where they would have formed Hes 
— would have been required, in order to render the formation of a 
new double layer possible ; and that would have caused the above 
deduction to be modified as follows. ' 

The part (6) would have been derived from 


ee +A) ds. 


2 & 


But, according to (2d/s), this would still have yielded = — ont ds, 80 
) 


this part is not modified. The change of the (negative) electric energy 
on the other hand becomes now  ds(V,— V9), i. e. 


—ads.A, 


where now A is positive = kw; so finally equation (3) is yielded 
quite unmodified. 
This equation therefore is of general application, as well in the 


case, that in the solution at the bordering layer negative SO,- or Cl-ions 


. e,e ts 
occur, as in the case that there occur positive Hgo-ions. 


But — and this is a circumstance of great importance — the term 
os will in the two cases not have the same value for equal values 


of w. For it would bea curious coincidence, that the change of energy 
in the bordering layer, occasioned by adding an infinitely small 


++ 

quantity of Hgs, would te the same as that, occasioned by adding 
an equal quantity of SO, or Cl. In fact this does not happen. The 
experiments show clearly, that the curve represented by (3) is not 
symmetrical on the two sides of the point, where @ is zero; and 
that the curve does not consist of one continuous parabola, but of 
two parts of quite different parabolae, which meet in the point where 
co = 0. Only one of them, namely the ascending branch (mercury ++ 
solution —), presents a maximum near the point where w = 0 (s0 
not exactly at that point.) 
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In order to enter into more details, we must first examine what 
is the form of as a function of the quantity o. 


IV. Let us to this purpose state the fact, that y represents the 
excess of the thermodynamic potential in the bordering layer above 
that in the mercury and the solution. Therefore we may write in 
any case: 


P=(M+eu+ $a’ +...) +Aaloge, 


where c¢ represents the concentration of the SO,- or Clions in the 
bordering layer, or — when the sign of A is reversed — that of 


++ 
the Hgp-ions. The constant A may have the positive, as well as the 
negative sign. When the charge spreads in such a way, that it 
penetrates rather deeply into the bordering layer — as the experiments 


ES 
seem to prove for the case that the He Aone form the + charge (the 
mercury being negative) — then A will be positive. So this is the 
case for the descending branch of the electro-capillary-curve. But 
when the charge remains more at the surface of the bordering 
layer, as is the case, when SQ,- or Cl-ions form the negative charge 
in the solution (the mercury being positive), then A is negative. 
We find this realised in the ascending branch of the curve. 
Writing aw for ¢, we get: 


ob = (eo +280 +...) + Aolog ao + Ae, 
(0) - 


and equation (3) takes the following form: 


Y=M—4o—(kK+ Ao)... 2... 


This is the accurate equation of the electro-capillary-curve, and 
in what follows we will determine the value of g,A and &£+ 
for the two parts of the curve — on the left and on the right of 
the point, where # = 0. 

The maximum is obviously to be found in one of the branches, 


when 


1) go is in this equation still a function of the concentration of the electrolyte, as 
appears from the experiments of Smit. See i.a. OstwaLp, Lehrbuch I, 531 ff. $ 


Euuer, Z. f. Ph, Ch. 28, 625 (1899); 39, 564 (1902). 
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Se ree 
2 (k + 8B)” 


As k+ 6 is always positive, and » must be positive, the 
maximum can only be found in a branch where A is negative, 
ie. in the ascending branch. The value of the maximum is given 
by the equation 


im 


A 
SOR Ti TE 


Before we pass to the calculation of a series of experiments of 
SMITH, we will give to equation (4) another form, where not a, but 
the electromotive force Z of the inserted cell is used as argument. 
According to equation (1), we have 


A=A,+ L. 


For the descending branch A is positive, namely 


NS: 
So we may write for (4): 
or 
A 
=P 5 oe ea  ) 
For the ascending branch A is negative, namely 
A=— ko. 
So we get: 
= 9 +5 z (Ao + #) — ac Te DE Rue XS 


When developing, we find: 


A k+6 k A 
Y= [oF Ao Ae] + |—2 Ao -o)z——t em, (5) 
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where the higher sign relates to the descending branch, the lower 
sign to the ascending branch. This equation may be represented by 


SEO EE OTT WS ee eat Ue in te a6) 

of which we will determine the coefficients a, b and c. 
I have chosen to this purpose a series of experiments of Sm1TH!) 
with 1/;)-normal KCl as electrolyte. The concentration of the solved 
Hg» Cl, is here exceedingly small, and the difference of potential between 


the solution and the mercury is for this “normal-electrode” accurately 
known (OsTWALD) ”), namely: 


Ao = —0,616 Volts. 
The place, where @ (or A) becomes zero, may be determined without 
difficulty. For from A = A, + £ follows, that if A = 0: 
E=—A,=0,616 Volts. 
Now in the experiments of SMITH £ is expressed in such units 
that = 500 corresponds to 0,102 Volts. The value 


0,616 Volts = 6,04 x 0,102 Volts 


corresponds therefore in the units of SmirH with 
E = 6,04 & 500 = 3020. 


V. For the calculation of the descending branch we have there- 
fore to take into account only such values of H as are greater than 
3020. From this I calculated: 


0.6318 0,090 
0,102’ ° ~ (0,102)2" 


G—'29,,00, 50) — 


The following table shows, that these values represent the descending 
branch in fact with great accuracy. 


1) Zeitschr. f. Ph. Ch. 82, 460 and 467 (1900). 
2) Zeitschr, f. Ph. Ch, 35, 335 (1900). 
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.) 7 calculated. | Found. A 


BE =3000= 60.1402 V. | 7 =29.77-+ 4.99— 3.24=31.52 | 31.44 | 4 0.11 


3300 = 7 » 5.82— 4.44=31.18 | 31.20 | — 0.02 
4000= 8 » 6.65 — 5.76= 30.66 | 30.70 | — 0.04 
4500 = 9 » 7.48— 7.29 = 29.97 29.99 | — 0.02 
5000 = 10 » 8.32— 9.00=29.09 | 29.10 | — 0.01 
5500 = 11 » 9.15 —10.89 = 28.03 | 28.00 | + 0.03 
6000 = 12 » 9.98 —12.96=26.79 | 26.72 | + 0.07 
6500 = 13 » 10.81 —15.21 =25.37 | 25.33 | + 0.04 
7000 = 14 » 11.65 —17.64= 23.78 | 23.79 | — 0.01 
7500 = 15 » 12.48 — 20.25 = 22.00 | 22.00 | + 0.00 
8000 = 16 » 13.31 — 23.04=20.04 | 20.01 | + 0.03 
8500 = 17 » 14.14 — 26.01 =17.90 | 17.90 | + 0.00 
9000 = 18 » 14.97 — 29.146=15.58 | 15.60 | — 0.02 


As we see, formula (6) with these values for a,b andc represents 
the descending branch with extraordinary accuracy. If we leave 
out of account the value for #= 3000, which no longer belongs to 
the descending branch, as I have shown above, the difference between 


1 
the calculated and the observed value surpasses nowhere @ /os only 


ee 
once (at E= 6000) the difference is vr O/g. 


If in (6) we substitute for # the value 6,04 x 0,102, we get 
y for a= 0, i.e. Mp. So we find 


Py) = 81,508. 
A k 
In order to calculate a and oe we combine (5) and (6): 
E382) oh 0,090 ANouam 
Le = OOD)! ait 
k+ B A 0,8318 
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Taking into account, that A, = — 0,616, the latter equation yields 


0,090 0,831 
= a0 le 
k (0,102)2 0,102 


= 10,658 — 8,155-= 2.503. 


It is superfluous to mention, that the manner in which q is calcu- 
lated, involves that equating the first term of (5) with a = 29,766, 


: : mM 
an identical value —- is found. 


For the descending branch we may therefore write either (according 
to (6)) 


0,8318 
0,102 ~~ (01028 | | gy 


or, according to (4) y = 31,508 — 2,503 A — 8,651 A’, 
putting again A for ko (A positive). 


For the calculation of the ascending branch we have to make 
use of the values of EZ between 0 and 3000. From these I calculated 
as the most probable values: 


2,153 0,1906 


= 25,456, b’=——, = ———_.. 
ee a ak 0,102" °~ (0,102) 


At once we see, that we have to deal here with a branch of 
another parabola than in the descending branch of the electro- 
capillary-curve; 4 being nearly three times, ¢ more than twice as 
great. The slope of the ascending branch is therefore, as all experi- 
ments show, steeper than that of the descending one. 

The following table may serve to verify the values, found for a, 
b and c, by means of the experiments. We notice, that the experi- 
mental data for the ascending branch are few in namber, and 
moreover are considered as unreliable by the experimentators. *) 

Notwithstanding the agreement may be considered to be satis- 
factory. 


1) See i.e, Smiru, 1. c. pag 455. 
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y calculated. Found. A 


EE 


E= 0=0X0.102V. | y= 25.46-+ 7.00—0.00= 25.4 24,78 P| +- 0.68? 
500/==4 » 2.45 — 0.19 = 27.42 27.40 | + 0.02 
4000 = 2 » 4,31 — 0.76 = 29.00 29 .00 + 0.00 
4500 = 3 » 6.46 — 1.72 = 30.20 30.20 + 0.00 
2000 = 4 » 8.61 — 3.05 = 31.02 30.65? | + 0.37? 
2500 = 5 D) 10.77 —4.77= 31.4 31.33 | + 0.43 
3000 = 6 » 12.92 —6.86= 31.51 31.4 | + 0.10 


The values for H=0 and H= 2000, namely y = 24,78 and 
y = 30,65, have been marked with a note of interrogation by the 
experimentator himself; so these values may be left out of conside- 
ration (1. c. page 460 and 467). The greatest difference is then 
about 4 °/5. We have still to mention that for 


E = 3020 = 6,04 « 0,102 Volts 


the values, calculated for a, 6 and c, yield y= gm = 31,51, as they 
ought to do. The two parabolae meet there. 


k A 
For = and eae find in the same way as above: 
k+6 0,1906 
Ae a (OOo ee 
k+ 8 A 2,153 
— 2——_— — == -— 
pas ied: 0,102 ’ 
so putting Ay = — 0,616 : 
APE OC re Pee ce a 
= (0.1032 * 816 + F755 = — 22,570-+21,108—= —1,462. 


A 
= Appears to be negative, i.e, the negative charge (Cl-ions) is 
situated in the solution at the surface of the bordering layer, and 


i ++ 
not — as the positive charge of the Hgy-ions — deeper in that layer. 
For the ascending branch we may write for this case either. 
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2,15 ; 
y= BS AEG pn Ors 

0,102° (0,102)2 P 
or ° ° . ( ) 


putting —A for kw (A being negative). 
The maximum, which is to be found in the ascending branch, may 


be calculated from the first of these equations (En= ay 
: ¢ 


E See 108 2 68 SC 0.102 Volta 
ae UOC ran ty aoe Rate aNS ae 
2° 6. 
E, = 5,65 x 500 = 2820, 
Further we find for 


b2 
Yn —a -|- Pex 
(2,153)? 
m == 25,456 + ——___—___ =: 25,456 + 6,080 = . 
y T Fy<0,1906 : ree 


In the descending branch no maximum is to be found, because a 
maximum requires there a negative value of A, and A is here positive. 

We see, that the maximum (Z = 2820) does not coincide with the 
point, where o = 0 (H= 3020, as we found above). The difference 
is not great, but still (6,04—5,65) & 0,102 Volts = 40 millivolts. And 
in other instances it may be greater of course. It depends wholly 
on the value of A. 

The figure represents the accurate course of the two parts of parabolae. 
The dotted curves indicate, how the course should have been, if the 
branches had been continued on the other side of A= 0. 

The abscissae are the electromotive forces EL of the inserted cell, 
and increase with 500 = 0,102 Volts; so they are respectively 1 x 500, 
2> 500, 3> 500 etc. The ascending branch is AP, and would 
have been continued in PA’, if the coefficients remained the same 
after A = 0. The maximum is to be found at M, somewhat to the 
left of P, the point which separates the two different parabolae. 
The descending branch is PB, and would be continued along PB’. 
Its maximum is to be found at J’. So the curve, really passed through, 
is APB. The experimental values agree perfectly with the calculated 
values, now that the figure is made on this scale; only those found 
for E=0 and E=4> 1,02 (those with?) do not agree (as is 


indicated in the figure by the sign x). f 
38 
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Fig. 4. 


We may therefore summarise the above conclusions as follows. 

1s‘. An accurate theoretical investigation of the capillary-elec- 
trometer shows, that the surface-tension as a function of the charge 
of the double-layer is not to be expressed by the simple equation 
Y = Po) — kw*, but by the relation 


Y = Go — Aw — (k + 8B) w?. 


20d, The coefficients A and 6 differ as to whether the charge of 
the solution is negative (A negative) or positive. For a 1/,9-normal 
solution of KCl &+ 6 is in the first case twice as great as in 
the second, and A is in the former case negative, in the latter positive. 

34, The electro-capillary-curve consists of two parts of different 
parabolae, which meet each other at A = 0, and of which the course 
of the ascending branch is much deeper than that of the descending 
branch. 

4th. The ascending branch presents a maximum ,and this maximum 
necd not coincide with the point, where A=0, In our example this 
difference amounts to 40 millivolts, 
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5. The hitherto unexplained peculiarities of the electro-capillary- 
curve are in this way fully explained. 

6th, The capillary-electrometer of Lippmann is according to 4th 
not at all reliable for an accurate measuring of the differences of 
potential between metal and electrolyte. 


March 1902. 


Mathematics. ,Right lines on surfaces with multiple right lines”. 
by Prof. JAN DE VRIES. 


§ 1. Ifa surface S” of order n possesses a line J of multiplicity 
n— 2, it is cut in a conic by any plane passing through /. In order 
to find the locus of the centre of these conics we consider the sec- 
tion C2, of S» by the plane at infinity. The point Z,, on / at infinity 
is a point of multiplicity n—2 on this curve; so C” is of class 
(4n—6) and admits of 2(n—1) tangents passing through Z,, and tou- 
ching it elsewhere. Each of these tangents determines a plane 
through / cutting S* in a parabola; so the locus of the center is a 
curve of order 2(n—1), of deficiency zero, cutting 7 2n—3-times. 
This curve meets S* a number of (2n—3)(n—2)-times on / and 
2(~—1)-times at infinity; the remaining points of intersection are 
double points of degenerated conics. From this ensues the known 
property that the line / of multiplicity (n—2) is met by (8n—4) 
pairs of single lines. '). 


§ 2. If J is chosen for the axis OZ of a right-angular system of 
coordinates the surface S* can be represented by an equation of the form 


An (@, y) + An—i (@ y) 2 + Bri (#9) ae 
4 Ano (@y 9) 29+ Bra (my) 2 + Ono (a, y) = 9, 


the indices n, (n—1), (n—2) denoting the order of the corresponding 
functions A,B,C. 

From this is evident that an S" with given (n—2)-fold line / 
can be made to pass through (6n—3) more points chosen at random. 
As we have 6n—3 = 5 (n+1) + (n—8) it seems that for n >7 we 


1) See e. g. R. Srurm, Math. Annalen, vol. IV, p. 249, 
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can imply the condition that the surface S, shall contain five arbi- 
trarily chosen lines. That this conclusion is to be rejected is clearly 
shown in the following. : 

The locus of the conics cutting twice a given line J and once 
each of five given lines cz (4 = 1,2, 3, 4,5) is a surface S® with six- 
fold line /.)!. So for »>8 only four lines of S* crossing the (n—2)- 
fold line J can be chosen arbitrarily. 

The mentioned surface S8 contains the common transversals azimy 
biim of the quadruples 2, cz, c1,¢m- The planes (axim!), (bcim!) cut S® in 
right lines which can be denoted by bnp and apy. So the 20 pairs of 
lines, lying on S8 according to § 1, can be represented by (akim, 
np) and (bkim; Anp). 


§ 3. A twisted curve Re of order p cutting the sixfold line / 
of S§ in p—1 points, has still 2p+6 more points in common with 
the surface. So the conics in planes through / meeting Rr and the 
four lines cy, ¢g.¢3,¢4 generate a S%+6 with (2p+4)-fold line /. If 
RP cuts c, in P, the plane (P/) contains an infinite number of conics 
of the locus; in that case S%+® breaks up into this plane and 
an gS Fee. 

Now we are able to construct an Sx with (n—2)-fold line / passing 
through four lines ¢, crossing this line. For n=2m any twisted curve 
Rm-3, for n=2m-+1 any twisted curve A™-2 may figure as a 
fifth directing line. 

More generally we can suppose A? to have successively in common 
with ¢}, ¢g ¢3; c4 a number of 71; 72.73.74 points. Then the conics 
cutting 2 twice and each of tlie five directors cj, ¢9; ¢3, ¢4, RP once 
generate a surface of order 2p + 6— (74, + 72 + 73 + 4). 

In order to obtain e. g. a surface S* with double line / and four 
simple lines cz crossing it, we put 2p= = y;, — 2; for y~=1 we 
find p=1. So we can assume a fifth line ¢ crossing J under the 
condition that it meets each of the four lines ¢; then the five 
lines ¢ represent together 21 points?) (§ 2). 


§ 4. The surface S® also breaks up if c; cuts 7. For the plane 
(/cs) contains an infinite number of conics each of which represents 


') See e. g. my communication in these Proceedings, Sept. 28, 1901 , p. 183. 

2) It is also possible to choose for ¢,, cy, ¢3,¢, the four sides of a skew quadrilateral 
in which case c, can be taken arbitrarily ; then $® breaks up into $* and four planes, 
The five lines ¢), ¢, ¢, ¢y,¢c, may form also a simple broken line, 
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two conics of the locus on account of its cutting ¢; twice; so S8 breaks 
up into this double plane and an S® with fourfuld line Wend fivefold 
point S=le,. 

This surface S° contains the common transversals agin, Biim of 
1, Cks Cy (m, completed to pairs of lines by the lines bn, dn through S 
meeting ¢n. Moreover it passes through the lines az through § 
meeting ck and ci, completed by the lines bm» cutting em) en. So the 
14 pairs of lines sainted in S® (§ 1) have been indicated. 

If S® still admits of a fourfold line? and four simple lines ¢1, ¢o5 C33 C4 
crossing it, but not of a fivefold point S, the 14 pairs of lines are 
Eamieeaied as follows. Firstly we aadieat the 8 transversals aximy bktm 
and the corresponding lines bn, dn. By remarking that the quadric 
determined by /, ¢,¢, cuts S® still in an R° breaking up into six lines, 
and that @93, bj93, @j94) 2394 are amongst these, it is found that the 
missing pairs of lines can be denoted as az, Omn. 


§ 5. The conics through the given points S,S' meeting the 
lines ¢),¢9,cg; generate an S* with double line /=SS' and triple 
points S,S', derived from the S® by supposing that ¢, and ¢; meet / 
in S and S'’. Of the eight pairs of lines cutting / six can be 
represented as azi, bm and 2x1, am, the lines a of which pass through 
S and the lines J through S'; the missing pairs are formed by / and 
one of the common transversals of / and the lines cx. 

By the intersection of this particular surface S* by a twisted 
curve Rp meeting / a number of (p—1) times it is found that the 
conics through S, 8’ and meeting FR, c,, c generate an S’?+? with 
two (2p+1)-fold points S,S' and a 2p-fold line 1. The 2p lines 
forming with / degenerated conics of the system can be indicated 
as follows: the quadric (Jc, ¢,) cuts R? in still (»+1) more points, 
each of which gives rise to a common transversal of /, ¢,¢, and Rp 
lying on S%+2; the remaining (p—1) transversals of J, ¢; ¢,, Rp lie 
in the planes through / touching Ar in its points situated on /. 

The cone (S, Re) determines with ¢; (and with c,) p transversals 
of Rp and c; (c,). The same holds good for the cone (S', Rr). Adding 
to these 2p transversals the lines through S (and S') cutting ¢ and 
cy, we get the (4p+2) pairs of lines, forming with ihe 2p pairs of 
lines amongst which figures / the (6p-+-2) pairs of lines S*?+? must 
contain. 


§ 6. If a surface S++! contains a w-fold line m and a y-fold 
line n crossing it, then the skew surface generated by the lines 
meeting m,n and any given plane section C#+’+) of Sé+’t! admits 
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only of one generator situated in the plane of this section, i. e. of 
ihe line joining the «-fold point and the y-fold point of the section; 
the section C++! being itself a simple curve of the surface, the 
order of this skew , surface is w+y+2; and m and n are (w+1)- 
fold and (v-+1)-fold lines of it. By another plane section Dety*! of 
Se+yt+1 it ig met in 2uy+u+yv-+1 points belonging neither to m, nor 
to n, nor to C*+’+1, So the multiple lines m and x cut 2uy+ue+y+l 
simple lines of Set+’+! . ; 

Evidently the last number is modified if a third multiple line 
cutting m and n presents itself. So a A-fold line / reduces this num- 
ber of single lines by 4%, as it is also a A-fold line of the indicated 
skew surface. 


§ 7, If e. g. the surface S* has two double lines m and », we 
find 13 single lines cutting these. Each of the lines m, » counting 
for 16 points in the determination of the surface, still 23 points can 
be chosen at random; so we can make S> to pass through three 
lines ¢), ¢g,cg crossing m, x!) Then the relation of position between 
the different lines can be indicated by the following table: 


¢,; meets d, d, dz dy, dy 
Cg ” dy dy ds ds ds 
C3 ” ds dy d; dy dy 


int meet. did, da du Wan Vey dre Os oy Gia eae ae 


If S> still admits of a threefold line /, this line replaces 9 of the 
13 lines d. But then each of the lines m, n counts for a couple of 
lines cutting the threefold line d. Then the curve of double curvature 
considered in § 1, by the occurrence of the double points M@,, N,, 
of the plane curve C®%,, is of order four; as it meets m, n the 
surface S° can only have three more pairs of lines meeting /. Their 
position with respect to the lines d is indicated by the table: 


d, rests ON dg, Qs, y43 


dy ” Q2) Boas bys ; 
ds ” bsay 13, bos ; 
ds ” bs, boa, Qy4. 


1) Also four lines cj forming a skew quadrilateral can be assumed, 
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§ 8. By supposing the threefold line (!) and the double line (m) 
of S° to coincide with the axes of Z and Y, it is immediately seen 
that these lines count for 28 and 19 points in the determination of 
the surface and that still 11 points more can be chosen arbitrarily. 
Instead of a second double line x the four lines ¢, cg, cg, c, resting 
on m can be assumed at random. Then we find that J is cut by 
seven pairs of lines, the position of which with respect to the lines 
c, 18 as follows: 

C; Cuts M93, Mea, Giga, 1, M12, G13, AH} 
Co» ~— 198, Mey Dg, — Caz4y Ae, O24, Do ; 
C3 ~— 93, 3, Ayg4 Moga, b34, Giz, bss; 
Co» bg, Uioay 134) Gozdy Dea, Dos, Cia- 

§ 9. In order to obtain a group of surfaces with two multiple 

lines we first consider the locus of a plane curve C* cuiting n-times 


: 1 d 
the right line 7 and once each line of a given set of 5m (n+3) lines 
ce; crossing J. The order of this surface is equal to the number of 

A 1 
curves C” lying in planes through / and resting on an) (n+ 2) 


lines c. To find this number f(n) we suppose that (n+1) of these 
lines c meet /; then the plane passing through / and any of these 
(n+1) lines contains a single curve C” satisfying the conditions 
and is evidently to be counted n-times. All the remaining curves C” we 
are in search of break up into / and a curve C*—! resting on 


= (n +1) lines c. So the relation f(n) = (n-+1) + f(n—1) holds; 
moreover f(1) representing the number two of the mm transver- 
sals of four crossing lines, we find immediately /() = res (n+1)(n+2) 
for the order of the locus of the curve C” meeting » times the line 
1 and once each of the =» (n-43) given lines cx. 


Considering curves C* in planes through / which pass “-times through 
the point of intersection of the plane with m and once through each of 


p 1 1 
the points of intersection of the plane with Tee (n + 3) — al (uw + 1) 


lines c, we find for the order » (n, /) of the locus the relations 
p(n,“ =n(n+1)+g¢(n—1,4), ete. until we get p(u + 2, u) 
= (w+ 2)(¢+ 3)+ (ut 1). 

Here y(«-+1,) is the number of plane curves C++! with a 
w-fold point on m, cutting (2+ 3) given lines ¢. By supposing 
that «+2 of these lines rest on / the curves C*t! break up into 
} and a C# with s-fold point on m cutting (« + 1) lines ¢, i. e, 
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into 7 and a star of w rays passing through this m-fold point. So 
one of the curves C* in question is found by uniting a common 
transversal of J, m and any pair of the («+ 1) lines ¢ by a plane 
and joining the point of intersection of this plane with m to the 
points where this plane meets the remaining (4 — 1) lines c. So 


g(etlw=(+)(e+2)4+ (e+ 1 e=2(u+1) And this 
number being inferior to f(¢e + 1) by = (e+ 1)“4(4—1), we find 


1 £ 
atlast p(n, 4.) = wpe (n + 1) (m+ 2) — e (4 + 1) 4(“— 1). Therefore 
the locus under investigation i8 a surface of order y(n, “) with a 
1 
-fold line m, aL (n, 4) — n]-fold line/and cc n(n + 3) — we (e +1) 


single lines. 


§ 10. For »=3, «= 2, the obtained surface is an S!§ with a 
15-fold line 7, a double line m and six single lines ¢% . 

By cutting it by a curve of double curvature &* of which /,m, 
€1,¢9,¢3 are double secants it is seen that a surface S!* is obtained 
if the director line cg is replaced by the curve of double curvature 3, 

Furthermore a surface S!° and a surface S® are found if ¢; is 
also replaced by a curve of space 2,°, or if c; and cy are replaced 
by curves of space R,°, Rp° having /, m,c),¢9,cs for douole secants. 
In the supposition that these two curves #,°, R,3 have a point in 
common the obtained surface is S® with two double lines 7, m and 
three single lines ¢),¢9,¢3 (compare § 7). It is clear that surfaces 
with two multiple lines 7, m and any number of single lines ¢ alter- 


nating from unity to = (n®? + 3n — 2) — = @(4e+ 1) can be obtained 
in the same way. 

§ 11. By choosing the y-fold line m of a surface S* for axis 
of 2 it is easily seen that the assumption of a w-fold line counts for 
He + 1) (8n — 24 +5) points. So a surface S" admitting of a 
-fold line m and a r-fold line » can still be made to pass through : 


1 
V+?) (t+) (ety) 1 2 we $1) ($8 9-48) — 


1 
—ZrvV+) Be+7 +8) = %y+ 8(u+yr-+ 1). 
points, For v = f& this is 24? + 6 +3 = (w+ 1) (2 + 2)+ (24-4 1), 
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So a surface S%+1 with two «-fold lines can admit of still (se +1) 
simple crossing lines, or of («-+ 2) lines two of which intersect 
each other. 

In the first case the (s+ 1) lines ¢ taken two by two determine 
with m and m' a number of (+ 1)u lines a situated on S2+1!, Of 
these lines evidently 2u resting on m, m', c.+1 form with these three 
lines the intersection of S%*+! with the quadric skew surface 
(u+1,m,m'); so the latter contains still one line a cutting m, m. 
So in all («-+- 1)? lines a@ cut at least one of the lines c, the 
remaining 4? lines a have no point in common with a line c. By 
choosing for (« + 2) lines ¢ the sides ofa skew polygon of (« + 2) 
sides it is seen in a corresponding manner that “?—.—1 lines a 
have no point in common with any line ce. 

The condition that a surface S«+’+! with a 4e-fold line m and a y-fold 
line n contains y + 2 given right lines ¢ counts for (4e + v + 2)(v + 2) 
points. Now 


2uv+38(e4ty4t1)—(etr742)(Vv4+2)=urvturrv—yvy—-l 


and this number is positive for «> vy. So at least (vy + 2) lines ¢ 
can be chosen for “> vy; it depends on the value of (¢ — v) whether 
it be possible to choose arbitrarily a greater number or not. 


§ 12. After the assumption of three multiple lines /,m, of the 
multiplicity 4, 4,7” respectively of a surface S“+”+” we can dispose 
of (A+1)(a+1)(v+1)—1 more points. Probably a general rule refer- 
ring to the maximum number of lines ¢ does not exist. In the case 
A=ue=y on a S® still (A+1) right lines can be assumed for 


Geel) 14-1) (8441) = Boa 


and this is positive for A>1. 

Then the hyperboloid (;, /2,/3) contains 3A right lines a situated 
on S*; on each of the (A+1) lines ¢ rest two of these. 

In the preceding lines only a few fundaments for a general treat- 
ment of surfaces with a limited number of right lines have heen 
indicated ; a more complete study about the subject will be published 


elsewhere. 
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Mathematics. — ,On Integrals containing functions of Bessel’’. 
An extract out of a letter of Prof. L. GEGENBAUER at 
Vienna communicated by Prof. W. Kapreyn. 


In your interesting paper ,Sur quelques intégrales définies con- 
tenant des fonctions de Bessel’ in the ,Archives Néerlandaises des 
sciences exactes et naturelles’ you have.determined the value of 
the integrals 


@ fea) 


f I" (t) cos (t sin 9), ; if I” (2) sin (t sin ~) dt 
t t 
0 0 
for entire positive values of ». I shall take the liberty to communicate 
to you in the following lines a generalisation of your noteworthy 
results. 
If we multiply the relation 


2v—1 2yv—1 


eitcosdcost T ” (t sin p sin w) = 22’! [I] (v—1)]2(sin psinw) ” 


PRA (ete VL Oar en : 
Vy = SP a Cay Dee) 


given by me in the tenth volume of the , Monatshefte fiir Mathematik 
und Physik” (,Notiz tiber die Bessen’schen Functionen erster Art.’’), 


in which relation C, (x) is the coefficient of a” in the development of 
(l—2aexn + «?)-” 
according to ascending powers of @, with 


[+m (t) dt 0 
ie kh a 


and if we integrate according to t from 0 to o, we obtain by 
making use of the well-known value of the integral 


ype (t) I+ (¢) dt 


t 


0 
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(thus in the manner followed by yourself ), by separating of the real and 
the imaginary parts of the formula thus arrived at, the two equations 


2v—1 


ie (t cos p cos w) I : (¢ sin wp sin yw) I’+™ (t) dé 
a 
0 Vad 
Ben} AE ten 
re Bee 2, mo 1 gee 
= [2 LT (v—1)]? (sin p sin w) eg oa en 
(2A+r) (24) ©, (co8 p) C,, (cos y) 
WM(2A+2yv—-1) (v—mP—(v 4-24)?’ 
2y=1 
"sin (¢ cos ~ cos w) I a (¢ sin — sin w) I’+™ (¢) dt i 
jaa eee ie 
0 
a Daeg 
3 , 2 mime 2 
= [2 IT (v—1)}? (sin —@ sin w) ~ cos Soa, a an 


(2A+y + IITZA +1) Cony 608 9) CS, , , (008 w) 
M1 (24+ 27) (vy + 244 1)—(vy +m)?" 


First suppose m = 2r = even; then 
2v—1 
je (tcos p cosy) I” (t sing sin w) P4241 (1) dt __ 
yt 


0 


: De eet) 
= (—I1) [2’-! 1 (v—1)]? (sin & sin w) TO REEr aah 


2) » 
if = C,,, (C08 p) C08 y) y 
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Qv—1 
@ 


f sin (t cos p cos yw) I ; (t sin p sin w) Iv+27 (t) dt 
Vt a 


0 


2v—1 
1 On tase 
= (1-1 [2 I (v—1)} (singeinw) 2? —// 27S 


% 20 


(QAL y+ WITLI) Congr 8A) Cony (008 y) 
1124+ 27) (v + 2ry’—( +244 1)3 


Next suppose 2 = 27 + 1 = odd; then 


2v—1 
{cs (t cos p cos w) I A (t sin p sin yw) I’+2r+1(¢) de 
Vt me 


0 


9v—] 
= (—1y [2 11 (v—1)} (sin gy sin w) ? an PAS 
mu WG Dai 
(ZA +r) 11(22) ©, (cop) C), (cos w) 
H(21+2y—1) w+ 2r4+1p—w~ 42a? 


2v—1 


(Be (t cos pcos w) I ; (t sin @ sin w) L1+2r+(t)dt 
0 i iy 


2v-1 
= (—1)r [2-1 I (v—1)]? (sin y sin Le a (27 + 1) 
m y) Var TI (2r+29) 


Ce.41 (608 ) Co 41 (C08 YW). 


If we put in the last four formulae y = 0 and if we observe that 
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5 T(e) = cos & 
ae (z) = sin x 


1 : : ; 
and |--¢ (cos a) is the coefficient of a in the development of 
—O 
—i(l—2 eos 3+ «a*) according to ascending powers of a, thus 1 for 


n= 0 and = cosn ® for n> 0, we find the special relations: 


oo 2m 
cos (t cos @ cos wW) cos (t sin @ sin w) I (t) dt T cos (2rg) cos (2ry) 
ae BRT ts ager 5 aetna sae aerate | (eel cxemumrrara -yasee remade.) 
} t 2r 


© 2r 
[Fr (é cos ~ cos wW) cos (t sin ~ sin w) I (t) dt oy 
page 
0 
= rl A= j 
ah ) = cos(224 +1) pceos(2A +1) yp (2) 
Ww A=0 4r? — (21+ 1)? 


Ce) 2r+1 
fF (t cos @ cos W) cos (4 sin p sin w) I (t) dt 


t 
0 


(— 1y 4 *=” & cos(2AgQ) cos(2Ayp 
— ) STE = ha=ba>o) » (8) 


ww a=0 


Py 2r+1 
ie (¢ cos p cos w) cos (t sing siny) I (t)dt _ 


t 
0 


cos(2r-+ 1) gpcos(2r+ 1) yp 


Ee rt 


- (4) 


From these your formulae arise immediately when we put 


in (t) and (3) y= —, in (2) and (4) y=2 and interchange 


7 
moreover in the two last named g and at 
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If we put in the four general formulae y= 1 and if we remark 
that My 
P __ sin(n + I) 
C’ (cos #) = og 
there appear besides two relations really alike to the formulae (2) 
and (4) the two new ones : 


o Baal = 
ain (t cos ~ cos w) sin (t sin p sin w) I (t)de 
faieennetsesaa 
0 


_ (HUyrt4 Se sin (2+ 2) yp sin(2d + 2)y 


ae 9 


1% a=0 (2r + 1)? — (24+ 2)? 


C) 2r+2 
(Psin (t cos p cos wp) sin (t sin gp sin w) I (t)dt _ 
1 t i 
0 
oe aay sin(2r + 2) psin(2r+ 2)y 
a Dips ; 
Kinematics. — “The motion of variable systems” (24 part). by 


Prof. J. CARDINAAL. 


1. In the previous communication the construction of the direction 
of velocity was our subject, no mention being made of the length of 
velocity ; in the following some relations will be deduced in which 
these lengths appear. 

As is known, the rule that the extremities of the velocities form 
a system similar to the original one holds good for the motion of 
a plane system remaining congruent or similar to itself. If the 
system remains affine to itself, the extremities of the velocities 
form an affine system. 

In each of these cases the points of coincidence of the original 
system (2) and the system formed bij the extremities of the velo- 
cities (2») are the same as those of the system = and the one lying 
at infinitesimal distance. We shall now consider, which theorems 
hold good for the motion of spacial systems.') 


1) Whilst writing this paper I got to hand number 1—2 of the 47th. vol. of the 
v Zeitschrift der Mathematik und Physik”, in which L. Burmester treats of a subject 
closely allied to the paper, cited in the previous communication. As however the proofs 
given there differ from those given here, though the results agree, I have made no 
change in this text. 
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2. We again start from the point of the motion of a system , 
remaining congruent to itself; we construct the direction of velocity va 
of a point A and mark off on va a distance AA» representing the 
velocity of A. When & moves in such a way that 4 follows the 
direction A A, , then A comes to Ay; however we can suppose the 
motion to be different but yet A reaching A). 


3. For this purpose we construct the rectangular triangle 4 4,A,, 
of which A;A, is parallel to the principal axis / and AA, is 
normal to it. We then bring the plane & through 4A, normal to/; 
let X be the point of intersection of § and J. If we now consider the 
points of = situated in & and if we compare the position of Az to 
that of A, we then see that A and 4; can be regarded as homologous 
points of two similar systems in & The same reasoning can be 
applied to each plane normal to J brought in a similar way through 
points BB, C C;...; from this ensues : 

The spacial systems ABC.., Az Bz Cz are projective; the tetrahedron 
of coincidence has as opposite edges / and 1,,; all points of J are 
points of coincidence, the two other pvints of coincidence are the 
cyclic points of any plane cutting the principal axis / at right angles. 
Each point of / is the pole of similitude of two similar plane 
systems situated in a plane normal to J. 

Now to thesystem A, B, C, ..is communicated a translation parallel 
to the principal axis the amount of which is A; A, ; in this motion this 
system remains congruent to itself; the tetrahedron of coincidence of the 
systems A, B, C,... , and dy By Cy has further as opposite edges 
1 and /,,, but now ail pvints of /, are points of coincidence and 
the points of coincidence on / coincide in the point of intersection of 
i and 4,,. 


4. By the preceding considerations the connection between the 
systems = and =, has become evident. If the intermediate system 
of the points 4; B, Cr... . be denoted by %;, we then have the 
following relations: 

a. The systems = and =, are projective; the points of coinci- 
dence are all points of / and the cyclic points on /,. 

b. The systems 2, and =, are projective; the points of coin- 
cidence are all points of J, and the point of intersection of / and 
Ao counting double. 

c. The systems 2 and =, are projective; the points of coin- 
cidence are the cyclic points on J, and the point of intersection 
of J and Ag counting double. 

39 

Proceedings Royal Acad, Amsterdam Vol, IV. 
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So in space the rules for projectivity as found in the plane do 
not hold good unconditionally ; the system =» is not similar to =; 
for though in the sections normal to / two similar systems are 
situated, those which are parallel to 7 contain congruent systems ; 
as however A, is a face of the tetrahedron of coincidence and the 
condition of affinity is satisfied, the theorem ensues: The extremities 
of the velocities of the points of a spacial system = which remains 
in its motion congruent with itself, form a system =’, affine with =. 
The tetrahedron of coincidence of = and =, agrees with that of = and 
the system =" situated at infinitesimal distance, with which = will 
coincide in its motion in the direction of the velocities. 


5. As little as in the preceding paper is it necessary to give 
applications of all relations existing between two affine spacial sys- 
tems; now too we shall content ourselves with a single one. It is 
well kwown that the directions of velocity of the points of a right 
line are generatrices of a hyperbolical paraboloid; so the extremities 
of these velocities are also situated on this paraboloid and the 
systems = and =~, being affine, they lie on a right line, on which 
they generate a range of points similar to that on the given 
right line. 


6. From the preceding ensues that with given direction of velo- 
city v% we can assume a point A, on it, representing the extremity 
of the velocity of a point 4. According to the preceding paper however 
A cannot be taken arbitrarily on ve but is constructed on it as 
foot of the distance between ¢ and v,; reversely the direction Az: , 
when A is given, will be completely determined as tangent to the 
circle having AX as radius, whilst Az Ay must be parallel to J; so 
the direction of velocity 44, must be situated in a definite plane. 


7. We now pass to the consideration of the velocities of a 
system = changing projectively and we retain the annotations 
used in the preceding communication. After a closer analysis the 
point A, homologous to A proves to have been found by first assu- 
ming J as axis of rotation and then by letting the points of = 
perform a motion round this axis, which we might call a “rotation 
of similitude”; after this the points of =, have performed a rotation 
round ¢,,. With these successive motions the points of coincidence 
were retained. Now we again assume the tetrahedron of coincidence 
PQRS, And we construct, taking the found principles into consider- 
ation, the point 4, homologous to A. 

The motions now to be performed we call “projective rotations.” 
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8. We bring through A and RS a plane cutting the planes 
PQR and PQS in P,R and P,S; we construct the conic C,” passing 
through 4 and touching P;2 and P,S in the points R and S. The 
tangent through A‘to C,° indicates the direction, in which A must 
move when the system of points in the plane P,RS performs a pro- 
jective rotation ; if we assume a point 4z on this direction of velo- 
city, the length of the velocity is determined. We have now to 
prove that the points of 2, lying in the plane P,RS as well as 
other points are determined. 


9. The points of = in the plane P,RS can be instantly found 
by making use of two principles holding good for the projective 
rotation in a plane and which we may suppose to be known: 

a. The extremities of the velocities of all points of C,® also lie 
on a conic, touching P\R and P,S in RF and S; a point A; is 
sufficient to determine this conic. 

b. The extremities of the velocities of all points of a right line 
through P; also lie on a right line through P). 

If we assume a point B outside the plane P|RS, we construct the 
PQ in Py. With the projective rotation the axis PQ being in all 
plane BRS cutting its points a line of coincidence, a projective 
rotation is also made in P,RS, having P, as pole and where we can 
imagine the points to move in the direction of tangents to conics, 
touching P,R and P,S in R and S. So we can determine the direction 
of velocity of B as tangent to the conic constructed with the aid 
of B. So of each point in the plane P,RS the direction of velocity 
is situated in this same plane and according to the preceding perfectly 
determined. 


10. The relations just found are sufficient to determine to the points 
ABC .... , the directions of velocity A4,, BBy, CCz..... 
but of the system of points ©, itself only Az is assumed; Bz, Cr.... 
have not yet been constructed. For these the following principles 
can be maintained: 

a. To be constructed the directions of the velocities of the points 
of the right line AB; these form a system of generators of a hyper- 
boloid, to the second system of which AB and RS belong; the 
right line through 4, and belonging with the two last named to 
one and the same system contains the points By..... 

b. The generator of the system ©, homologous to a right line 
a of =, cutting RS, is situated together with a and #S in one plane. 

c. The generator of the system ®z homologous to a right line 
b, cutting PQ, cuts PQ in the same point. le 
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11. Let us now suppose the point of =, to be determined; we 
let this system also rotate projectively, allowing P, Q and all points 
of RS to be points of coincidence. If we now-bring, in a corresponding 
way as was done when = was made to pass into =z , planes through 
PQ cutting RS in Rj, Ry... , we arrive at the construction of 
=, and we can easily state rules for the connection between =z and 
, corresponding to those for = and 2, ; at the same time the 
general theorem ensues: : 

The extremities of the velocities of the points of a spacial system =, 
changing projectively in its motion, form a system =, projective 
to =. The tetrahedron of coincidence of 2 and =» agrees with that 
of = and the system =’ at infinitesimal distance from it, with 
which = will coincide in its motion in the direction of the velocities +). 


12. The construction of A, belonging to A remains possible when 
the points P and Q as well as & and S are conjugate imaginary, 
We suppose on PQ as well as on RS an elliptic involution of points 
to be given of which P,Q and R,S are to be the imaginary double 
points. Now we can construct as in the entirely real tetrahedron of 
coincidence a plane ARS cutting PQ in PL). 

In this plane the conic G,? is determined by the following data: 
the point A; pole and polar P,; and RS; the condition that each 
pair of rays of the involution P\/RS is conjugate polar with respect 
to C\*. So the system =, as well as =, can be constructed. 


13. The comparison of the constructions of this communication with 
those of the preceding one finally gives rise to some observations. 

a. The focal system formerly applied does not appear in this 
paper; it has been replaced by other assumptions. This focal system 
served as a help for the determination of the directions of velocity 
of spacial systems at infinitesimal distance from each other; we now 
see that the length of the velocities could be used for that purpose. 
The binding conditions for the construction of the directions of velocity 
rest on the identity of the tetrahedron of coincidence between > and 


=, and that between = and the system =" lying at infinitesimal 
distance. 


—_—_—— 


") lt is to be noticed that for acceleretions theorems can be found corresponding 
to those now treated. For similar and affine plane systems BURMESTER did so in 
his “Kinematik”. For spacial systems remaining congruent Dr. P. Zeeman Gzn. gave 
a deduction in Problem 182 of the ‘Wisk. opgaven van het Wisk. Genootschap”’ 
Vol VILL with statement of literature. Note the last already quoted paper of BURMESTER. 
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6. Just as in the preceding communication the: first choice of the 
opposite edges PQ and RS is arbitrary; so here too the observations 
made formerly on the multiplicity of the solutions hold good. 

c. It has been proved that the construction of the direction of 
velocity va is possible when the vertices of the tetrahedron are imaginary. 
The cones, treated of in the first communication, having Pas vertex 
and with tangential velocities, disappear however in this case, 
their existence resting upon the reality of the vertices and the faces. 


Astronomy. Prof. H. G. van pE SanpE BAKHUYZEN presents, 
on behalf of the Eclipse-Committee, the ,preliminary report 
of the Dutch expedition to Karang Sago (Sumatra) for the 
observation of the total Solar Eclipse of May 1901.” 


Before giving the preliminary account of our work, we shall 
recall in a few words the history of and the preparations for 
the expedition, as well in Holland as in the Dutch Indies. 

The first step towards the preparation of the expedition was taken 
on the 14%» of October 1898, when, at the house of Prof. J. A.C. 
OvupEMANS and in the presence of Professors H. G. v. D. SANDE 
Bakuuyzen and J. ©. Kapreyn, Prof. A. A. NIJLAND called 
attention to the matter and at the same time intimated that already 
a considerable sum had been promised him for the purpose. 

As a consequence of this conference two meetings were held 
in the Trippenhuis on Jan. 28 and April 22 1899, which were 
attended by the same four gentlemen. The plan of a Dutch eclipse 
expedition appeared to be capable of execution; a rough estimate of 
the costs was made (f 50000) and the means to get the 
necessary money were discussed. Prof. v. D. SANDE BakuuyzEn had 
already requested Dr. J. P. v. p. Stox, Director of the Royal Magnetical 
and Meteorological Observatory at Batavia and Major J. J. A. MULLER, 
Commander of the Triangulation-brigade of the topographical service, 
also at Batavia, to provide information about the localities best 
situated for the observations and about the climatological conditions 
prevalent in these places. 

He had also addressed himself to His Excellency the Colonial 
Minister with the request to support the necessary investigations, and 
to promote the interests of the expeditions to be sent out, both 
from the Netherlands and from foreign countries. 

At the request of Mr. Nisuanp it was further decided to call in 


1) f 300 = 120 § = 25 £ = 600 = 500 Mk. 
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the aid of the Academy of Sciences. Accordingly at the meeting of 
the Section of Sciences of May 1899, on the proposal of Mr. v. D. 
SanpE BaKHUyzeEN, an ,Kclipse-Committee” was nominated, consisting 
of the astronomical members of the Academy, Messrs. H. G. v. D. 
SanpE Baxuuyzen, J. A. C. Oupemans, J. C. Kapreyn and E. 
F. v. p. SANDE BakHUYZEN, and, as the physicist of the Committee, 
Prof. W. H. Junius. The Committee, excercising a granted right, 
assumed as further members Messrs. J. H. WILTERDINK and 
A. A. Nisuanp, and (on his arrival in Holland in June 1899) 
Mr. JP. DESTOK. 

The Committee called Mr. H. G. v. D. SANDE BAKHUIJZEN to the 
chair and elected Mr. A. A. Niguanp as their secretary. In the 
years 1899, 1900 and 1901 nine meetings were held. At the request 
of the Committee Messrs. JuLius, WILTERDINK and NIJLAND were 
appointed by the Government to take charge of the observations in 
India, and Major J. J. A. MuLLer undertook to act as chief of 
the expedition in India. A detailed programme of the observations 
was next drawn up and the necessary instruments were planned and 
bought. (See Proceedings Royal Academy Amsterdam, Vol. III 
pages 529—543). 

In the meantime the Kclipse-fund had increased to f 42000, 
of which no less than f 24000 had been contributed by private 
persons who took an interest in the expedition. Further f 3000 was 
received from various scientific Societies ; the Netherlands Government 
gave a subsidy of f 5000 and the Indian Government promised 
f 10000. 

It must also be mentioned that Messrs. JuLius, KaprEyn, van 
DER Stok and NiwJLAaND composed a short pamphlet entitled 
» Directions for amateur observers”, which was printed at Batavia 
and of which nearly 500 copies were distributed amongst the officials 
and inhabitants of the path of totality. 

In the meantime preparations for the expedition had been made in 
India by the Royal Physical Society of Batavia, at the request 
of the Government. This Society nominated a Committee, con- 
sisting of Major Muuurr, Dr. 8. Ficeg and Mr. A. C. ZeEman, 
inspector of the ,Gouvernementsmarine” ete., in order to continue 
in a more official manner the work begun by Messrs. MULLER 
and VAN DER Srox. This Committee published in 1900 a pamphlet 
under the title: ,Informations for observing parties and climatological 
conditions along the track of the moon’s shadow”, containing, as the 
result of the investigations which had also partly been made by 
Dr. VAN DER STOK, the data about the climate, the suitability and 
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the accessibility of many places near the central line of the eclipse, 
and of which 200 copies were distributed. 

The Committee received much support from the part of the Govern- 
ment of the Dutch Indies. Not only was great pecuniary and 
other material aid provided, but the authorities also did their 
utmost to promote the interests of the expedition in every possible 
manner. Thus, to mention only the most prominent matters, the 
co-operation of several officers was granted viz.: captain WACKERS 
for making determinations of time and latitude in the eclipse-camp, 
lieutenant DE RocuEmont for the building of the camp, captain 
KeERKHOFF for the observations of the flash-spectrum near the northern 
limit of totality; further the promise was given that a man-of-war 
would be stationed near the place of observation, so that the officers 
and crew might assist in the observations. 

Messrs. MULLER and FIGEE personally inspected in two voyages 
(May and September 1900) the localities which appeared suitable 
for observations generally and for the erection of a Dutch eclipse- 
camp specially. On their advice the Dutch expedition chose as 
observing station a locality near the kampong Karang Sago on 
the western coast of Sumatra. 

In January 1901 Dr. Ficer and Dr. van BEMMELEN were 
authorised to take part in the expedition at the expense of the 
Observatory at Batavia, in order to make the necessary magnetical 
and meteorological observations during the eclipse. 

In the middle of March Mr. pe Rocuemont arrived at the 
locality which was chosen for the erection of the eclipse-camp; in 
the time of three weeks he established there a very comfortably 
arranged camp. Not to mention many coolies, the expedition disposed, 
for all kinds of preparatory work, of the services of twelve 
men of the corps of military engineers with two European and two 
Amboinese sergeants, two artisans of the same corps, a warrant- 
officer and a mandoer of the triangulation, a photographer and 
a mechanician. There also was a post, and telegraph office on 
the spot. 

The members of the expedition appointed by the Eclipse-Committee, 
Messrs. JULIUS, WILTERDINK and NisLanp started on their voyage 
about the beginning of March. At Genoa they met Mr. J. B. 
Husrecut phil. nat. cand., who had been permitted to assist the 
expedition as a volunteer, and on board the ,Koningin Regentes”’ 
they met eight American and English astronomers, who also 
intended to observe the eclipse in Sumatra. We are specially in- 
debted to the S.S. Company ,Nederland” for the liberal arrange- 
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ments as to the conveyance of the observers and their instruments. 

On the sixth of April we arrived at Padang, whence, after some 
official calls, we started, on the 10 of: April, together with 
Mr. MULLER on our voyage to the camp by Government steamer. 
The English expedition, which was going to Aver Gadang, was also 
on board. 

On the 11% a start was made by the unpacking of the 
instruments (which appeared almost without exception to be in good 
condition), the surveying of the locality and the building of several 
(22) brick piers for the astronomical, physical, magnetical and 
meteorological instruments. 

Mr. Wackers had already started the determinations of time and 
latitude. The latitude of the pillar of the Universal-instrument was 
found to be 1°19'27".5 South; the longitude was approximately 
determined at 100° 33'.3 East of Greenwich. 

On the 234 of April the last pillar was ready; the greater 
number of the instruments was already in position, protected by 
huts or sheds of bamboo and atap. The long light-tight tube and 
hut for the 40-feet coronagraph were only ready on the 30% of 
April. 

The accompanying plan of part of the camp (Plate I) gives an idea 
of the relative positions of the instruments. (See also Proceedings, 
Vol III, pages 529—543). 

The adjustment of the instruments occupied the members of the 
expedition up to the last day. The task of the other members was 
made much more difficult by the accident which happened to 
Mr. WILTERDINK on the 34 of May: while occupied with Mr. 
NiuLanp with the adjustment of the 10-inch coronagraph, he fell 
from a wooden scaffolding and broke his right radius. Not only 
was the use of his hand strictly forbidden him, but he had to be 
transported to T’adang for a few days, and though after his return 
he constantly assisted the other members with his advice, he was 
not able during the eclipse to take charge of one of the principal 
instruments. 

The erection of the magnetical and meteorological instruments 
was started on the 27 of April, under the direction of Mr. VAN 
BEMMELEN, who arrived in the camp the day before. On the 7 of 
May Dr. S. Fier arrived, accompanied by his son Mr. Tu. Fiaep, 
volunteer-assistant. On the same day also Her Majesty’s ironclad 
Sumatra, under temporary command of the lieutenant first class 
GELDERMAN, arrived on the road. At the same time captain KERKHOFF 
visited the camp in order to study, under the direction of Messrs, 
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Junius and Nisuanp, the objective grating spectrograph to be erected 
near the northern limit of totality. 

Messrs, MuLLER, WILTERDINK and NisLAND had in the meantime 
drawn up a programme for the astronomical observations while Mr. 
Jutius did the same for the physical observations, so thaton the 9th 
of May the practice drills with the officers and men of the Sumatra 
could begin. 

The work was divided as follows: 

Chronometers and Siderostats: 5 assistants; 

Large spectrograph: Mr. 8. Fickr with 2 assistants ; 

Small spectrograph: Mr. DE RocHEMONT with 6 assistants ; 

Spectroscope: Mr. HUBRECHT with 3 assistants ; 

Prismatic camera: Mr. NiJLAND with 4 assistants; 

»40-feet” coronagraph: Mr. MULLER with 3 assistants; 

»LO-inch” coronagraph: Mr. Wacxers with 5 assistants ; 

Coronagraphs on polar axis: midshipman BRanDt with 10 assistants ; 

Photometer: Mr. VAN BEMMELEN and midshipman Baron Mackay 

with 2 assistants; 

Actinometer: Mr. JULIUS with 4 assistants ; 

Polarimeter: lieutenant v. D. Escu with 3 assistants ; 

Pyrheliometer: 2 assistants ; 

Cloud-theodolite: lieutenant DE Bruyne with 1 assistant ; 

Observations of wind: 2 assistants; 

Thermometers: 4 assistants ; 

Atmospheric electricity: Mr. Tu. Ficen; 

Declinometer: 2 assistants ; 

Drawings of corona: midshipman BALSEM with 4 assistants; 

Shadowbands and further observations : midshipmen LANGELAAN 

and BupDpING with 14 assistants ; 

Look-out: one assistant; 

The total number of observers was thus 93, of whom 7 were 
officers and 68 non-commissioned officers and men of the Swmatra. 

The uncertainty of the longitude of the place of observation and 
the experiences from former eclipses pointed to the desirability of 
deriving the last warning sign of ,ready” not from the computation, 
but from the observations of the eclipse itself. It was arranged that Mr. 
MULLER should give this sign, when in the dark hut of the 40-feet corona- 
graph the ercscent of the sun measured 45°. According to computation 
this would occur 16% before the beginning of totality. Moreover, the 
look-out was to watch the search-light of the English man-of-war 
Pigmy, stationed at Aoer Gadang, which light would, at our request, 
be screened off at the moment when totality began at that station. 
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Computation had shown that the shadow would reach the Dutch 
eclipse-camp about 15 seconds later. 

In the beginning of May the English astronomer NewaLL, who 
was stationed at Sawah Loentoh, sent notice that he had been informed 
by the Nautical Almanac Office at London that the duration of totality 
at Karang Sago would be 6™ 22s instead of 6m 32s, It was decided, 
to be on the safe side, to shut all cameras on the 380% second after 
the beginning of totality. 


The programme was for the greater part promptly executed on the 
18 of May. The sky was however rather heavily- clouded, and the 
various observations and exposures have all experienced more or less 
the disturbing influence of the clouds. Unfortunately, moreover, the 
nervousness of one of the assistants has made the results of the 
small spectrograph entirely useless. 

Owing to the clouds it was not possible to observe the sun’s cresc- 
ent of 45°; the last warning sign was given by the look-out. 
Totality commenced 0519™55s (local time) and ended 0>26™16s; 
the duration therefore was 6™21s. The computation according to the 
Nautical Almanac gave 0'19™58s for the beginning and 0h26™30s 
for the end of totality, and therefore 6™ 32s for the duration. 

Shadowbands have not been observed; besides Venus and Mercury 
only Aldebaran and a few stars in Perseus were visible. As acon- 
sequence of the rather heavy clouds it was not nearly so dark during 
the eclipse as had been expected, so that the lamps which were 
kept ready have not been used. 

Immediately after the eclipse it was known that the spectroscope 
and the small spectrograph had given no results. On developing 
the plates it also appeared that the exposure with the large spectro- 
graph was an entire failure. 

Before mentioning the results of the astronomical and physical observa- 
tions — the magnetical and meteorological observations are being 
discussed at Batavia — we shall finish the history of the expedition. 

On the 22n¢ of May Mr. Kerxuorr arrived at the camp with 
the plate exposed by him at the northern limit of totality: unfor- 
tunately this plate too brought a disappointment. Apparently the 
instrument had been adjusted correctly, but by a misunderstanding, 
and in consequence of the fact that the northern limit was actually 
further North than had been! expected according to the computa- 
tion, the moment of observation was not well chosen: the observer 
failed to get the phenomenon of the flash and photographed the 
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spectrum of the corona instead, for which the lens however was not 
rapid enough. 

On the 24% of May all instruments were packed and the expedition 
left the camp with the last of the. 54 cases. Mr. MULLER undertook 
to have diapositives made and to send the cases to Holland. Thanks 
to his care everything has arrived in good order. 

At Padang and Batavia Messrs. MULLER, JULIUS, WILTERDINK and 
NiIsLAND called on some high officials to express their thanks for the 
good care and many facilities which had been given to the expedition ; 
on the 6% of June they had an audience of His Excellency the 
Governor-General at Buitenzorg, and were invited to dinner in 
the evening. 

On the 26 of June Mr. Junius returned to Holland; at Padang 
he took charge of the negatives. Messrs. WILTERDINK and NIJLAND 
left Batavia on the 29% of June to return home via Japan and 
America. Before they left they had an opportunity to inspect, at 
the Batavia Observatory, many drawings and descriptions which had 
been sent in by amateur observers, who had followed up the sum- 
moning. contained in the above mentioned , Directions for amateur 
observers.” 

We now come to the principal contents of this report, viz.: the 
scientific results. We will treat them in the following order: 


A, The coronagraphs ; 
B. The spectrographs ; 
C. The physical observations ; 
D. The amateur observations. 


A. Coronagraphs. 


With regard to the photographs which were obtained of the corona, 
we are sorry to report that only the short exposures with slow 
instruments have given any decent result. The long exposures and 
the exposures with rapid lenses have too much suffered from the 
general illumination of the sky and the illuminated clouds. Moreover 
several plates are fogged. 


I. Polar axis with 4 coronagraphs. 


These four coronagraphs were: 

a VOIGTLANDER collinear (the travelling camera F ; equivalent focal 
length f = 87 cm. = 494); 

a DALUMEYER lens (D; f = 153 cm. = 15 a); 

a VOIGTLANDER portrait-objective (V,; f= 38 cm. = 32.6 a); 

a VoIG@TLANDER euryscope (V2; f = 85 cm. = 8.1 a). 
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According to the programme six exposures were made, three of 
1, 2 and 55 seconds respectively on plates , Lumiere bleue”’, and 
three of 178, 55 and 1 seconds on plates , Lumiere jaune’. During 
the long exposures a yellow light-screen was used with the object- 
ives V, en Vo. 

Exposure Nr. 1 is useless: owing to the strong vibration or jolting 
of the apparatus the image has been displaced on some plates by 
as much as 4’. é 

Nr. 6 has also failed owing to direct sunlight. The long exposed 
plates all show the edge of the moon diffused, chiefly through 
irradiation and through the rather considerable motion of the moon 
(which amounts to 4/,;) diameter in 55% and 1/;, diameter in 178s). 

The camera R, which was only added at the last moment, evid- 
ently was not sharply focussed. The only occasion to focus it was 
on the 17” of May, about eclipse-time. 

The camera D shows clouds on all plates; Plate Nt. 2 however 
is good, giving polar streamers to a distance of 10’, equatorial ones 
to 15’ from the moon’s limb; N*s. 3 and 4 are entirely fogged. 

The camera V, shows only clouds and fogging. 

The camera Ve» also shows clouds on all plates; the images are 
diffused by irradiation; Plate N*. 3 is entirely fogged. 

The following summary gives for each of the 1!2 partly successful 
exposures the distance from the moon’s limb to which the corona 
is visible, expressed in minutes of arc. 


Nr. 2.| Nr. 3.| Nr. 4. | Nr. 5. 


IT, 10-inch” coronagraph (Objective by SteINnEIL, 
f = 342 cm. = 13.3 a). 


Three exposures (of 2, 1 and 1 seconds respectively) have been 
taken on plates ,Lumiére jaune”, six (of 50, 5, 216, 5, 1 and 1 
seconds respectively) on plates ,Lumicre bleue’’. 

The plates 1, 2 and 3 are fairly good though not perfectly sharp. 
The corona can be traced to distances of 10', 7.5 and 5'.0 respect- 
ively from the moon’s limb, with prominences and structural detail 
of inner corona. N*. 7 also shows, besides many clouds, a few 
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details of the polar streamers. N's. 8 and 9 however are entirely 
spoiled by clouds and by direct sunlight. 

The plates 4, 5 and 6 were fitted with rotating aluminium screens 
(BURCKHALTER apparatus) with a view to obtaining faint and bright 
parts of the corona on the same plate. Three screens of different 
shapes had been selected. In consequence of the cloudiness, it has 
unfortunately not been possible to bring the moon exactly on the centre 
of the plate, and to keep it there, so that the axis of rotation of 
the screens did not coincide with the centre of the moon’s image. 

Nt. 4 on one side shows details of the structure of the corona; 
Nr. 6 shows the corona to a distance of 20', Nt. 5 to 15’ from the 
moon’s limb; the rotating screen of this plate evidently was too 
small, so that the corona-streamers are lost in the completely fogged 
outer parts of the plate. 


III. ,,40-feet” coronagraph (f = 11.177 m. = 91a). 


This lens was most kindly lent us by the Superintendent of the 
U. S. Naval Observatory, Washington D. C, to whom we tender 
most cordial thanks. 

The original size of the plates was 50 & 60. Having satisfied 
ourselves that no parts of the corona, nor any stars would be lost by 
the proceeding, we cut them down to 24 X 30 in order to ensure 
a safer transport. During this operation nt. 2 was broken into three 
pieces, without spoiling, however, the essential parts of the image. 

On Nr. 1 (2/3 sec. Lumiere bleue) accidently three exposures of 
different durations have been impressed; some of the prominences 
have consequently gained in details, while others are smudged together 
and unfit for measurement. 

Nr, 2 (20 sec. Lumiére jaune) shows very fine prominences and 
complicated details of the inner corona, which forms dome-shaped 
ares round the prominences. 

Nr. 3 (40 sec. Lumiére bleue) is nearly as good as the former. 

Nr. 4 (180 sec. Lumiére bleue). This plate was fitted with a 
large rotating screen. According to the programme a short time 
before the beginning of totality the mirror of the coe/ostat should 
be definitively adjusted so as to throw the image of the sun exactly 
on the centre of the plate. Notwithstanding the aperture was 
greatly reduced, the sunlight was still so strong that Mr. MULLER, 
fearing a fogging of the freely exposed plates, dared not admit the 
sunlight for more than a single moment. The image of the sun appar- 
ently has fallen much too high on the plate, so that the centre 


( 602 ) 


of rotation of the wing did not coincide with the centre of the 
moon’s disc but with a point nearly on the moon’s limb. 

Consequently this plate shows details of the corona on only one 
side, moreover the image is diffused in the direction from East to 
West, probably owing to an irregularity in the motion of the driving 
clock of the coelostat. 

Nr. 5 (120 sec. Lumiére jaune) shows the same want of sharpness, 
which here also exists in the direction from North to South. Pro- 
minences and , Bailey’s beads” are elongated and useless. 

Nr. 6 has little value owing to direct sunlight. 


B. Spectrographs. 
I. Three Prism Spectrograph (f = 1.7 a). 


An exposure of 340 seconds on a panchromatic plate of LUMIERE 
has not given the slightest trace of the spectrum of the corona. 
The width of the slit was 1/4. mm. On this plate and on the one 
exposed immediately afterwards, air-spectra of 20 to 60 sec. exposure 
are very well measurable, some of them have even been over-exposed. 
Also the iron-spectrum given by a small coil and Leyden battery 
in 3.5 minutes is well measurable. The plate is entirely fogged, 
which is evidently due to the development, since the edges, which 
were not exposed, are also fogged. The plate cannot have been 
spoiled or stale, since proof-plates taken from the same batch and 
exposed on the preceding days are very clearly developed, and are 
entirely clear up to the edges. The matter is at present entirely 


inexplicable, since at all events the clouds should have given a 
spectrum. 


IT. Two Prism Spectrograph (f = 3.5 a). 


The exposure with this instrument has entirely failed, the assistant 
charged with the control of the running plate having lost his pre- 
sence of mind. The plate shows very strongly the spectrum of the 
last crescent of the sun (exposure 5* on moving plate). It has 
however been stopped exactly in the moment when the first flash 
spectrum was to be impressed on it, though according to the pro- 
gramme it ought to have moved on for another 5 seconds. The plate 
has then remained unmoved for some time and shows, adjacent to the 
above mentioned spectrum, a strongly over-exposed spectrum, by which 
everything in the neighbourhood is fogged. Next the plate ought 
to have been brought to its middle position for the exposure of the 
corona. In this operation the lines of H and Ca have just been 


( 603 ) 


impressed, and are visible on the plate. On the middle of the plate 
however there is no trace of a spectrum; probably the plate has 
not been sufficiently displaced, and the corona has impressed itself 
on the strongly fogged part. In this part there are a couple of 
continuous spectra, in which G is shown asa dark line, not however 
at the proper distance (the moon’s diameter) from each other. Of 
the second flash spectrum there is no trace. 

This plate also is not well developed. The width of the slit 
was }/;, mm. 


ITI. Spectroscope. 


In consequence of the cloudiness no trace of the spectrum of the 
corona could be observed with this instrument. 


IV. Objective Grating Spectrograph. 


As has already been mentioned, the grating-camera (f = 16 a) 
which was mounted at the northern limit of the path of totality 
has given no results. This is specially to be regretted since this 
locality was favoured by a very clear sky, and since, judging by 
the few crescents of the chromosphere which are shown on the spec- 
trograms, the instrument has been correctly adjusted. 


V. Prismatic Camera. 


This instrument (Cooke’s triplet, f= 260 cm. = 174; two prisms 
of 45° with a total length of bases = 31.2 cm.) was fed by a siderostat. 
The plates (Lumiere panchromatique) measured 16 & 16 cm, but might 
with advantage have been longer in the direction of the dispersion. 
A solar spectrum, photographed by means of a temporarily mounted 
collimator, showed the lines sharp along the whole length of the 
spectrum. The focussing was dove the night before the eclipse by 
visual observation of the spectrum of Arcturus. 

According to the programme 5 exposures have been made of the 
first flash (plate 1), each of °/, seconds by estimation, viz. at the 
times — 28, 08, + 28, + 58 and + 17, where 0 is the zero of 
counting. (It has appeared afterwards that the second contact, 
which was hardly visible through the clouds, has happened at the 
time — 38). After this four long exposures were taken (plates 2—5) 
by which it was hoped corona-rings would be photographed 5 these 
exposures lasted 5, 20, 190 and 60 seconds respectively. Finally 
(plate 6) again 5 exposures of the flash were made, each of about 
3/, seconds, at the times 2s, 48, 68, 8s and 108 after third contact. 
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On plate 1 only a small number (9) of chromosphere-crescents 
are visible; the second contact is badly shown owing to the clouds. 

On two of the four corona plates (Nrs. -2 and 3) the ring 
2.3987 is but faintly visible, these exposures naturally being 
much impaired by the disturbing influence of the clouds. 

The third contact appears to have occurred at a relatively clear 
moment. Plate 6 shows a large number (150) of chromosphere- 
crescents between 43880 and 45000, in different phases of the 
flash phenomenon. Especially the first exposure on this plate 
(2s after third contact) is very rich in details. The spectrum appears 
to be well focussed over its entire length. 

Prof. W. H. Junius has already pointed out!) the very remark- 
able fact that every one of these chromosphere-crescents is double; 
the distance of a pair varies from 0.7 to 1.6 ¢. m. 

Though we have given much thought to the question, we are 
unable to ascribe this doubling to instrumental causes. The distance 
of the components of a pair is in the mean 0.13 mm., i. e. about 
11” of arc. The doubling, though different for different crescents 
and for different parts of the same crescent, has a very decided 
preference for one direction, inclining 9° (counted from N. through 
KE.) to the parallel, or 15° to the horizontal, 22° to the ecliptic 
and 29° to the sun’s equator. 

Though we do not wish to go too much into detail in this preliminary 
report, we may be permitted to mention that the most important 
instrumental causes which offer themselves for explanation of the 
observed doubling, are the following three: 

1s irregularities in the rate of the driving clock of the siderostat, 

2>d a vibration of the prismatic camera or of its parts, and 

3™ defective focussing. 

On closer examination it appears to us to be very improbable 
that any of these causes has been effective. It is true, during the 
last exposures with the 40-feet coronagraph the clock of the sidero- 
stat seems to have performed badly, but ail plates of the prismatic 
camera show the same doubling, as well the exposures of 3/, sec., 
as those of 608 and 190s, and both at the first and at the last 
flash. Moreover there is no question of a diffused appearance of the 


images, but of a doubling, in a direction differing from that of the 
parallel. 


1) W. H. Juntus, On the origin of double lines in the spectrum of the chromosphere, 
due to anomalous dispersion of the light from the photosphere. Proceedings Royal 
Ac, Amsterdam, Vol. IV, p. 195—203. 
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The. opening and closing of the shutter of the prismatic camera 
might have caused a vibration, probably chiefly in an horizontal 
plane; the fact however that the doubling is not constant in one 
and the same exposure, and on the other hand shows itself in the 
same manner both in the long and in the short exposures, makes 
also this explanation entirely unacceptable. 

No more can a considerable error of focussing be admitted, since 
on plate 6 lines are shown parallel to the direction of dispersion 
— Bailey’s beads drawn out into lines by the prisms — which 
have a breadth of only 0.06 mm. 

Finally, as far as we can see, every instrumental explanation 
must fail through the fact that the distance of the components ofa 
double crescent is very different for different crescents, while also the 
direction of the doubling and the relative intensity of the compon- 
ents is variable. Moreover the corona-ring 43987 is, on plate 
3, sharply outlined on the concave side. (On plate 2 this ring is 
too faint to state the same fact with certainty). On comparing this 
outline with that of the neighbouring crescents of calcium (H and K), 
which are very distinctly double on the same plate, there can hardly 
remain any doubt as to the reality of the doubling of the chromo- 
sphere-lines. The light of the corona-rings on the other hand appears 
to be more purely monochromatic. 


A reproduction of part of the first exposure on plate 6 is appended 
to this preliminary report (Plate II, enlargement about 4 times) in 
order to enable the reader to form an approximate idea of the 
character of the double lines. The original negatives of course show 
many more details, such as Fraunhofer lines, etc., which would also 
be visible on a darker copy. This copy has however purposely been 
kept fainter, in order to bring out clearly the almost linear flash 
spectrum formed by the lowest of , Bailey’s beads”. The wave-lengths 
given in the figure are relative to this spectrum. 

Enlargements of the other exposures will be published afterwards. 

The doubling which was observed by us is also shown on previous 
flash-spectrograms ; it appears however not to have drawn the attent- 
ion of observers. See e. g. the crescents of 4 4584, 4572, 4564, 
4554, 4550, 4534, 4501, 4472, 4341 etc. in the spectrograms which 
were obtained by Fow Ler with the ,6 inch Prismatic Camera” during 
the eclipse of Jan. 22 1898. 

When once the attention has been directed to this point, on these 
photographs too nearly all the crescents appear double, though less 
distinctly. 


40 
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The appended diagram (Plate III) gives a summary of the times 
of exposure of ‘the coronagraphs and the prismatic camera. 


C. Physical observations. 


I. The polarization of the light of the corona. 


The aim of the observations of polarization was to measure the 
proportion of polarized light in as many well determined points of 
the corona as possible. 

The observations have been made in an excellent manner by 
lieutenant T. J. VAN DER Escu and four assistents. 

Before the day of the eclipse the observers had repeatedly practised 
on an artificial corona, under circumstances as similar as possible 
to those which were expected during the eclipse. This artificial corona 
gave in the telescope an image of about the same size as that of 
the real corona; its light was partly polarized in radial planes, while 
the proportion of polarized light could be altered at will, so that 
control was possible. The observers got so well in practice that 
they were able to measure the proportion of polarized light on 12 
arbitrarily selected points within 6 minutes, and to read off the 
coordinates of these points. 

A few minutes before the beginning of totality, as well as afew 
minutes after the end, the diffused light of the sky round the sun 


Fig. 1. 


(at a distance of about one diameter from the sun’s limb in the direct- 
ions North, East, South and West) was analyzed to decide whether 
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any atmospherical polarization was shown. This was however not 
found to any appreciable amount. 


Mr. vAN DER Escu has succeeded during totality in making com- 
plete measures on 11 points of the corona. The result is given in 
the following table. The position angles are counted from North 
through East; the radius of the moon is 13,5 mm. Fig. 1 shows 
the positions of the points chosen. The image of the moon and the 
aperture of the diaphragm, (1.1 mm)*, are drawn at their real size. 
The light admitted through this aperture was analyzed by a modified 
polarimeter of Cornu. 


Reading of | Proportion of 


Nr. | Position-angle. | Radius-vector. analyzer polarized light 
@ cos 2 ¢ 


1 98,°5 45 mm 38° 0,242 
2 28,5 20 34 0,375 
3 145 14 37,5 0,259 
4 155,5 15 43 0,070 
5 136,5 29,5 45 0,000 
6 73,5 15 38 0,242 
7 73,5 20,5 42,2, 0,098 
8 73,5 99,5 45 0,000 
9 48 1A 38,2 0,237 
10 48 18 3h 0,375 
aE 48 oy hh 0,035 


It appears from these numbers that the light of the corona at a 
certain distance from the sun’s limb is more strongly polarized than 
in the neighbourhood of that limb. At still greater distances the 
polarization decreases again. ‘That the observation Nr.4 has given 
a smaller proportion of polarized light than Nr. 3 must probably 
be explained by the fact that the pointing was made on one of the 
dark rifts. 

All the observations having been made through clouds the question 
naturally arises how far the result of the observations can have 
been disturbed by this circumstance. It might be that a cloud or 
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haze, like a piece of frosted glass, had an appreciable depolarizing 
influence on the transmitted light. 

An investigation about the influence of-haze on polarized light 
has been taken in hand in the physical laboratory at Utrecht, but 
has not yet been finished. As the result of preliminary experiments 
we can only mention here that most probably the measures of the 
polarization of the light of the corona have only slightly been 
disturbed by the presence of clouds. If the sky had been clear, 
the main results would have been the same. 


II. Heat-radiation of the corona. 


In a much higher degree than the light-rays the dark heat-rays 
are intercepted by clouds and haze. The conditions were thus 
very unfavourable for the measures of radiation, and this circum- 
stance is so much the more to be regretted since the observations 
have shown that in clear weather the ratio between the total radi- 
ation of the corona and the total radiation of the uneclipsed sun 
would undoubtedly have been successfully determined. 

The method of observation was very simple. A very sensitive 
small thermopile (consisting of 8 couples of alloys of bismuth whose 
total exposed surface occupied a circle of 5 mm. diameter) was 
exposed without the intervention of either lenses or mirrors to the 
radiation of a circular patch of sky of 3° diameter. 

The apparatus was mounted parallactically and could easily be 
kept in such a direction that the eclipsed (or non-eclipsed) sun 
remained in the centre of the field of 3°. 

If we take as unit the radiation which will give a deviation 
of one scale-division, when the resistance in the circuit and 
the sensibility of the galvanometer have the same values which 
they actually had during the pointings on the corona, then the 
strongest radiation we observed during our stay in the camp 
is represented by the number 1941000. On clear days (e. g. 
on the 6th of May) the observations ran very regularly. At 7558™ 
a. m. (in this section of the report we use civil time) of that day 
the radiation was 1457000; it increased with small oscillations 
caused by invisible haze to 1902000 at 12h Om, 

Not quite so regular but still very satisfactory were the readings 
on the fairly clear days of the 14%, 15 and 16% of May. On the 
17 no observations were made on account of the heavy clouds, 
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and on the motning of the 18 very discordant deviations of the 
galvanometer were obtained, clouds continually passing before the sun. 

Daring the time between the first and second contacts only 26 
determinations of radiation were made at moments when the clouds 
were not too thick. The direct radiation of the sun on the little 
thermopile at 10h 46™ 10s, (i.e. about 208 before first contact) 
amounted to 1762000. The diminution which in the case of clear 
weather could have been followed step by step, now of course took 
place very irregularly. At 12" 18™ 54s, i.e. 618 before second contact 
we observed through the clouds an intensity of radiation of 604. 

After the beginning of totality the thermopile was directed in 
succession to four points of the sky, situated to the North, East, 
South and West of the sun, each at a distance of 3° from the disc, 
and between each of these exposures it was exposed to the corona. All 
these fields were filled by clouds. The readings of the galvanometer for 
the four fields round the corona showed irregular differences (varying 
between — 9 and +1 scale-divisions) compared with the readings 
for the central field. It was not possible to derive from the oberva- 
tions an estimation of the radiation of the corona, but the numbers 
obtained seem to point to the conclusion that the radiation of the 
corona cannot be much larger than the observed differences between 
the radiation of neighbouring groups of clouds. The full moon would, 
in a clear sky, have given a deviation of 22 or 23 scale-divisions ; 
the radiation from the corona seems to be of the same order of 
magnitude. 

One thing is certain, viz. that our results cannot be made to 
agree with the opinion of DesLanpDREs that it is possible to measure the 
heat-radiation of the corona without an eclipse (C. R. CX XXI p. 660). 

After third contact the surroundings of the sun were comparatively 
clear for a few minutes, but soon afterwards the clouds came on 
again. The observations were continued at intervals to 1h 12™ when 
they were discontinued, the results being considered untrustworthy. 

The large influence of the clouds on the heat-radiation is shown 
by the fact that 8 minutes before 224 contact the transmitted 
radiation was 455, while 8 minutes after 3'¢ contact it amounted 
to 74300. 

Every precaution had of course been taken to make the instru- 
ment practically insensible for alterations of temperature in the 
neighbourhood. Alterations within the above mentioned field of 
3° diameter were the only ones that were recorded by the galvano- 


meter. 
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ITT. Absolute amount of solar radiation. 


A number of observations were made with the electrical com- 
pensation-pyrheliometer of AnastrémM on different dates and also 
on the date of the eclipse, but the great variability of the weather 
and the continual high percentage of aqueous vapour in the atmo- 
sphere are the reasons why the western coast of Sumatra is a very 
unfavourable region for obtaining good. series of observations of 
absolute solar radiation. 

The number of gram-calories per minute per square cm. on May 
18 at 105 45™ a. m. was 


Q-= 1,23. 


Very seldom a larger value than this was found during any of 
the days preceding the eclipse; only once we found 1,35. 

At Teneriffe, at a small elevation above the level of the sea 
Anestrom found Q = 1,87, the sun’s altitude being 70°. It appears 
therefore that even on clear days in the coast-region where we 
stayed the heat-radiation is to a considerable extent absorbed by 
the atmosphere. 

We intended to make observations with the pyrheliometer during 
the partial phase of the eclipse so long as the heat-radiation would 
be sufficiently intense, in order to check the simultaneous results 
of the thermopile, and to convert these latter into absolute measure. 
This end has however not been attained; owing to the exceeding 
variability of the radiation the pyrheliometer ceased to give reliable 
results soon after first contract. 


D. Amateur observations. 


The ,Directions for amateur observers” contained a recommenda- 
tion for the following operations: 


I drawings of the corona; 
II photographs of the corona; 
III photographs of the landscape during the different phases of 
the eclipse ; 
IV observations of ,shadowbands” ; 
V_ meteorological observations ; 
VI further observations about : 
a the colour of the corona; 
6 the visibility of the corona before and after totality ; 
c the colour of landscape and sky; 
d the visibility of stars. 
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Limiting ourselves in this preliminary report to those points from 
which possibly a result of some value can be derived, we will omit 
the observations mentioned sub III and VI. 

I. The drawings of the corona, of which a fairly large number 
(39) has been sent in, show much smaller discrepancies than have 
generally been recorded before. (See e. g. ABBE’S report of the total 
eclipse of July 1878). This fact must be ascribed to the care with 
which evidently the observations have been prepared. 

Probably the policy recommended in the , Directions’, and which has 
been followed up by several observers, of making one person respons- 
ible for only one quadrant, or one half of the corona, has done 
much towards securing a good result, while also the long duration 
of totality (maximum 6™.4) naturally was a very favourable cir- 
cumstance. 

In the following table the localities have been arranged from West 
to Kast. 


= a ee 
; Number of drawings : 
LOCALITY. if COREA Quality. Remarks. 
a as 
BOLE Gen INOCK cet teiletslcei 1 whole and 8 quadr. fair 
Padang Pandjang....... Die yee HS Orie good 
Karenos sagOle odes HOG) Wiberg 3 eae fair partly clouded. 
Pajacombol....--..- .2-- ay fair 
Moeara Tambesi........ AD Nifcy useless 
J WAYS So. ea coslon oot bc 1 » and 2 halves | very good 
PONG an aki pecker i: 1 « « 4 quadr, very good 
Moeara Djawa......... r fair 
SAmMAarInd ase aes cleters OW ty good | cirrus clouds. A screen 
has been used to cover 
the bright parts of the 
corona. 
SEVIS a6 coo Ga aOOr 2  y and 8 quadr. very good 
Ban day oeertetres ermine oie ‘| Reh Woke 677 fair 
Gisseranicivac ster ioc’ 304 fair 


Total 39 drawings. | 
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These 39 drawings of the corona provide, in our opinion, very 
useful data for a definitive picture of the corona independent of 
the photographs, and which may be a real contribution to our 
knowledge of the corona of 1901. 

II. Of the 69 photographs of the corona which have been sent in, 
made on all sorts of plates with all sorts of cameras, 15 appear 
to be practically useless. The quality of the others is given in the 
following table, where : 

1 means all but useless 
DEER fare 

a) ge SOOU 

4 =, very good 

5  , excellent. 

The second column gives the diameter of the image of the sun 
in millimeters. 


| | Quality. = 
LOCALITY. © € Remarks. 
| jrl2a}si4{sié 
IBA. corouacodonones 5 Wt Sy al 6 
Fort de Kock.......... 4 uy al 2 
teerereoie Racer scoot sf |) al fl 2 
Mate eek Sater epterstars ces 31/5 Age] aC 
Diambieeemere cet tr 2 4 1 
Blinjoe say. cey. acteitote ote 21/5 ‘| 5| 6 
ei Res SOOO e: Mi, 2 4 6 | film 
iPontianakerarrtrcieire 0) 4 4 
SAMETINE con so concoear Ay | A 4 2 
Dongralanaseeete ae UE |) axl Oe al 
Saparoeataace wesc otis 3l/y Dale Saleen en 
Bandas piace tes deci cero ee 11), i 
Mooeoe 00666000 5000 2/5 4 Dy || B 
Dad 4g Sha omere near 4 3 3 


Total | | LNA | Bale || aly 


| 


Further informations must still be provided about the name of 
the locality denoted by ?, The three photographs sent in from that 
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locality would have been excellent if not by an unjudicious treatment 
the sensitive film had been damaged. 


IV. Reports about observations of shadowbands have come in 
from the following localities, again arranged from West to East. 
A + sign in the 24, 3rd, 4th, 5th and 6t columns respectively 
means that the shadowbands have been observed on an horizontal 
plane, on a vertical plane, before totality, after totality, and that 
details are given about their motion. The 7 column gives some 
remarks about the cloudiness, 


LOCALITY. | hor. | vert. | before | after |motion Cloudiness. 
Morbades NOck# emits nes = ae +. + + 
Padang Pandjang ........ a. a aa + + 
Karane) Sagoren sence ol — _ — _ — | partly clouded. 
JBAECaTWS..5 panAascoesOde + + + ae a 
Moeara Tambesi ......... — — — aa — | lightly clouded. 
IDEN, nq sb000decsodeat — _ _ — — | half ” 
ISWMNGLY coda ascegceoocamn + + + + + 
Rontianakeremmrcnen «et. + — + = a 
BOentOK Pra der is. .o sot. — _ = ae = 
Moeara Tewell............ a _ + _ 4. 
Moeara Djawa........... — _— — —_ — | lightly clouded. 
Samarindamertaetts cis reielo + + a. + a / ” 
Dong palaserrriareiteci oe + _ ao + + 
POSSO ls seseuieve eo vevakecenstsa--1 6): — — _ — — | cloudy. 
SENEIOED no 00 ocd o cba ae 4. + + oe + 
TRAY Sa odoeconachoGaccs + — + aa + 
(CHEE? AS co denis bos OuaOoOI _ _ — — — | clear. 


We further append a list of the localities mentioned in this 
account, their co-ordinates and the duration of totality. 
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nS 
LOCALITY. | Long. E |Lat. 8.| 2""-|) LOCALITY. | Long. a g Dare- 
he a a 
Bandanyerieceiiaet. 129°.9 | 4°.5 | 3m,0 || Moeara Tambesi. | 103°.4 | 1°.4 | 5m.1 
Blinjoexriceerer 105°.7 | 4°.6 | 2m.0 »  Teweh.. | 144°.9 | 4°.0 | 5m.7 
Boentok.......+. 4AGSe Saleem 7a ilee bad ait neta orton 100° 3 | 1°.3 | 6m.2 
Djambinwy. epee 103°.6 | 4°.6 | 4m,3 || Padang Pandjang | 100°.4 | 0°.5 | 40.3 
Donggala........ 419°.7 | 0°.7 | 3m.6 || Pajacombo...... 400°.6 | 0°.2 | 2m,6 
Fort de. Kock.... | 100°.4 | 0°.3 | 2m.8 || Pontianak,.... Met | 1002 3 NOLS O Mian 
Gissetonc ent ae 1302.95) S29) 34 An POssO ne) pater ||) L202 Oalledeachal ecpied 
Karang Sago..... | 400°.5 | 1°.3 | 6m.4 || Samarinda...... AM lpia || (UP oa) |) igo) 
Moeara Djawa.... | 117°.2 | 0°.9 | 5.5 || Saparoea........ 128°.6 | 3°.6 | 4m.4 


V. The meteorological observations which have been sent in, will 
be discussed at Batavia. 


Utrecht, eee W. H. JULIUS. 
Le J. H. WILTERDINK. 
A, A, NIJLAND, 


(April 28, 1902.) 
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Total Solar Eclipse, 1901. Dutch Observations. Plate IL. 
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Total Solar Eclipse, 1901. Dutch Observations. 


Plate III. 


DIAGRAM OF EXPOSURES. 


40 P CLEA GL. Per Line Ze Ube Lia Mites ie 


a, Small coronagraphs. — 6. coronagraph f=3.42 M. — c. coronagraph f=11,77 M. — da. prismatic camera. 


The hatched spaces denote exposures in which BURCKHALTER Screens were used. 
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KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN 
TE AMSTERDAM, 


PROCEEDINGS OF THE MUETING 
of Saturday April 19, 1902. 


Se 


(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 
Afdeeling van Zaterdag 19 April 1902, Dl. X). 


Contents: “On the action of nitric acid on alkylated amides of p-toluenesulphonic acid.” By 
Dr. P. van RomBureau. (Communicated by Prof. A. P. N. Francwimonrt) p. 616. — 
“On some further constituents of the essential oil of Kaempferia galanga L.” By 
Dr. P. van Rompvures. (Communicated by Prof. A. P. N. Francuim ar) p. 618, — 
“On Series of Polynomials” (2nd Part). By Prof. J. C. Knuyver, 620. — “On 
the melting of binary solid mixtures by cooling.” By Prof. H. W. Bakuuis Roo- 
ZEBOOM, p. 636. — “Sraring and the coal-quaestion of Southern Limburg.” By 
Prof. J. L. C. ScororpER van DER Kork, p. 639, (with one plate). — “Bromination 
and nitration in the aromatic series.” By Dr. J. J. BLanksma. (Communicated by 
Prof. C. A. Lopry pe Bruyn) p. 643. — “On the effect as a time function.” By 
Prof. J. K. A. Werruemm Satomonson. (Communicated by Prof. C. WINKLER) 
p. 647. — “On the decomposition of mercury nitrates by heating.” By Dr. J. Myzrs. 
(Communicated by Prof. H. W. Baxuuis RoozeBoom) p. 657, — ,,Contributions to 
the knowledge of vaAN DER Waaus w-surface. VI. The increase of pressure at con- 
densation of a substance with small admixtures.” By W.H. Keesom.(Communicated 
by Prof. H. KameryineH Onnes). p. 659. — “The rotation of the plane of polarization 
in moving media.” By Prof. H. A. Lorentz, p. 669. — “The intensity of radiation 
and the motion of earth.” By Prof. H. A. Lorenrz, p. 678. — “Ternary systems” (III). 
By Prof. J. D. van DER WaALs, p. 681. — “On the infundibular region of the brain 
of Amphioxus lanceolatus.” By Dr. J. Bonxe. (Communicated by Prof. T. Puace) 
p. 695. — “The principle of Entropy in Physiology.” By Dr. J. W. Lanexnaan. 
(Communicated by Prof. T. Puace), Ist part, p. 698, 2nd purt, p. 706. — “Some 
considerations on the principles of dynamics in connexion with Herrz’s” Prinzipien 
der Mechanik”. By Prof. H. A. Lorentz. p. 718. — “On the intestinal juice of 
man.” By Prof. H. J. Hampuroer and Dr. E. Hekma, p. 733. — “On the influence 
of feeding on the composition of the fat of milk.” By Dr. B. Ssoruuma. (Com- 
municated by Prof. H. J. Hampurcer) p. 746. (with one plate.) — “The densities 
of mixtures of hydrazine and water.” By J. W. Diro (Communicated by Prof. C. A. 
Losry pe Bruyn) p. 756. — “A method for separating crystals from alloys.” By 
Dr. C. van Eyx (Communicated by Prof. H. W. Baxuvis RoozmBoom), p. 758. (with 
one plate). — “Isotherms of diatomic gases and their binary mixtures. II. The 
determination of density with the piezometer of variable volume for low temperatures.” 
p, 761. III. The isotherms of oxygen at 20°.0 C. 1596 C. 0°.0 C. p. 767. IV. The 
compressibility of Hydrogen at 0°.0 C. and 20°.0 C. determined by the piczometers 
with variable volume for low temperatures. p. 776. By Prof. H. KameritincH ONNEs 
and Dr. H. H. Francis Hynpman. 


The following papers were read: 
41 
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Chemistry. — Dr. P. van Rompurcu: ,On the action of nitric 
acid on alkylated amides of p.-toluenesulphonic acid”. (Com- 
municated by Prof. A. P. N. FRANCHIMONT). 


(Communicated in the meeting of February 22, 1902). 


Many years ago!), I communicated the results of an investigation 
of the action of nitric acid on substituted amides of benzenesulphonic 
acid which not only revealed an easy way of preparing dimethyl- 
nitramide but also the peculiar fact that one ot the ethyl groups 
of diethylamide became replaced by NOg. FrancHImMontT and KLOBBIE 
have afterwards demonstrated that the substituted amides of ethyl- 
sulphonic acid behave in quite an analogous manner. During the 
action of nitric acid on the amides of benzenesulphonic acid the 
benzene group remains intact. I now wanted to ascertain in how 
far the reaction would be affected by the introduction of a methyl 
group into the nucleus, just as I had done before in the case of 
substituted anilines, and I studied the reaction first of all with the 
amides of p.-toluenesulphonic acid. 

These amides, like those of benzenesulphonic acid, are readily 
prepared by acting on the chloride with an aqueous solution of 
the amines. 

Monomethyl- and ethylamides of p.-toluenesulphonic acid have 
already been described by Remsen and Pater, the first compound 
melting at 75° and the other at 58°. I found the respective melting 
points to be 76—77° and 64°. 

I obtained dimethylamide as a beautifully crystallised substance 
melting at 76° while diethylamide melts at 59—60°. 

If monomethylamide is dissolved in fuming nitric acid of sp. gr. 1.48 
two products are formed which may be separated, although with 
difficulty, by recrystallisation from alcohol. The one melting at 
116° proved to be a nitro p.-toluenesulphomethylnitramide, while 
the other melting at 60° was p.-toluenesulphomethylnitramide. When 
using a very concentrated acid of sp. gr. 1.52 we get exclusively 
nitramide nitrated in the nucleus; with an acid of a sp. gr. below 
1.48 more of the readily melting substance is formed but the for- 
mation of the substance with the higher melting point is not entirely 
prevented. Nitric acid of sp. gr. 1.4 seems to be inert. 

Monoethyl-p-toluenesulphamide behaves quite analogous towards 
concentrated nitric acid; with an acid of sp. gr. 1.52 a nitro- 


1) Rec, Trav, Chim. Pays-Bas 3, 7. 
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p-toluenesulphoethylnitramide (m. p. 76°) is exclusively obtained. 
Strong sulphuric acid decomposes it with evolution of N,O and a 
nitro-p.-toluenesulphonic acid is formed, the barium salt of which 
crystallises with 2 mols. of water. 

The dimethylamide of p.-toluenesulphonic acid yields with nitric 
acid of sp. gr. 1.48 dimethylamide melting at 57° while diethyl- 
amide yields with an acid of sp. gr. 1.5, amidst oxydation pheno- 
mena, a product which is liquid at first but solidifies after some 
time. When recrystallised from aleohol a product is obtained which 
melts at 76° and appears to be identical with the above mentioned 
nitramide nitrated in the nucleus, as obtained from the monoethyl 
compound. 

Nitric acid of sp. gr. 1.52 has scarcely any oxydising action on 
the diethylamide, the product being again nitrated nitramide. After 
pouring the mixture into water and distilling a liquid product is 
obtained which sinks in water (ethyl nitrate). 

The properties of the said barium salt rendered it probable that 
the nitrogroup had occupied the ortho-position in regard to the 
CH; group. To make sure of this, I have endeavoured to prepare 
the nitrated nitramines by a method which showed with certainty 
the position of the nitrogroup in the nucleus. I first of all pre- 
pared a nitrotoluenesulphochloride by acting on nitrotoluene with 
HO-SO, Cl; the product treated with ammonia yielded an amide 
melting at 140°, but the amount obtained left much to be desired. 
Even the action of PCl; on the potassium salt of a sulphonic acid 
prepared by acting with fuming sulphuric acid on nitrotoluene 
(which yielded two isomers) did not produce the chloride in sufficient 
quantity to prepare the substituted amides. The action of ammonia 
produced two amides one of which melted at 141°. 

By acting on p.-toluenesulphochloride with absolute nitric acid 
a nitroderivative was obtained which could be recrystallised from 
petroleum ether when the temperature of the surroundings was low, 
and melted at 45°.1) With ammonia it yielded an amide melting 
at 143°. 


1) Fr. Réverpin and P. Crépreux BB. 34 (1901) 2993 state that they have obtained 
the same substance by nitrating p.-toluenesulphochloride with a mixture of nitric and 
sulphuric acids. It melted at 36° but could not be recrystallised. They found the 
melting point of its amide to be 144°, this confirming the result obtained by ANNA 
Wo.xow. In the literature at my disposal mention is only made of the wrong 
statements of Orro and Griser who found 128°, I had already obtained my results 
when the paper of RiveRDIN and Criereux appeared. 
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In this nitrated chloride the position of the nitrogroup is known, 
as it is also formed from o.-nitrotoluene. 

I have prepared the corresponding amides by acting with mono- 
methyl- and monoethylamine on this. 2. nitrotoluene. 4. sulpho- 
chloride. By treatment with nitric acid the methylamide gave the 
above mentioned nitroparatoluenesulphomethylnitramide melting at 
116° and the ethylamide gave the analogous ethyl compound melting 
at 76°. . 

During the action of nitric acid on the alkylated amides of para- 
toluenesulphonic acid, the reactions in regard to the amido-group 
are analogous to those observed in the case of benzenesulphonic 
acid; a nitrogroup, however, readily enters the nucleus and occupies 
the ortho position in regard to the CH. Consequently 2. nitro- 
toluene. 4. alkylnitramide sulphonates are also formed. 

An extensive communication on the numerous compounds obtained 
during this investigation will shortly appear elsewhere. I intend 
to state on a future occasion the results of the action of nitric acid 
on the two other isomers of toluenesulphonic acid. 


Chemistry. — Dr. P. van Rompurcu: ‘On some further consti- 
tuents of the essential oil of Kaempferia Galanga L.” 
(Communicated by Prof. FRaANCHIMONT). 


(Communicated in the meeting of February 22, 1902.) 


On May 26th 1900, I had the honour to present to the Academy 
a communication on the ethyl ester of p.-methoxycinnamic acid, the 
chief constituent of the essential oil of Kaempferia Galanga L. 
(Kentjoer, Mal.). Since then, I have continued the investigation of 
the liquid portion of that oil and tried in the first place to identify 
the nature of the second acid which I had found in it. Its purifi- 
cation, when contaminated with p.-methoxycinnamic acid, is not an 
easy matter and it must be recrystallised many times from water 
and alcohol before obtaining a product with a constant melting point 
(133°) which proved to be cinnamic acid. The acid may be more 
readily obiained pure by distilling the liquid essential oil in vacuum 
and saponifying the fraction boiling at 155°—165° (at 30 m.m.). 
The acid thus obtained at once showed the right melting point. | 

The alcohol formed during the saponification of that fraction proved 
to be ethyl alcohol so that the Kentjoer oil consists to a large extent 
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(about a quarter of its volume) of ethyl cinnamate. Von MILLER !) 
has found the same ester in liquid storax. 

The isolation of the pure ester from Kentjoer oil is very difficult 
as it is accompanied by a few other products one of which is very 
indifferent and has nearly the same boiling point. An effort to isolate 
the ethyl cinnamate (m.p. 12°) by cooling failed, for when placed 
in ice nearly the whole of the mass congealed which is no matter 
for astonishment, as it afterwards appeared that the indifferent admix- 
ture melts at 10°. 

If the fraction boiling at 155°—165° (at 30 m.m.) is treated 
with 80 percent alcohol, this dissolves the ester while the other 
compound floats on the alcoholic solution. By repeating this treat- 
ment a few times, I succeeded in obtaining an already fairly pure 
ester which was still further purified by partial freezing. A quantita- 
tive saponification and an elementary analysis showed, however, that 
it was still contaminated with a compound richer in carbon and 
hydrogen which also somewhat decreased the specific gravity. The 
odour and the boiling point, however, were the same as those of a 
specially prepared specimen of ethyl cinnamate. The compound 
readily absorbed bromine but before the required amount has been 
taken up the liquid assumes a splendid violet colour?) which on 
further addition of bromine becomes green. 

The portion of the essential oil insoluble in alcohol which also 
turns violet with bromine was freed from small quantities of ethyl 
cinnamate by heating with alcoholic potassium hydroxide which 
became dark coloured and, consequently, the treatment was repeated 
a few times. After distillation of the purified oil a colourless liquid 
was obtained which turned the plane of polarisation 7° to the left, 
when using a tube of 200 m.m. Placed in ice, it solidified to 
leaf-shaped crystals melting at about 8° which, however occluded 
some liquid product. By draining the crystals and remelting them 
a liquid was obtained which turned only — 5.5°. The further 
purification would not have given much trouble on a cold winter 
day in Europe but in the vapour-saturated air of the tropical climate 
it has taken much patience and labour to finally obtain by the 
freezing process a liquid which only feebly turned the plane of 
polarisation and hardly turned green with bromine. To obtain it 
still purer it was treated with a solution of bromine in chloroform 


1) Ann. d. Chemie 188, 203; vaN Irattiz, Ned. Tijdschr. v. Pharm. 13, 103, 
2) This reaction reminds of that for myrrh, 
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until coloured yellow; after removal of the chloroform it was washed 
with alcohol and aqueous potassium hydroxide and finally distilled 
in vacuum. The distillate showed a feebly- green colour which 
disappeared by shaking the liquid with a little concentrated sulphuric 
acid which became dark in colour. In this way was finally obtained 
an inactive, colourless and odourless liquid which boils at 267.5° 
(738 mm), solidifies completely when placed in ice and melts at 10°. 
Its sp. gr. taken with the Westphal balance at 26° was 0.766. The 
elementary analysis and cryoscopic determination (in phenol) agree 
with that of a hydrocarbon of the composition C,; Hypo. 

Of hydrocarbons with this empirical formula only one is known, 
namely normal pentadecane prepared by Krarrr!) the physical 
constants and properties of which agree in a remarkable manner 
with those of the described substance and I, therefore, do not hesitate 
to declare it identical with the hydrocarbon isolated from the essen- 
tial oil of Kaempferia Galanga. It constitutes more than one-half 
of the liquid portion of the oil. 

I hope to communicate within a xeasonable time the results of 
the investigation of the compound which turns violet with bromine, 
of the terpene present in the essential oil and of asubstance remind- 
ing of borneol, after I shall have again at my disposal larger 
quantities of the essential oi] which is now being prepared. 

I have to thank Dr. Lone who has assisted me in this investi- 
gation with much zeal and patience. 


Mathematics: — ‘On series of Polynomials” 24 part. By Pror. 
J. C. KLUYVER. 


(Communicated in the meeting ot March 29, 1902). 


4. To the region of convergence of series VII for tang—'x the 
greatest possible extension can be given by making @ approach 
unity. Then the region G, is transformed into a band limited by 
two parallel lines through the two singular points +7 and —i, the 
common direction of which is entirely determined by the argument 
of a—1l. Now we will examine how, still by application of the 
auxiliar function 

= (a—l)a . 
a—uwu 


the region G, is formed, when an arbitrary function 7’ («) characterised 


1) Berl. Ber. 15, 1700, 
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by any number of singular points 4; is to be developed into a series 
of polynomials, 
As region of convergence Gj, is to be considered the portion of 


z-plane situated within the circumferences of circles with radii 
A 


a— 


will be 


Aj 
and centers — are (fig. 4). The development into a series 


4 Tey 3) = 
Awa) esses 


m=] a"; — 


m Fay (0 
(m1), ak (a—1)k , (VII) 


and, as in the case of series VII, the mark will always be greater 
than l:a. Only in «= 0 this minimum value will appear. So it 


Fig. 4 


is necessary to suppose |a|>1. A division of G, into the two 
regions G,' and G," does not present itself. 

The form of G, for a approaching to 1 is remarkable; the circles 
enclosing G, at the same time transform themselves into right lines, 
making in the singular points 4; with the radii vectores of these 

a Tt 

aa 

These right lines enclose a polygon, coinciding with Mr. Borg’s 

“polygon of summatility” in the case of a—1 positive and real, where 

the angle « is a right one. At the limit such a polygon, whether 

that one of Borgt or another the sides of which form an acute 

angle ¢ with the radii vectores of the corresponding singular points 

A;, forms the region of convergence. But, Ho bme-a—1, for any # 

all the terms of the series VIII become infinitesimal ; then the series 
converges with the mark unity i.e. infinitely slow. 


points in the same direction of rotation an angle e= arg — 
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Now here the question presents itself, if it be possible to bring 
a given point # within the region of convergence by an appropriate 
choice of the parameter a. It is immediately -seen that this question 
is to be answered in the negative, when « is a point of the prolong- 
ation of the radius vector of one of the singular points 4j, i.e. of 
one of the rays of Mirrac-Lerruer’s star. Furthermore a geometric 
construction can give a complete answer. It is necessary to construct 
arcs of circles passing through any pair A;, 4z of singular points, 
the prolongation ot which passes through the origin. By considering 
this figure it will be seen that a development into a series convergent 
for a given point « is possible or not, according to the radius vector 
of this point intersecting none, or one or more of these arcs 4j, Az. 

In such a manner it can be proved that the development (VIII) 
is to be made convergent in any point «, if all the singular points 
A; lie on a right line through the origin. In particular this result 
can be applied to the series (VII) representing tang—! « The para- 
meter a can be determined in such a manner that the double circle- 
segment of fig. 3 includes any point z. 


5. We have but to make a slight modification in the development 
(VIII) in order to find certain other regions of convergence, which 
presented themselves in the investigations of BOREL. 

Given F(x) by means of a power series, which can be decomposed 
into m various power series in a. We put 


k=n—1 
F)= = ak yy (2). 
r=0 


These new functions xz(z) have not only the singular points 


A; of F(z) in common, now the new singular points 
Qari 4mit Cri 
Ave ® VA;e® Are a 
also make their appearance. Other singular pointe ASS are none. 
We again take the function 
a—l)u 
gw = i 
a—u 
1 
and consider px (zg(u)") as before we did F(xg(u)). It is only seem- 
1 
ingly that gz (vg(u)") is not holomorphic in u=0; gx (2) being in 
1 
reality a function of a* we can treat ¢z(ag(u)" ) as we formerly did 
F(xg(u). 
For gx () we now find instead of the TAGE (VIII) 


M = 0 h=m ade ) 


Pk (7) = gx (9) + OTA (os = eer Tere — 


ain (q—1)h, 
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so that we can really represent F(x) as the sum of n series of 
polynomials. We shall arrive at 


k=n—1 k 


— 


k=0 k ! 


m— 0) | hm 


k=n—1 (hn +k) (0 
= (m—1),-1a@(a—1)2 Sak — ( ) ) 
Fhe ee al k=0 (An + k)! 
which result may also be written as follows: 
h=n—1 FCA) (0 
Bey gs io 
= h! 
m= 


1 k=mnt+n—1 


F®(0) Fi 
= (m—)) ——— gh (a—1) 
h=n [A]— h! 

h 
The sign | indicates here the integers of h:n. 

n 


meal qm 


The region of divergence G, of this series consists of the complex 


of the images of the circle unity in the u-plane made with the aid 
of the successive equations 


Ca 
a—u 
and for the convergence in a point 2 itis necessary that the condition 
or An | a Ayn | 
a—l j rie 
is satisfied. 


Fig. 5. 


For a definite singular point A; on account of this inequality « 
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is limited to a closed figure, containing the origin and the boundary 
Qt 47 
of which passes through the points 4;, 4je™, 4je" ,.... In 
the supposition »=3 and that a has a fixed, real and positive 
value that closed figure is given in fig. 5. The part common 
to all regions constructed in this way is the region of convergence 
G, of the series (1X). What becomes of Gy, if a is allowed to approach 
1 in some way or other? The closed figure in fig. 5 expands, the 
boundary opens and, a being real, passes finally into the curve 
Q" Cos n (O6—«a;) = 17". 

So we see, that the greatest extension which the region of con- 
vergence G, of the series (IX) with a real a can ever attain is the 
inside of the curved polygon of summability of BoreL, whose sides 
are all arcs of some or other of the curves 


¢" cos n (O—a;) = rj". 

By allowing complex values also for a, the region of convergence 
can undergo here again certain modifications. In fig. 5 we can neutralize 
by this the symmetry in respect to the radius vector of 4;, and speak- 
ing generally we can cause the region of convergence G, to expand 
more or less in a fixed direction. Such a modification will also present 
itself for a complex a if | a| approaches to 1; besides the curved 
polygon of Borex there are others of which the sides are not sym- 
metrically inclined with respect to the corresponding radii vectores of 
the singular points 4;. 

Of the development (IX) we will again give a simple example, for 
which we again take tang—' « as the function to be developed. 

We obtain, if n is taken equal to 2, 

tang-1 = 2 g (2), 
and the function ¢o() is missing. 

The development (IX) here becomes 


taig-2=ep = &S (ma41)\24 (ly ae (eit 
mat a" jal 2h+1 
: tang—! @ = 2 + 2 =a “— = a au a ee in 
tela, ec ara 
5 | ee 


The development has to be compared to development (VII). The 
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region of convergence G, is in this case easy to construct. The 
function tang-1 % has in the finite part of the plane the two singular 
points +7 which are situated already symmetrically with respect to 
the origin. Therefore only ‘one condition of convergence has to be 
considered here, namely 
1 
a—l | = 
For our ease we shall consider only real values of a. The mark 
of the series 1: 2, we can then find by solving 2, from the equation 
1 a 1 
a—l1 lee 
According to the mark of the series the points « are arranged 


a 
ae — 


Ma 


x — 


. . ° 1 e 
im G, on confocal lemniscates with the foci + Vo =. The region 


G, is closed by the lemniscate 


2 — : ee : 

a—l a—1 
passing through the singular points +72. By taking R, equal to a we 
find the lemniscate 


1 


a—l 


1 
ee 
having a node in the origin. This lemniscate divides G, into two 
parts G;’ and G,", and within the two loops the mark of the series 
is fixed and always equal to 1:a. Outside them (fig. 6) the mark 
rises from 1:a to 1. 


ee 


Tig. 6. 


If the parameter a approaches 1 the lemniscate by which G, is 
bounded opens, to pass finally into the equilateral hyperbola. 
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e? cs 290= —1. 

In the same moment all terms in (X) become infinitesimal and 
the development of the series loses its significance. 

We will once more calculate tang—! « and inquire after the best 
value of a, always supposing that a must remain real. In the point 
#=1 we have 

1 ase 

Rnmae 
and this mark not being able to fall below 1:a, the best develop- 
ment will be had for a=8. That series will be 


wrnaig [3] +gl-344] 4 


’ 


Ble edd aoe 
rAf-de5 4) eee 
Derg a ge een ig Gig 
+3|-4 = +4 —6. 58 gg 3 9 wea 


By writing i 
1 


m=o |] 
tang 1=1—2 2 cade dz, 
m=1 
we easily get convinced of its Shien The terms written out give 
together 0.7854, that is in 4 decimals the value of tang— 1. 
The six first terms of the power series for tang! 2, i. e. 
the only ones which were used here, would produce together 0.7440. 
The function log(1+2*) has the same singular points as tang—! z. 
The region of convergence for the series of polynomials deduced 
from (LX) agrees with the one just considered. We have 
m= © 1 
log (1-29) =! -[p—-2 (a—1)"—1], 


m=1 man 


and for s=1 and a=38 we get 


1 

1 2's” : oe: 
ae MASS Mk ake Lala tS). ot 
= hao (2h-+1) 3241 oe 12 


; : ; Li 
that is a series which really bears the mark ae 


6. Though after application of the simple auxiliary function 
(a—l)u 
hile 
in many cases extensive regions of convergence can be obtained, 


as is evident from the preceding, after development of an sgtces 
function F(z) there will generally be a limit to the extension of G. 
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There exist, as Mirrag-LEFLER has shown us, series of polyno- 
mials, which have, whatever F(x) may be, an almost unlimited 
region of convergence and for which the region of divergence 
shrivels up to a group of right lines, namely the rays of the star 
belonging to F(x). Such series of polynomials are not to be con- 
structed by making use of an auxiliary function g(u) everywhere 
uniform. We must choose for g(w) a function holomorphic within 
the circle | «|= 4, which shows somewhere on the circumference 
of that circle an algebraical or logarithmical singularity fit for that 
purpose. 

Each singular point A; causes a certain part G,; of the region 
of divergence G, to appear, namely the image made in the z-plane 
of the circle unity in the u-plane with the aid of the equation 

x g(u) = A;. 

We have now to act in such a way that this image can be 
reduced to an exceedingly narrow loop drawn from the point « = oo 
round the ray of the star of MitraGc-LeFFLER passing through 4;, 

By this demand we are more limited in our choice of g(u), but 
yet undoubtedly auxiliary functions of a most divergent nature are 
still possible. A very simple auxiliary function g(u) which allows 
of the observation of all important phenomena, even though it does 
not furnish perhaps in all circumstances the most converging series 
of polynomials, is the function 

a 0 ee 2A) cM ee Cel Cd 
9 () Tegan Le eee aera 
wz and /? being here positive real fractions. The function is 


1 
uniform within the circle | u | =—> 1 and the conditions g (0) —0, 
4 
Pg 
g(1)=1 are satisfied, if the power (1—su)? for | u | aa is defined 
in such a way that its argument is naught with real u. The quan- 
1 : : 
tity — takes here the place of the quantity 4. 
fe 


The selected function g(u) we substitute into (V) and we obtain 


1 Mao h=m 
== Laan PPAR Hee 
I—z# Desh) yess 
1 m (— eye 1 m 
= h— — —fP \h 
Lak Vie» (EN ade ATS UGa DE (1—t? jr. 
It is perhaps simpler to write here 
1 m= h=m a \h 
eee Ss (ayes Cma( = ) se fees EXT) 
1—« m=) h=1 iV 


Then 
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Cm, — — (Pym e 
Cn, k= — (hy (Pm + (de (27m — (4)s (33)m+ .- ++ +(— 1) (hm, 
whilst we can calculate successively these coefficients, with the aid 
of the general identity 
k=m—h+j 
Cn, = oe Ck. j Oe h—j « 


The coefficients, appearing in the first seven terms of the series 
of polynomials, follow here. 


mls Gy = — 3, 
M2 Con —— ka Pp (2—1), C29 — Nyce 
1 
WB C31 — 6 es (?—1) (/? —2), C32 = [?? (?—1), C3,3 —— fore 


1 1 
m=4. Car = — 5 B(B—1)(B—2)(B—3), Co = P?(B-1(TB-11), 


43 =— is ps (8—1), Cas = fi, 


m=5. C51 = Se 1)(6—2) (#— a (G—4), 
C52 = “ /?? (2—1) (A—2) (8 B—S), 
633 = — = f3(8—1) (6 B—1), C4 = 2 8? (A—}), 
: Cs5,5 i ish 
m=6., Con a 720 (? are (f—2) (f—3) (/3—A4) (f—5), 
Ces = 559 — 3 (8—1) (A—2) (31 6?—132 2 + 187), 
Coa = — |B (B—1) 8 BB) 2 8-8), 
1 
Coa = | ABI) (13 B17), Css = — = 898-1), 
CoGe= ya" 


ant. Oy =— 7 f(B—1) cS (8-8), (8—4) (B—5) (8—6), 
Cra = 45 6 (B—1) (8-2) (B—3) (8 B—1), 
Cra = — 55 BBN) (B—2) (43 (141 8 +116), 
O14 = — ft (@—1)(10 A229 + 21), 


5 
Cy =— i /3>(B8—1) (4 B—5), Cre = 3 6 (?—1), 
Ci = f". 
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If we consider how the region of divergence Gy is formed, that 
is in what way the «circle is represented in the z-plane by the 
equation 

De) (area)? 
& eee rt 

we then come to the conclusion that for each point « within the 
circle or on the circumference of the circle only one point « of Gz is 
found and reversely. So G2 is a region simply connected, enclosing 
x—=c and divided from the region of convergence G, by a closed 
curve not cutting itself, passing through «= 1 and enclosing the 
origin. Evidently the curve lies symmetrically with respect to the axis 
of the real quantities. We now extend the circle unity in the #-plane 
and consider how on account of that the image of this circle extends 
in the #-plane, 


1 ; ; 
As long as | «| is < — still a single point « remains belonging 
le 
to one point wu and reversely. So the rim in the u-plane between the 
Ll. 
circles with the radii 1 and — is represented point for point on an 
Mt 


annular region G," surrounded entirely on the outer side by Ga. On 
the inner side G;," is closed in by the representation of the circle 


el _ a curve still passing round the origin and with an angular 
u 
point in the point «=. The angle is directed towards « = 0 and 


has the value of (a (fig. 7). So of the w-plane remains after deduc- 


Fig. 7. 


: ; Pee 
tion of the regions G@, and @," another part, the region Gy’ containing 
the origin and extending in the direction of the real axis from 


=——-—— to w=—N. 


2°—1 
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For the points « inside this region G,' the equation 
ag(u)=l1 


1 
can be satisfied only by values of u with modulus greater than 7 


1 
and as g(u) becomes multiform for | «| < — the series of polyno- 
lt 


mials (XI) will have the mark « in each point of Gj’. 

By the following consideration we can form an idea of the exten- 
sion of this region G,' for different values of # and «. On the line 
oN as chord we can describe in the z-plane on either side two 


: : ae 1% 
circle segments, each of which containing the angle e The common 


radius of the segments is NV: 2 sin & and each point # in one of 


the segments has the property 


r— N N 
: == a ard: ha 
x 2 


As the argument of (l—«u)* for every value of w within the 


es arg. 


> 


70 
° and + Be bs relation 


; = deb 
circle with radius — can vary but between — as 
lu 


N 
1— — = (l—w u)8 
v 
or 
eg(u)=1 
is not satisfied by a single point « within the segments for | u | = 


From this ensues that these two segments will always form part 
of the region @,' and this allows us to easily oversee the extension 
of the region Gj’. 

If we wish to deduce from (XI) the development of a given function 
F(x) with the singular points A; = 7r;e” we must then successively 
apply the transformations (#,4;«) to the region of convergence 
G, = G+ G," just found (i. e. we must let those regions rotate 
round «= 0 through an angle a; and we must let the radii vectores 
increase in a ratio of r;: 1). 

That which is common to the transformations G,,;" of G,' or to 
the transformations G,;" of G," forms for F(x) the region Gy' or G,". 
As g(u) has no points of infinity within the circle with a radius 
1:, we need not take heed of a singular point at infinity if this 
makes its appearance in F(z), 
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We will now first of all indicate how by a modification of the 
parameters « and ( the region of convergence @ of the series (XI) 
can be extended indefinitely. For that purpose we put #=1 and 
use the auxiliary function 


g (u) = 1 — (1—a)8. 

The region of the rim G," has disappeared. The region G,' covers 
the region G; entirely and bounds immediately on G,. The angle 
@x in the limitation is found in e=1 (fig. 8). Within Gj’ the 
mark of the series 


=1+4 = (—1)™ = Crm, vt 
l—z m=1 


be 


S 
a 


lee, Ge 


is everywhere equal to unity and the region of convergence G'; con- 
tains two circle segments, now described on the line 01 as chord 


abus IU 
on either side of that line, each of them containing an angle oe 


It is clear what happens if we allow ? to approach to naught. 
The region G'; expands and if we but notice the segments becoming 
larger and larger, we shall see that finally every point « can be 
brought inside G’, except those points situated on the line of + 1 

to +o. 
Passing on to the development of an arbitrary function /’(«) we 
come to the conclusion: ei taking @ small enough the development 
| im FOO) | 


F(«) = F(0) + = = (=m Oma thy s+. (KMD 
or written in full 
PE —{P)h 
a ee 
F@)=FO+ SE (-tp Sat OO 
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can always be made to converge with the mark unity in every point 
of the &-plane, if only this point is not situated on one of the pro- 
longations of the radii vectores drawn from the origin to the singular 
points. 

If we wish to include in the region of convergence all the points 
of MirraG-LeFrFLER’s star, we must allow 6 to approach to naught; 
in this case however we see immediately out of (XII) that all terms 
of this series become infinitesimal, so that in each point x the con- 
vergence with the mark unity becomes infinitely slow. 


7. To this result we will add another and no less important 
one. The supposition “ —=1 could furnish series only, which were 
convergent with the mark unity; we shall now show that series can 
be formed which converge with a lower mark in a given point 
«=e, if only G is finite and the argument 6 gives with each of the 
arguments A; = r;e a difference with a finite sinus. For this pur- 
pose we make ($ approach to naught and obtain in this way the 
auxiliary function 


__ log(l—weu) 
ILD log (1—u) . 


If it regarded the development of 1:1—z, then the form of the 
regions G», G’, and G'; would still be about the same as was given 
in fig. 7. In the meanwhile tugether with / the original quantity 
N=1—(1—w)’ has disappeared. The limitation of G' has no longer 
an angular point but now a cusp in «=0. The state is that of fig. 9. 


. 4 . s 1 
Inside G'; are now two entire circles with the radius — log ; 
1 l—u 
and the series (X1) has passed into 
m 
i a es h=m 2 h Des loght 
== = (—uyr => (| ——— 
1—z m=1 ( “) pl ae mi! ens 
Putting 
™m 
h 
Des log f 
——_— = Ena 
Mm: 
then 
=i) 
Em, becomes ori J ; 
m 


and we have again 
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k=m—h+j 
Emh = 2  Exyj En—z,r-;- 


Here follow the first terms of this development. For 1:log(1—,) 
we have put c. 


1 1 1 
=l—u (xe) — (= *e— 280?) — (sre 2 4 v8) — 


l—x 
1 ASK 3 
eee gy hee eee ne ee ONO a atone 
(> 2 Sor. Ac) 


7 
—u (sae — ee ae 3 ¢3 — 2 atch + wb e® ) 


1 137 45 7 5) 
— i (= re ate Melen a G7) ees ee ee 6 \— 


1 7 29 
oe i ae oe 


ff 
-- ce rt Le ates — 3786 + a 2c ) Seal ER epee Me (XIV) 


If we a now ne a given point « =ge# inside the region 
G', of fig. 9, then this is always possible, if only @ is not naught. 


be 


Fig. 9. 


For by making / increase, the circles inside G’; always become larger 
and it will even be possible to make 2 lie on the circumference of 
one of these circles or inside it. For this it is only necessary, that 


2) 
eo <—log sin 0 
= ii 1 


1 
x 
—" 
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or that we assume 


ya) 


Eola ee 


For a finite @ and sin@ not approaching to naught, we can always 
have a series (XIII), converging in the point 2 with a mark, giving 
perhaps a very small but yet certainly a finite difference with unity. 
The demonstration would not hold good for = 1, that is for negative 
real z Meanwhile in order that in a certain point « the series may 
converge with the marks uw, it is no necessity that one of the 
circles of fig. 9 includes the point; it suffices if 2 lies in G’) and 
as now the boundary of G’, cuts the real axis on the left side of 
w=0 at a distance 


log 2 
it is clear that also for negative but finite 2 there are series (XIII) 
which converge with a mark decidedly smaller than unity. 


Suppose we have z= —1, we then find from 
l 
it l—u 
wl, 
log 2 


1 
that the series (XIV) converges still just with the mark a for 


in the point s=—1. By verification we find 


ree 
we om aerioge 
1 


3 =! —0.71874-0.8407 —0.1752+ 0.0861 —0.0439-+ 0.0216—0.0107-+. 
The quotient of the successive terms is already immediately fairly 


1 
equal to > and the sum of the caleulated terms is 0.5009. 


If we now pass to the development of an arbitrary function / (x) 
on the ground of the development XIII we have but a slight diffe- 
rence to bring about in the reasoning. For « point =e the 
successive values 
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have to be calculated when 6—a2; differs from 2. Should 6 become 
equal to aj-+-7 the value w; must be replaced by 


p 
4j = 1—2 ats 
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The greatest of all these values ; is assigned to the parameter 
# of the development (XIII) and in the point 2 the series for F(z) 
will have the mark yu. 

In nowise will the series obtained in this way have the lowest 
possible mark ; the reasoning served only to show that for finite ¢ 
and for O=|=a@; there are series, converging in « with a mark deci- 
dedly lower than unity. 

This argunent does not hold good for those points 2, situated exactly 
between the origin and one of the singular points, let us say Ax. 

For that case we must return to the development of the series 
(XI). We have now still at our disposal the two parameters ze and , 
and we begin to arrange these in such a manner, that the given point x 
lies inside the region G',,, which by the transformation 

(x, Ay x) 
is deduced from the region G', of fig. 7. For this it is necessary 
to have 
Neds = 
77 

Further we allow ( to decrease in such a way that the point x 
arrives inside the segments into which the segments of fig. 7 by the 
remaining transformations 

Gare) 

pass. In other words we put for all singular points, except the one 

point Az, the inequality 
Nir; ‘ 
| stn (O—ayj) | - 

° 270 

Se 
Very decidedly this inequality is satisfied if @ satifies the condition 


e< 


3 ; 
sin— < a | sin (O—a) | . 
2) Ub 

A finite value of « differing from naught is found from all these 


inequalities ; after that we take 
1 


(e 
w=1—(1-—) 6 
rk 


and we may be quite assured that the series deduced for /(#) out 
of (XI) shall converge in the points + with the mark wu. 

So finally it is possible to construct a really convergent series of 
polynomials in each point # of the star. Only on the rays of the 
star the convergence becomes infinity slow and so the development 
becomes worthless. 
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Chemistry. — ,On the melting of binary solid mixtures by cooling”. 
By Prof.. H. W. Baxnurs RoozeBoom. 
(Communicated in the meeting of March 29, 1902). 


The phenomena which may occur when mixtures pass from one 
state of aggregation into another are as a rule of a much more 
complex nature than those which take place with a single substance. 
For this reason a number of cases have been discovered in which 
the succession of the states of aggregation is wholly or partially reversed. 

The earliest known instance is met with in the phenomenon of 
retrograde condensation, where a binary liquid is first formed from 
vapour by increase of pressure at a constant temperature and then 
passes again into vapour. 

A similar reversion occurs with ternary liquid-mixtures when 
these on evaporation first deposit a solid substance and then redissolve 
the same. ') 

We may also consider in this light my recent communications on 
saline solutions with two boiling points.*) Here, the possibility of 
a solution commencing to boil by cooling was shown to exist. 

I will now mention a case where a binary mixture first solidifies 
on cooling but then again partly liquefies by further cooling. 

The possibility of such a phenomenon first occurred to me during 
my theoretical study of the changes of binary solid mixtures. °) 

Among the large number of types which I then distinguished 
were found a few instances (lc. fig. 15 and 20) where mixed 
crystals, on cooling, undergo a transformation and break up into 
another solid phase and liquid. For want of some detailed example 
of transformation of mixed crystals, I did not further investigate 
these special cases although it seemed to me that one of these 
might possibly be found during the study of the so-called liquid 
crystals. A case where mixed crystals occurred in the liquid crystalline 
condition had been investigated shortly before by ScHENCK who had 
found such a mixing between azoxyanisol and benzophenone. My 
surmise has now been completely confirmed and Mr. pgr Kook who 
is engaged with a dissertation on this subject has had the good 


fortune to meet with a very striking example in mixtures of 
azoxyanisol and hydroquinone. 


1) ScHREINEMAKERS, Zeit. phys. Chem. 10.467 and Monr ibid 27.214, A good 
many allied examples are found in binary and ternary systems with two or three 
liquid-layers. 

*) Rep. Meeting 28 Dec. 1901. 

8) Zeits. phys. Chem. 30. 413 (1899). 
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A 5 10 15 20 25 30 B 
Mol. 9/y 


In the above figure AB represents the proportions of azoxyanisol 
(A) and hydroquinone (B); the vertical axis represents the tempe- 
rature. Substance B has a melting point at D : 169°. Substance A, 
however, which is solid below H (condition Ag) passes above H = 114° 
into the condition of liquid crystals A, which may be recognised by 
the eye as an apparently turbid liquid which passes at C = 135° 
into an isotropic clear yellow liquid. 

If the liquid erystals are really looked upon as crystals for which 
there are sound reasons, then C is the melting point and £ a transi- 
tion point from .A; into Ag. 

In the liquid condition A and B are completely miscible above 
C and D. Below these temperatures, the mixing-limits for the diffe- 
rent concentrations are CH, HK and KD. 

On the line DK commences the separation of 4, on HK of solid 
A, (K=106° and 25 mol. %)), but on the line CH liquid mixed 
crystals are deposited. Consequently, to CH a second line CG must 
be added which shows the composition of the adjoining liquid mixed 
erystals. This line is the key to the important phenomenon which I 
have in view. The formation of the liquid mixed crystals takes place 
regularly on cooling any liquid-mixture below CH and is completed 
below CG. The clear liquid has then completely disappeared and has 
made room for the liquid crystals. 
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The region in which these mixtures exist does not however extend 
below the line EG. For in E the transformation takes place of 
pure azoxyanisol from A, to Ag. In the mixed crystals this tempe- 
rature is lowered in an increasing degree with the concentration of 
hydroquinone; this causes the fall of the line HG. From the liquid 
mixed crystals, azoxyanisol is separated in the ordinary solid con- 
dition A, by cooling below EG ; the remaining mixed crystals succes- 
sively move towards the point G. This, however, is the lowest point 
of the triangle CHG within which mixed crystals are possible. 

At this temperature, 111.6°, they already exist in presence of solid 
A, and can also exist in presence of the liquid H. As below the line 
FGA, solid A, can only exist with liquids HK, the mixed crystal 
G must, on further cooling, be transformed into solid A, and liquid 
H; this indeed happens. The phenomenon is the most striking if one 
starts from a concentration corresponding with G. The formation of 
liquid mixed crystals then takes place from g to G and on further 
cooling the transformation: liquid crystal G — solid # + liquid H 
immediately takes place. The liquid again appears, not however G 
but H, therefore of modified concentration and also in a more limited 
degree because some solid A, is deposited at the same time. 

The relation of liquid to solid is as F@: GH and as G and 7 
respectively belong to 8.75 and 10 mol. °/, of hydroquinone the cal- 
culation shows that 87 °/, by weight of the total mass returns to 
the state of liquid 4. The phenomenon is the more striking because 
the formation of the liquid crystals from g—G took place within a 
small temperature-interval (3.5°). The great ease with which mixed 
crystals undergo change when in the liquid crystalline condition 
renders it probable that the phenomenon will often present itself 
with mixtures in which substances of this kind occur. 

A condition is, of course, that the line EG must intersect the line 
CG, or expressed in the language of the theory of the dilute solutions, 
that the depression of the melting point C by the admixture of the 
second substance, is sufficiently larger than the depression of the 
transition point EZ. Since, as far as is known, the heat of transform- 
ation at C is many times smaller than that at E (about 40 times 
in the case of azoxyanisol), therefore the molecular depression 


0.02 7? 


qg 


in which q represents that heat, will be much greater for point C 
than for point Z, even when taking into consideration that in the 
calculation the concentration GH must be taken in the first and FH 
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in the second case. The necessary condition for the appearance of 
the phenomenon will, therefore, easily be satisfied. 

The above phenomenon is one of retrograde solidification if 
we consider the liquid crystalline condition as a solid. 

Fortunately another instance has been found recently with mixed 
erystals which are solid in the ordinary meaning of the word. 

With the aid of my theory, Hyycock and NeviLLE when inter- 
preting the results of their studies on the solidification pheno- 
mena of alloys of copper and tin, have come to the conclusion 
that a mixture containing 27 atom °/, of tin which solidifies 
between 720°—633° to homogenous mixed crystals, breaks up when 
the lower temperature is passed into the solid compound Cu; Sn 
(25 at. °/, of Sn) and a liquid containing 42 at °/, of Sn. Calcu- 
lation shows that a maximum of 6.5 °/, by weight may again become 
liquid below 633°. Whether this quantity of liquid metal would 
be visible between the crystals is perhaps doubtful. As the inter- 
pretation in question was only brought to light after the experiments 
were finished, it could only be proved by a microscopical examination 
of the completely solidified mass, that at 633° a partial liquefaction 
of the previously solid mixed crystals had taken place. 

The theory of phases has here again explained the exact connection 
and there is no doubt that the liquefaction of binary mixtures by 
cooling is not an extremely rare phenomenon. 


Geology. — “Srarina and the coal-question of Southern Limburg.” 


By Prof. J. L. C. SCHROEDER VAN DER KOLK. 
(Communicated in the meeting of March 29, 1902). 


Lately the coal-fields of Southern Limburg have repeatedly been 
discussed, also in the report of the Royal mining commission, 
instituted April 17%» 1899. 

The name of Starina is however invariably omitted, and the 
result of his researches simply laid aside. Therefore I wish to point 
out, in this paper, the extent of all that was known to Srarine, 
already full forty years ago. I wish to do so, not only from a 
feeling of justice towards StaRinG, for much that now seems new 
to us, was already known to him, but also because to my opinion, 
his knowledge may be of use to us, even now. 

The principal object of this paper is, clearly to bring out Srarina’s 
standard of knowledge, at the time, so I shall almost exlusively 
make use of his statements. I borrow those statements from: Plate 
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26 Geological Atlas, and from the second volume of SraRrNa’s well 
known: “Bodem van Nederland.” 

To give a clear survey of the whole, I have drawn out a map, 
of what he states, and made a profile of it. 

On this map and likewise in mentioned plate, of Srarine’s Atlas, 
we find in the south-east of the Netherlands, a very old formation 
“devone” indicated by the letter D: This devone runs in an almost 
straight line parallel with carbon, bordering on it, as is marked in 
our map. The direction of the border-line is almost north-east, a 
very important one in the Limburg coal-fields. 

A look at the map, will show at once, the importance of that 
direction. For everywhere in this carbon, we find narrow 
seams of devone, and all those seams run in mentioned direction. 
The border-line between devone and the younger formations, 
cretaceous and the tertiary ones, is very irregular. On the stretch of land 
the cretacious mapped out, three tongues stand out clearly, that of 
Kohlscheid, that of Sippenaken and that of Aubel. Those three 
tongues stand almost straight on mentioned devone seams. 

Of the two features, the seams and the tongues, SraRine furnishes 
us with the explanation. 

We shall begin with that of the seams, running north-east, as 
we saw. 

Those seams are the result of folds, through which the devone 
forms anticlinal folds, the productive carbon being formed in the 
synclinal folds. So roughly speaking we may say that, when we 
are somewhere in the productive carbon, we shall continue 
being there, as long as we move north-east or south-west; we shall 
however soon get into other layers, when we move north-west or 
south-east. The other feature, that of the tongues, is not quite so 
easily explained. 

In vol. II of his “Bodem van Nederland” Staring however mentions 
a number of faults which run through our coal-fields. Those faults 
just as the longitudinal axis of the tongues, stand as a rule, at 
right angles, ov mentioned seams. The direction they have in common, 
already points towards the possibility of a common origin. Those 
faults I have marked in our map, according to the indications, 
given by STarina and numbered from I—VIII. Of the five first, 
the spot is more or less accurately known; with number VI, there 
exists some uncertainty, as to the spot, whereas the numbers VII 
and VIII are not directly mentioned. On the whole may be said 
that those faults are the better known, the more east they are. 

Let us now see what Srarine knew of those faults and how far 
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they influence the position of the coal-beds. ‘To give a distinct 
survey of STARING’s statements, I have united them in a sort of 
“profile’. One must however bear in mind, that this “profile”, 
does not give what really is, only what Srarina thought it to be 
as we know from his “Bodem van Nederland”’. So e. g. in the “profile’’, 
the faults are drawn vertically, which is certainly contrary to fact 
(whereas the coal-fields are drawn horizontally; the older anthracite 
in thin, the younger, bituminous-coal in thick-lines), 

So we have to deal with the following faults: 

I. In the neighbourhood of Eschweiler, we find a big fault, 
the so called Sandgewand, which runs parallel with the Miinster- 
gewand. 

II. Very remarkable is the presence of bituminous coal, so of 
that of younger strata, east of Kohlscheid and Kerkrade, which are 
known for their anthracite, a product of older strata; the former are, 
at the very least, lying 40 ell deeper than the latter. 

At the time of their formation, the position of the beds was of 
course horizontal, the younger covering the older. 

The cause of the present strange position is, the fact that the 
beds, which lie east, have sunk, and those which le west, have 
risen, in a line, running parallel, with the one we just mentioned 
i.e. that of Kerkrade to Corneli-Minster. This fault, called Miinster- 
gewand, commences in the coal-valley of Hschweiler and Stolberg 
and runs on as Feldbiss, (a few hundred ells) north of the domain- 
mines of Kerkrade. At the top of the slope, to the right, of the 
valley of the Worm near Pley, south of Kerkrade, the outcrop of 
the fault lies bare. 

According to what we now know of the direction of the Feldbiss, 
the coal-bed which has been found in the Berenbosch, near Kerk- 
rade, lies east. 

This Feldbiss evidently forms the east border of the Kohlscheid 
tongue. 

IIJ. Another fault must be somewhere near the valley of the 
Molenbeek, near Kerkrade. The coal found, by boring west of that 
valley, is truly anthracite, just as that of Kerkrade, but it seems to 
belong to quite different strata and not to those of Kerkrade, although 
one might presume them to be a continuation of those. Not impossible 
however it is that they are the outrunners of those of Kerkrade. 

IV. Further there is a considerable fault more or less in the direc- 
tion of the road between Heerlen and Aix-la-Chapelle. At the one 
side of it at Spekholzerheide, the level of the coal-beds, covered by 
tertiary layers, lies (one hundred and eighty ells) higher than it does 
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a few minutes farther, west of the road, near Frosschenhéuschen 
(Vrusschehueske), where cretaceous layers cover it. 

This latter fault (IV), probably forms the west border of 
the Kohlscheid tongue. Its continuation towards the north, appears 
from the sharp, straight line, on SraRinG’s map separating the 
cretaceous from the tertiary formations. The northern continuation 
of this tongue, constitutes the most valuable coal-beds of Dutch Limburg; 
therefore it is advisable, not to omit trying to get from STARING as 
much information as we can, on the subject of the other tongues. 

V. More westward still, at Bochholtz, we find the coal-strata some 
hundred ells, or thereabout, higher than at Frosschenbduschen. 

VI. Also the valley of the Zelzerbeek or the heights between Bocholtz 
and Bommerig, must hide a great alteration in the level of 
the coal-strata, the lowest layers of the coal formations lying more 
than sixty ells higher than the younger layers of the coal-formation 
at Bocholtz. 

The exact spot of this latter fault, can consequently only vaguely 
be indicated; it is even very well possible that in the stretch of 
Jand, between Bocholtz and Bommerig, there is more than one fault, 
I confine myself however to what STARING says, and in order not to 
make our ‘profile’, too complicated, I have marked only one fault. 
If we wish to limit ourselves to but one, the most probable spot 
seems to me the outrunner of the east border of the tongue of Sip- 
penaken, and for more than one reason. The line n.l. runs close 
to Bommerig of which place Srarine tells us the following: 

“Of importance also may become to us, the metal ore, which we 
know to occur beyond our frontiers in the coal-strata and between 
them, likewise, between those of the Devonian groups, those traces 
of ore, already having been found near Bommerig. In 1856 the Dutch 
mining-company found galena in the neighbourhood of Bommerig at 
a depth of sixty-five ells‘. 

That ore, in Belgium, principally occurring in the faults, the pre- 
sence of ore, near Bommerig, makes the existence of a fault there 
probable. When moreover, we lengthen out that line, farther north-west, 
it crosses the environs of Valkenburg of which Starina says: 

A considerable fault, presumingly of fifty to sixty ells has been 
found in the southern part of the quarries of Valkenburg. 

VII. There is every chance that also the west-border of the 
tongue, at Sippenaken, will prove to be the result of a fault. 

VIII. The east-border of the tongue of Aubel has probably also 
something to do with a fault. This opinion is at any rate supported 
by STARING, who states the following : 
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At Mesch, at a depth of thirty three ells and at Bannet, near Mheer, 
at a depth of one hundred and nine ells, sand-stone and coal-slate 
are found. 

This considerable difference in level would be explained by 
fault VIII. 

From the information we have gained from StTaRInG, two con- 
clusions may be drawn: In the first place, it will be advisable not 
to limit further researches in Limburg, to the tongue of Kohlscheid 
and its immediate surroundings, but to extend them to the other 
two tongues, especially to the one of Sippenaken. It is true there 
does not seem to be much chance of finding coal at the latitude on 
which Bommerig is situated but the very absence of productive 
carbon increases the chance of finding ore, whereas the seamlike 
construction and also the comparison with other spots add to the 
chance of there being more north, perhaps on a latitude with 
Valkenburg, a fresh synclinal fold, containing productive carbon. 

The tongue of Aubel, on the other hand is probably of less 
importance to us, since, on that latitude we are on Belgian territory. 

The second conclusion relates to a border-line, mentioned in the 
Report of the Royal-mining-Commission, instituted on April 17% 1899. 

In this Report mention is made of “a probable border-line of 
the productive coal-beds”, a line which from Bocholtz bends to 
Valkenburg and from there runs north. As will be seen, that line 
touches the tongue of Sippenaken, and it is very well possible and 
according to my opinion even probable, that west of that line 
coal-beds will be found. 

The Hague, March 29% 1902. 


Chemistry. — ,Bromination and nitration in the aromatic series’’. 
By Dr. J. J. Buanksma. (Communicated by Prof. Lopry DE 
BRUY)). 


(Communicated in the meeting of March 29, 1902). 


In a previous article!) a few particulars were communicated on 
the bromination and nitration of some derivatives of phenol and 
aniline. Attention was then called to the fact that the nitration of 
aniline derivatives containing the group NH, presents difficulties 


1) Rep. Meeting 25 Jan. 1902. 
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but that this readily takes place with derivatives of methyl- 
aniline; for instance m.-nitro-methylaniline was readily converted 
into vAN RompurGa’s tetranitro-phenylmethylnitramine. Several 
observations have already been made as to the bromination and 
nitration of methylamine derivatives and it seemed of importance 
to further extend the same. 

Vausew !) has shown that methylaniline readily yields a tribromo- 
derivative, while van RompBurGH’”) has obtained trinitro-phenyl- 
methylnitramine by nitration of methylaniline. Van RomBuras *) 
has also proved that if the o.- and p.-positions are occupied by a 
CH3-group only two NO,-groups are introduced. The same has 
been demonstrated by Grimaux en LEFEVRE *) for the group OCHs. 

The object of my research was to ascertain the influence exer- 
cised on the further substitution by the occupation of ortho- and 
para-positions and also of the meta-positions of methyl and ethyl 
derivatives. The first substance examined was p.-nitro-methylaniline 
obtained by heating p.-chloronitrobenzene with methylamine in 
alcoholic solution for 4 hours at 160°. By treatment with nitric 
acid of sp. gr. 1.52 it was directly converted into trinitro-phenyl- 
inethylnitramine. A treatment with 1 mol. of bromine in glacial 
acetic acid gave 2-bromo-4-nitro-methylaniline, m. p. 118°; with 2 
mols. of bromine 2.6-dibromo-4-nitro-methylamine, m.p. 113° is 
obtained. 

By the action of nitric acid the first compound gave 2-bromo- 
4.6-dinitro-phenylmethylnitramine. m.p. 125°, the last one gave 
2.6-dibromo-4-nitro-phenylmethylnitramine, m. p. 84°. 

o.-Nitro-methylaniline, obtained like the para-compound from 
o.-chloronitrobenzene is converted by the action of nitric acid into 
trinitro-phenylmethylnitramine. Bromine converts this substance 
first into 4-bromo-2-nitro-methylaniline, m.p. 101° and then into 
4-6-dibromo-2-nitro-methylaniline, m. p. 100°. Treatment with HNO, 
gives 4-bromo-2.6-nitro-phenylmethylnitramine, m. p. 109° and 
2-4-dibromo-6-nitro-phenylmethylnitramine, m.p. 90°. 

On treating oxyethyl-dinitrobenzonitrile (1.2.4.6) in alcoholic 
solution with methylamine or ethylamine the OC.H;-group is replaced 
by NHCH; or NHC,H;. By the action of nitric acid of sp. gr. 
1.52 on these substances, the hydrogen combined with the nitrogen 
is replaced by NO, and consequently the corresponding nitramines 
are formed. In the same way it was shown that when a Cl-atom 


1) Journ. pract. Chem. (2) 48. 315. 
*) Rec. 2. 108. *) Rec, 3.:392.° *) UC. RB. 112, 727. 
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occupies the para-position, the as yet free ortho-positions get occupied 
by NO, and the hydrogen in combination with the N is replaced 
by NOs. If, however, a COOH-group occupies an ortho- or para- 
position in regard to NHCHs; this will then be replaced by Br or NOx. 
If a chlorine or bromine atom occupies the meta-position in regard 
to the NHCHs (obtained by treating chloro- or bromodinitrobenzene 
with methylamine) these groups will have no influence on the further 
introduction of bromine atoms or nitrogroups. 

We therefore, see: 

1°, That on bromination of methyl-(ethyl) aniline derivatives, 
the free ortho- and para-positions are always occupied by bromine, 
while the hydrogen atom linked at the nitrogen is not attacked. 
The same happens during the nitration but there the hydrogen- 
atom of the NHCH3-group gets replaced by NOs. 

2°, that a carboxyl group in an o.- or p.-position is replaced by 
Br or NO, with evolution of COg. 

3°. that the occupation of the meta-position by other groups 
(NO., Cl, Br, CH3) has no influence on the introduction of bromine 
atoms and nitrogroups in ortho- and para-positions. 


In the previous communication it has already been observed that 
during the bromination and nitration of phenol and aniline deriva- 
tives, the NOg-groups and halogen atoms probably first enter into 
the side chain to shift later on towards the nucleus.') One might 
call this substitution of the hydrogen atoms of the nucleus an 
indirect substitution in contrast to the direct substitution which 
takes place with benzene and substituted benzenes containing the 
groups COOH, Cl, Br, NO,, SO3H, ete. 

We then see that: 

1°, indirect substitution as is well known, takes place very 
readily. Phenol and aniline, for instance, are readily nitrated, or 
brominated by dilute nitric acid or bromine water; the direct sub- 
stitution is much more difficult (nitration of benzene, nitrobenzene, 
chlorobenzene etc.) 

20. during the indirect substitution, the substituents always occupy 
the ortho- and para-positions in regard to the side chain; during 
the direct substitution meta-substitution products are also formed, 
sometimes by preference. 

3°, during the indirect substitution it is possible to replace some 


1) Bunge, Anv. Supp. 7. 117. (1869). ARMsTRONG, Soc, 77, 1047. Caarraway and 
Orton, Soc. 79, 274. 
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groups by others. COOH,!) CH;*) CH,OH *) and SO;H *) when 
in ortho- or. para-position in regard to OH may be replaced by 
bromine with formation of tribromophenol. A chlorine atom may, 
by indirect substitution enter in the place of bromine (HANTSCH, *) 
Cuartaway and Orton®) while chlorine may again in turn be 
replaced by NO, (ARMSTRONG ”) 


OH OH OH 
oa Ne eee Ore 
be - 
| 
As Dk 
S0,H NOs NO; 


A group COOH may further be replaced by C;,H;NN and also 
by NO. 

We, therefore, see that during the indirect substitution the follo- 
wing groups may successively replace each other: COOH, SO3H, 
Br, Cl, NO,; the nitro-derivatives are, therefore, the most stable so that 
the phenol derivatives finally produce picric acid and the methyl- 
aniline derivatives trinitro-phenylmethylnitramine. In the direct 
nitration a similar substitution is not noticed; benzoic acid and 
benzenesulphonic acid are nitrated and halogenated without elimination 
of the COOH or SO3H-group. 

In the same manner, tribromobenzene (1.3.5) yields on nitration 
successively mono- di- and trinitro-tribromobenzene without any sub- 
stitution of bromine atoms taking place; a behaviour totally different 
from that of tribromophenol. 

The group CHgs behaves in many cases analogous to OH, NH, 
and NHX. It is not impossible that we meet also here with 
indirect substitution, witness the researches of AUWsRS, ZINCKE and 


1) Benepixr, Ann. 199. 128. 

2) BauMANN and BrikcEr, Ber. 12. 804. 

3) Auwers and Burrner, Ann. 302. 1383. 

*) p.-Pctassium phenolsulphonate readily assimilates three mols. of bromine, the 
liquid remains clear and slowly deposits tribromophenol (more rapidly on heating). 

5) Ber. 80. 2334, 33, 505. 

*) Journ. Chem. Soc, 1901. 823. 

") Zeitschrift 1871, 516. 
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BaMBERGER where the investigated substances generally contained 
one or more CHs; groups next to OH. 

It should also be pointed out that in tribromo-mesitylene the Br 
atoms may be replaced by NOs, while dimethylmesitylene yields 
dinitro-mesitylenenitramine with NO, groups in the meta-positions. 
(Kiopsix ), 

The particulars of this research will be published in the , Recueil”, 


Physiology. — “On the effect as a time-function.” By Dr. J. 
K. A. WeRTHEIM SaLomonson. (Communicated by Prof. C. 
WINKLER). 


(Communicated in the meeting of March 29, 1902). 


In the course of three former communications we have considered 
the relation between the magnitude of effect and stimuli of different 
intensity. In its strictest sense the law there formulated by us, is 
valid only in cases of momentaneous stimuli, where the effect appears 
after the stimulus has ceased to act. 

The following essay will consider the manner in which an effect 
proceeds — the way it changes perpetually from one moment to 
another, whether under the influence of momentaneous stimuli or of 
lasting constant stimuli. 

Considering the effect as being due to the transformation of chemical 
substance, we may admit with GULDBERG and WAAGE that the rapidity 
of this transformation will be proportional to the available quantity 
of transformable substance. If the amount of the latter may be 
represented by W, then: 


Sree eese (EVV Bist oteo 1e-was Tstigese suo 4 UE) 


Now let us examine what will be the amount of this quantity 
W in general. Firstly we may admit that at the moment ¢ there 
is in store a certain quantity of transformable substance P. 

But we are dealing with living protoplasma. 

After activity of the protoplasma we know that products of 
fatigue will have been formed. These will gradually disappear and 
be replaced by fresh substance. In general it is a most plausible 
supposition that the quantity of new transformable substance sup- 


1) Rec. 6, 3]. 
43 
l'roceedings Royal Acad. Amsterdam. Vol. 1V. 
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plied at each moment, is proportional to the quantity of fatigue- 
substance in store. As the latter has been originated by the trans- 
formation of transformable “energy-substance”’, the available quantity of 
“fatigue-substance” may be supposed to be proportional to the whole of 
the hitherto operated effect, the final consequence being that the supply 
of fresh “energy-substance” at each moment is proportional to the 


hitherto transformed quantity. This may be represented by @ if Pdi. 


Finally there exists still a third cause for the continual change 
undergone by P, i.e. the influence of the stimulus. This change may 
be considered to be a time-function, and represented by f(t). 


Thence we abtain: 
W= Pe (PaLsOw. - oreo 


By transposing this value of W in the equation (1), we obtain: 
dP 
= (G+eP +s) =ePt+ ut [Part afl) aaa) 
which produces after differentiating: 
EP. dP dP 
—(qeteGtro) ses taaPtas 


or after a slight transposition: 
a@P dP 
ae +(@+rA— +esP=ef@+f"O. . .-. @) 


The solution of this equation is: 
af ()+f" @ 5 
ap+(@+—)D+D ©) 


A and B representing constants and D and D® the operators 


d a 
(cr) and (=). 
The last term of the second member can be solved only when 


the numerator is known, viz. when we know what form of stimu- 
lation has been applied. 


P= Ag—# + Be—ht + 


I. In the very first place let us consider what will happen in 
the case of the stimulus having acted only for avery brief moment 
and then ceasing. This implies the existence of a certain quantity 
of stimulation-substance no longer altered by a fresh supply; our 
f(t) thus being constant, whilst f'(¢) and f"(t)=0. In Uae 
the last term may be omitted, the solution of the equation becoming 
consequently : | 


P= Act Bet, , , 1 BRE) 
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From the initial condition, that ¢ being =0, P too we will be 
= 0, it follows that A = — B, the formula therefore will stand finally : 
PeeAWeribceatyi) ©. } cena l-< £6 (7) 


II. In the case of our making use of a constant stimulus, the 
quantity of stimulation-substance supplied in each particle of time 
will be the same, consequently : 

J) = Cyt and (0) == Cy “and f7(t)'= 0. 

In this case the third term of (5) becomes: = Z = C, the for- 

mula therefore standing as follows: 

P= Ac—*t+ Be-*t4 C 
in which, keeping in view the individual significance of both 
exponential functions, we must again take B as a negative value, 
thus obtaining finally: 

P= Apt— Be-*t#+C. . 1... (8) 

If once it has been proved that the expression of an effect 
caused by a stimulus may be represented by a differential equation 
of the second degree we cannot allow any restriction about the 
coefficients « + 8 and @@, as we may easily imagine circumstances, 
occasioning such alterations in the values of these coefficients, as 
would make impossible the solution of (4) in the form of (5). This 
will be the case if we take for our coefficients the arbitrary values 
2q and &*. Anticipating therefore on this right we alluded to before, 
we will now introduce these new constants. The equation in its 
most general form then will stand thus: 


a P Eo 
orem horas Lt: Paap iy Breet, Aa (9) 


In this formula we have also put g(t) directly for the stimulus, 
and will distinguish again between the two cases of p(t) =0 and 
g (t) = constant. 


TII. In the case of y(t) = 0, (9) will become: 
or dP 
dé dt 
If here &? < g?, the solution (6) will follow from this differential 
equation. 
If on the contrary k® > qg®, we may write the solution in this form : 
P= ee cont | Dendy. ss (11) 
As it follows from the initial condition that ¢ being = 0, P= 0, 
we obtain: 
Veemete ISU s te we sie le (A) 


in which : 
43* 
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IV. Lastly, if p(t) = Cj, the differential equation becomes : 
d*P dP 
——— —_ 2 == C ° ° e . ° ° 12a 
et 4G the PH (12a) 
of which the solution is: 
P=¢{Asinat+ Bosat}+C.... . (13) 


In the foregoing we have deduced a few relations, to the number 
of four, all of which may be maintained on theoretical grounds. 
We next intend trying to investigate whether there exist any facts, 
likely to lend some support to our views. To this purpose we will 
examine the facts concerning each formula separately. As a matter 
of course however, we ought to state beforehand, that in these brief 
and ,provisory” communications, opening a new and most extensive 
area of research, it will be possible only to give superficial indications, 
complete proofs being wholly out of the question. 

Ad. I. The course of an isotonic muscle-contraction shows a 
striking resemblance to the curve represented by (7). Of course this 
does not imply that practically the course of an isotonic muscle- 
contraction may be expressed by our formula (7) as it stands here. 
Still there do exist a few points indicating the possibility of deducing 
from our formula an appropriate expression. We know that a con- 
traction does not begin simultaneously at all parts of the muscle ; 
it begins at one point, whence it extends itself over the muscle like 
a wave. During this process some parts of the muscle are slightly 
stretched befure contracting. Consequently a certain space of time 
shall necessarily elapse before the shortening commences, or at any 
rate before it may be observed at the end of the muscle. Starting 
now from the supposition that on a definite point of a muscle an 
effect appears in the form indicated by our formula, subsequently 
extending itself gradually over the whole of the muscle, we have 
got a few indications enabling us to proceed afterwards to a theore- 
tical treatment resulting in an expression, rendering with sufficient 
accuracy the course of the contraction, as observed practically : 
an expression therefore, in which the fact is taken into consideration 
of a certain space of time being required for putting into motion 
the mass of muscle and the writing-apparatus fastened to it. 

Literature offers much information on this subject which we 
might quote in corroboration of our theory. I have only to recall to 
mind the views on the nature of muscle-contraction, put forward by 
Fick, Herine, Scuenk, Gap and others. 
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At any rate the question possesses the merit of actuality, and 
I intend trying to elucidate it move fully afterwards. 

All that has been said here about the muscle-contraction, may be 
said to apply also, with a slight alteration, to the course of the 
one-phased action-current of muscle and nerve, which possesses 
likewise a latent period. 

Ad. II. With formula (8) the case is far less doubtful. In this 
formula is expressed the effect of a biological constant stimulus. 

The effect is formed by three components. Of these three the first 
term expresses the ever-diminishing magnitude of the effect, if 
no assimilation takes place. The initial magnitude therefore is 4. As 
the final magnitude is represented by C, it follows B = — C, and the 
formula is altered to: 

Pe Ae a ey (14) 

In this formula the first term may be considered as dissimilation 
or exhaustion-term, whilst the second represents the assimilation- or 
restoration-term. 

Therefore we may call « the dissimilation and @ the assimilation- 
modulus. 

Both these moduli are constants only in a mathematical sense, 
i. e. for each special case of stimulation. They may be different 
however for each succeeding case of stimulation. 

The whole of the effect is moreover still dependent on the magnitude 
of stimulus, in the manner explained in our former communications. 

We may therefore add still another factor to formula (14), obtain- 
ing then finally, as a complete representation of the relation between 
magnitude of stimulus, time and effect : 

P= {l—s-v(R—<) {A e—t + B(L—e-#t)} . . (15) 

For very small particles of time the second factor in (15) is 
transformed into A, and we again obtain our original law about the 
relation of stimulus and effect, which indeed, as is proved now, 
prevails only where instantaneous stimuli are concerned. Other- 
wise after a brief space of time the influence of assimilation and 
dissimilation will make itself felt. 

As we remarked before, the moduli @ and 6 are magnitudes, 
differing for each particular case. ‘The more or less rapid appearance 
of fatigue will be dependent, amongst other causes, on the effect 
or perhaps directly on the magnitude of stimulus. Very often 
however there will occur circumstances, exerting their influence 
on the magnitude of effect, independent of the magnitude of stimulus, 
e.g. the temperature of or the weight lifted by a muscle, 
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We ought therefore still to consider what will happen in the 
case of @ and.f being altered. | 

To that purpose we will examine the curve represented by the 
second factor of (15). 

In the first place we find the curve to possess a maximum for : 


oe es, Pep ek 
beta cad win 8B Su MiG al EO ( ) 
This maximum will be reached the sooner in proportion as @ 1s 
greater and 6 smaller. Consequently in the case of a great dissi- 
milation the maximum will soon appear. It even may appear, 
t being = 0; in other words: the curve in this case descends from 
the very first, whilst in the case of @ being small, it ascends at 
first, to descend subsequently. Furthermore the curve possesses @ 
point of inflexion at: 
1 aA 


= eens Berth ate etiNts 7 
eccwey: In PB . (17) 


The curve first turns its concave side to the axis, to continue 
convex to the abscissa. 

Finally the curve possesses an asymptote B, where the assi- 
milation is therefore in perfect equilibrium with the dissimilation. 

For the particular case « = 6 and A = B, the curve is transformed 
into a straight line. 

Constant stimulation of muscle. When a muscle is stimulated 
directly or indirectly by a faradie current of constant rhythmus 
and constant intensity, we may speak of a constant stimulus, and 
the views we put forward just now, may find their application. Indeed 
the tetanuscurve shows in its course all particulars that are to be 
deduced from (15). This fact may be observed still more clearly, 
if the rhythmus is protracted until it becomes so slow that the single 
contractions appear without uniting themselves to tetanus. We then 
perceive the ascending period of the curve (the staircase), reaching 
rapidly a maximum, and subsequently descending. 

Circumstances, dependent on the magnitude of the constants, may 
sometimes occasion alterations in the course of the curve. Some- 
times the curve may be seen to descend immediately, at first slowly, 
then more rapidly, and at last again slowly. At the end of the curve, 
when the stimulus ceases, we always, if the muscles be not too much 
exhausted, observe a line answering very nearly to the formula: 


V=me-.~. ‘or sete aed, “Sh Bet Pirouee stern (18) 
This follows directly from (7). 
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If the restorative power of the muscle may not be called infinite, 
e.g. in the case of the dissected muscle of a frog, B is no longer 
a constant, but an ever diminishing magnitude. For in this case the 
quantity of protoplasma, destined to replace the fatigue-products, is 
no longer maintained by the supply of blood, keeping the 
freshly supplied substance in equilibrium with that consumed, but the 
quantity is limited and continually diminishes. Here therefore we 
shall have to alter the assimilation-term in such a manner that for 
the constant 8 is substituted a term steadily decreasing in 
magnitude, e.g. Be-s, 

Probably in so doing we shall obtain an expression offering a 
more accurate represention of what practically oceurs. 

The formula then will become: 

P= (1 —¢P){ Ac_,.+ Be-g#t (1 — em}... (19) 

In the case too of a muscle receiving a regular fresh supply of 
new substance, it may occur that this supply is conveyed less 
promptly than is necessary for even a minimum of regularly 
performed labour. In such cases there will come a moment, when 
no more work can be done. Yet fresh substance is continually 
supplied, and after some lapse of time the moment may come 
that the stimulus is enabled anew to transform a sufficient quantity 
of protoplasma to occasion one or more contractions, which however 
will soon cease again. In this way we obtain finally rhythmic effects, 
to be classified partly under the range of groups III and IV. 

In formula (15) we have given an expression for the action of 
a biological constant stimulus. We tay likewise make use of this 
formula in the case of the stimulus being only physically constant. 
Such is the case e.g. with the constant galvanic current. As we 
know, this stimulus possesses only an initial effect, soon descending 
again. This denotes a and A being very great, whilst B is small. 

In this case we may without any inconvenience simplify the 
formula by neglecting the term containing B. If furthermore we 
restrict ourselves to a small intensity of current, and may conse- 
quently take R and P to be proportional to the intensity of current, 
this latter being represented by z, the formula will finally stand as 
follows : 

Pa AteK4t pe (20) 

This is the law established and proved by Hoorwsa. As however 
for currents of great intensity we are not allowed to neglect the 
B-term, (15) offers a complete and more correct image of the action 
of a constant current upon nerve or muscle, explaining at the same 
time the possibility of tetanus in the case of stimulation by stronger 
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constant currents; it is not necessary therefore to regard this tetanus 
as caused by polarisation. 

Constant stimulation of sense-organs. For "stimulation of muscle, 
the views expounded just now, may be proved right in a very simple 
manner. For that purpose we only need to measure a number of 
tetanus-curves, taken under different circumstances, and to test the 
results to our formula. Indeed I intend this to be my first task, 
immediately after publishing this very suceinct, theoretical paper. 

But the matter becomes far less simple whenever sense-organs are 
concerned, because in that case it is impossible to give an objective 
representation of the intensity of a stimulation-effect. We cannot 
here do more than search for facts, to support the once established 
theory. For the moment I will confine myself to the following 
facts. 

Ear and eye. According to our theory in the case of very feeble 
stimuli being used, an increment of effect will be observed when 
the stimulus begins to act. Practically this is an acknowledged fact. 
It has been discovered repeatedly, and is known well enough espe- 
cially to those who have occupied themselves much with X-rays. 
If a thoroughly reposed eye begins to regard a radioscopic image 
on a fluorescent screen, it will see indeed the whole of the screen 
illuminated, but only after a few seconds it will begin to distinguish 
the image more clearly. (This fact must be distinguished from 
the improvement of sensation acquired by the mon-reposed eye in 
regarding a fluorescent screen, this improvement being achieved far 
less rapidly). 

URBANTSCHITSCH found also that feeble tones of a tuning fork were 
not immediately heard in full intensity, but that it needed therefor 
a certain space of time, dependent on the intensity of the sound. This 
space of time may amount to 1 or 2 seconds. In the Réntgenroom 
1 observed repeatedly that a space of time from 1—3 seconds was 
needed to obtain with the well-reposed eye a good sensation of a 
feeble fluorescent image. These facts were regarded hitherto as 
“Bahnuugserscheinungen.” Probably it is partly through this summation 
too that must be explained the long latent period in the case of 
feeble stimuli of temperature acting upon the skin. And in all 
probability in the same way the summation of feeble stimuli of touch 
causes the sensation of titillation and may lead to a tickling-reflex. 
The feebler the stimuli the more time will be the prominent 
feature. 

Finally we can deduce from our formula an expression for sestor- 
ation of fatigue. Researches concerning this point have been made 
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for the sense of sight by AuBERT and lately by means of radioscopic 
experiments by BECLERE. One glance at the curves of AUBERT will 
show us, that in ali probability these curves may be expressed with 
very sufficient accuracy by the term of restoration in our formula (4). 

Formula (15) offered us a complete image of the course of the 
magnitude of effect. For very feeble stimuli this formula can be 
greatly simplified. We know that for minimum-stimuli magni- 
tude of stimulus and effect are nearly proportional, consequently we 
may, without committing a mathematical error, apply the time-factor 
to the stimulus instead of applying it to the effect. Moreover with 
such small stimuli the dissimilation may safely be neglected. We 
may then write for the effect : 

P= pRiA 1 (eal \]— ip Cols ute dats an(21) 

Where subminimum-stimuli are concerned, if t=0,ApR< pC. 
Through the influence of B(1—e—*), after a sufficient time having 
elapsed, the formula will be transformed to: 

P= RAR) aC SS a, Ge?) 
in which it is possible that p(A +B)R>pC. In other words: 
circumstances may occur, rendering it possible that subminimum- 
stimuli still cause an effect, if only the duration of their time of 
action be long enough. The truth of this fact is known so well, 
that it would be useless to give instances here. 

Now we are enabled also to explain the initial deviation from 
our law, mentioned in the three former communications. WALLER 
demonstrated in his essay that, concerning the sense of sight, the 
graphical representation of the relation between stimulus and effect 
resembled somewhat the shape of an §, stretched longitudinally. 

This lower curve, placed convex to the z-axis, is perfectly explain- 
able by the fact, that we were dealing with time-stimuli, causing 
the subminimum stimuli still to operate an effect. 

I think I may refrain here from an alteration in a formula 
expressing this curve. This much only I wish to indicate: that 
this might be possible e.g. by substituting for the constant c in 
our stimulation-law an exponential function of #; the latter then 


would stand thus: 
Gare) 
—BR—«\1—« peste Pasttts teh e( 28) 
P=A(/1l—s \ 
I give this formula here because it may be maintained on purely 
physical grounds, because at the same time by means of it we may 
get indeed some conception about the nature of the constant c, about 


the threshold-value; and this conception shows us the threshold- 
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value behaving entirely like a counter E. M. F of polarisation, which 
as we know, -according to Bartoti may be represented in the 
manner indicated here. i 

In a former essay we have demonstrated the addition of stimuli 
to be a corrective, by means of which feeble stimuli were observed 
to act with greater intensity than in the case of their being only 
of short duration. Meanwhile we have seen that with stronger 
stimuli the effect diminishes very rapidly. In this way the possibility 
occurs, that the relative differential threshold-value will remain fairly 
constant over a comparatively large part of the curve, and that for the 
sharp bend, mentioned in my last communication, will be substituted a 
slower and more regular course of the curve. For the moment I 
cannot enter into details concerning this point. 


Ad. III and IV. As a necessary consequence of the manner of 
deduction, chosen for these equations, we ought to postulate the 
existence of rhythmical effects, under the influence of instantaneous 
and constant stimuli. The occurrence of similar effects in physiology 
is beyond any doubt. Among the most convincing proofs on this 
point we may rank the beautiful curves published by S. GARTEN, 
about the course of the potential oscillations of the action current 
in a muscle, in which suddenly a transverse section is made, or in 
the case of stimulation by a strong battery-current. In both cases 
he demonstrated the existence of damped vibrations, possessing an 
extraordinarily regular course, and answering wholly to formula (2) 
or formula (8). 

But in the animal organism there may occur other series of 
rhythmic, nearly sinusoidal oscillations, being however not damped. 
I believe these too might be mathematically treated. One might 
be induced to think that some of these oscillations will appear 
as soon as the coefficient qg in the equation (9) is so small that 
practically the first differential quotient is omitted from the equation. 
For in this case undamped, sinusoidal effects would be originated. 
It is not impossible indeed, that perhaps for certain effects 
the damping may be so slight, that sinusoidal effects of con- 
stant amplitude are achieved. I have in view, amongst other facts, 
the rhythmic innervation passing from the secondary to the primary 
neuron under the influence of impulses of will, or of cerebral 
or spinal excitation; cases of pathological and of physio- 
logical tremor. Meantime I believe these phenomena generally to 
present some particulars, denoting that we ought to think here 
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of the well known ,forced” vibrations under the influence of a 
constant impulse. 

Finally we have to take into consideration the fact that sometimes 
only very intensive stimuli cause rhythmic effects, often accompa- 
mied by a rather important deformation of the one-termed sinusform. 
This might tend to indicate that the simple proportionality 
of the deviation and the stimulus no longer existed, and that we 
ought therefore to add higher terms. The phenomena, possibly 
belonging to this series, are besides the different tremores the 
rhythmical contractions of the apex of the heart in absence of 
nervous ceils, rhythmical musele-contractions by galvanic stimulation 
and many others. 

All these questions will be made the object of later researches. 


Though in the foregoing only the crude outlines of a provisory 
sketch have been given, I yet believe myself justified in publishing 
them. For by means of my theory a great number of facts 
are combined to one group, and it tends to show how these 
many different functions, apparently so widely divergent, may still 
be considered from one point of view; how notwithstanding 
their apparent complete incongruity, there still exists one com- 
mon ground, one and the same basis on which they all together 
are founded. 


Chemistry. — ,0On the decomposition of mercury nitrates by 
heating.” By Dr. J. Misers of Hoorn (Communicated by 
Prof. BAKHUIs ROOZEBOOM). 


(Communicated in the meeting of March 29, 1902). 


When crystallised mercurous nitrate, either the normal compound 
or one of the basic salts, is heated in a retort which is connected 
with, suitable apparatus to collect or condense the gaseous products, 
the apparatus nearest to the retort will be found to contain coloured 
HINO;, the condensing tube will contain an indigo-blue liquid con- 
sisting of N20; and NO,, while on continuing the decomposition NO 
is given off. If the anhydrous salts are taken, nearly pure NO, is 
condensed, but as it is difficult to expel the last traces of water a 


little coloured HNOs is also formed. 
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This result is in contradiction with that of Geruarpt!) who 
states that on melting Hgp (NOs)o, nitric oxide is merely given off; 
he does not say whether he means the anhydrous or the crystallised salt. 

I think the following result an important one. During the said 
decomposition a yellow compound sublimes in the upper side and 
neck of the retort; in the lowest and consequently the hottest part 
it has fused and turned to a yellow crust, but in the neck it has 
sublimed in yellow needles. Its composition appeared to agree with 
that of a compound obtained by the moist process by Ross, *) 
GernarDt®) and Brooxs*) and considered by them to be basic 
mercuro-mercuric nitrate, 2 Hg, O, N. O; 4 Hg O Nz O5, while it might 
also be considered as mercuro-mercuric ortho-nitrate, (Hg.) Hg» 
(NO,)2, derived from an acid Hg NOx. 

The analysis of that substance gave the following results: 


: theory theory 
Hg, Cl, Oo °/,Hg® ~%) Hei °/,NO 
8, Cl, gS °°, Hg /o Hg for both NO, [oNO, 
1) 0.4038 gr. 0.2054 0.1980 43.21 42.25 83.68°/, 12.98 16.32 


2) 0.6381 » 0.38139 0.3007 42.2 43,— 

8) 0.8505 » gave 23.5 ce. of N, temp. 20° press. 763 mm = 0.02685 gr. of N. or 14.08 17.94 
4) 1.1643 » » 28.5 4 #» » 19° » 757 » =0.03226 » » » » 12.31 15.68 
5) To 0.6895 gram containing 0.0085 gr. of free mercury were added 


N N 
128.7 cc. of 10 HNO,, then 157.7 ce. of KHO; after diluting to 


250 cc. the excess of KHO was determined in half of the filtrate. 
N 
Used 7.25 cc. of 10 HNO,. 13,11 16.7 


The excess of mercury found in my determinations is due to 
the presence of a little free metallic mercury as shown in experi- 
ment 5. When dissolving the compound in HNO; the amount of 
both the mercurous and mercuric nitrates is consequently increased. 

Of this yellow salt a not inconsiderable quantity is formed. 
96.4 grams of anhydrous mercurous nitrate yielded me 18.3 grams 
or nearly 19 % of yellow crusts and needles, also 12.2 grams or 
12.8 %/, of reddish-brown crusts formed from the at first sublimed 
and then greatly decomposed orthonitrate. It might, therefore, be 
suspected that the preparation of red Hg O according to the Dutch 
Pharmacopea should be attended with a serious loss of mercury. In 
one experiment which I made in this direction, the loss amounted 
tomb ney. 


') Ann. Chem. u. Pharm. LXXII. p. 74. 
*) Poggend. Ann. LIV. p. 121. 

alse: 

*) Poggend. Ann. LXVI. p. 63. 
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The said yellow salt has been investigated by Brooks as to its 
behaviour at higher temperatures. He found that it had lost hardly 
any weight at 220°, and not until 260° brown vapours were evolved. 
This behaviour, I think, explains the formation of that salt on 
heating Hg. (NOs)o. At the then reigning temperature it is formed 
because it can then exist and at the same time volatilise. For the 
greater portion of the salt the opportunity for sublimation does not 
exist and the increased temperature decomposes it completely. 

It is still more interesting to know that this salt is also formed 
by heating mercuric nitrate. Absolutely mercurous-free Hg (NOs), 
heated in the above-mentioned apparatus yields the same yellow 
sublimate. It has, therefore, been formed in a strongly oxidising 
surrounding containing oxygen and NO,. If pure mercuric nitrate 
is heated in a porcelain dish until the decomposition is fairly started, 
the still undecomposed white crust which covers the red powder 
of nitrate-containing HgO (free from Hg,0) will be found covered 
on the inner surface with a yellow substance which on analysis is 
found to contain mercurous-mercuric nitrate. The white crust, however, 
does not contain any mercurous compound. 

The formation of this compound, particularly during the decom- 
position of mercuric nitrate, leads me to suppose that during the 
heating complex molecules of Hg,(NOs)s or (in the case of mercurous 
nitrate) complex molecules of Hg, (NOs), are subjected to decom- 
position. The latter then yield (Hg») Hge(NO,). with elimination 
of 2 NOs, while the former do so with elimination of 6 NO, and 2 Oy. 

I must also state that I have heated anhydrous Hg, (NOs), in 
vacuum tubes at different temperatures and have always noticed 
that the salt turned yellow and was converted to a larger or smaller 
extent into the said orthonitrate with evolution of a brown gas 
which behaved in every respect like NOg. 


Physics. — W. H. Keesom. “Contributions to the knowledge of 
VAN DER WAALS’ w-surface.” VI. The increase of pressure 
at condensation of a substance with small admiztures.” (Com- 
munication N®. 79 from the Physical Laboratory at Leiden, 
by Prof. H. KamertincH ONNES.) 


(Communicated in the meeting of March 29, 1902). 


§ 1. In Communication N°. 75 I have expressed by the two constants 


Lia lL: 1 /dpsk 
es aa =" and == ( Bs ) : 
Ty \ de /x=0 pk \ de /z=0 


the corrections by means of which we can derive the critical data 
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for the pure substance from the observed plaitpoint phenomena 
Tots Ppt and vj), Ina substance with small impurities (in a mole- 
cular proportion «). These constants were thought by KAMERLINGH 
Onnxs especially suitable to determine the phenomena in the case 
of small admixtures. It is also desirable to represent the differences 
in composition of the co-existing phases, the variations in pressure 
at the condensation of a mixture and the further deviations in 
properties of such a mixture from the pure (normal) substance by 
means of the same constants and the reduced quantities of a simple 
(normal) substance. For in this way we can avail ourselves of the 
empirically reduced equation of state for simple (normal) substances 
and of the empirical relations connected with it for the application 
of VAN DER WAALS’ theory to the calculation of the relation between 
the deviations mentioned. If a comparison of the calculated with the 
observed deviations should confirm the validity of the law of corre- 
sponding states for the mixtures considered here, then from an expe- 
rimental point of view it would be important to reduce the deviations 
caused by admixture in a whole series of observations to the two 
constants mentioned. These latter can be derived from observations 
on the mixture itself, and we might especially avail ourselves of 
this in calculating observations on substances which can be purified 
only with great difficulty or not at all. 

In this communication I will develop in the first place by means 
of the law of corresponding states applied to mixtures, the relation for 
the proportion of the compositions of the co-existing phases when small 
admixtures occur. This relation will then be tested by HARTMAN’s obser- 
vations on the composition of co-existing phases in mixtures of methyl 
chloride and carbon dioxide. Lastly formulae will be derived for the dif- 
ference of the saturation pressure of the mixture and that of the pure sub- 
stance together with the increase of pressure at condensation of the 
mixture. These formulae also enable us to derive the proportion of 
admixture from the increase of pressure observed, after which the 
saturated vapour-pressure of the pure substance can be derived from 
the observed beginning- or end-condensation pressure of the impure 
substance. The latter formula is applied to KuEnen’s observations 
on impure ethane. 

The result is satisfactory in different respects. For the proportion 
of admixture in KUENEN’s experiments corresponding values have 
indeed been found from his different measurements and, moreover, 
from the experiments with the impure substance values for the vapour- 
pressures and the critical data of the pure substance are found which 
can deviate only a little from the real values. 
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§ 2. In order to learn the relation between the compositions at 
co-existence of two phases, I start from the well-known property 


that in this case: 
8u,\) 0H. 
Ga = an Sede vowing Shire er 4 92 


where yw represents the free energy, while in the following the index 
1 will always refer to the liquid, the index 2 to the vapour phase. 
As in Communication N° 75 we put: 
y= MRT} (1—2)l(1—2) + el 2}+ @}), 


v 
where therefore g = — -f p dv. 


; ; op ; : 
If again we write (=) ne #1 , (1) passes into: 


1 v 
T 


meri (1) + oy = MRT I 
1l— 2, l 


It follows from this that for « small we have 


) + fo! 


eg 


(2) 


Now 


or by MacLAuRIn’s theorem: 


i= —f Baten f GoD B)aae 


z=0 Za 0 x 
For small we may write: 


2 — fi = -{ (SZ) dv, 


if we are not too near the critical temperature of the pure substance, 


dv dv ; : 
as in that case -=" and 4 become infinite. Here v, and v, represent 
Ci ae 


the molecular volume of saturated liquid and vapour of the pure 
substance. If now we introduce the law of corresponding states by 
means of the relation mentioned in Communication n®% 75: 
Op\ pak — Pak AWak ae ces al x (= 
(2 Sie he. tile | eas so o(5, thee Oey mh 


1) Comp. VAN DER WaaLs, Contin. IJ, p. 147. 
%) See van peR Waats, Arch, Néerl. XXVI, p. 96, Contin. II p. 148. 
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and using MAXWELL’s theorem : 


f 220= 1 (@y—O)}), | 
w 
and: 
We 4 . 
ox pe Cet 
J ®) 00 ie ae (@,—a) '), 


Wy, : 
where 2, represents the reduced co-existence pressure, @) and @, 
reduced volumes of saturated vapour and liquid, then, if @ and 6 


MRT; 
have the value mentioned before, and C,= aie we find 
Pk Vk 
Pare Py OE aaa 1 Cae) 
MRT Cyl vanes tar T 


or 
p2— Py ( r dpm al Pm (%2—}) (4) 
MRT? = 1 pavaP ys SP MRT mee 


§ 3. This relation can be tested by HARTMAN’s *) observations 


1) Comp. Communication N°. 75, Proceedings Dec. 1901, p. 298. 

2) Hartman, Thesis for the Doctorate, Leiden. p. 104. 

As an addition to the graphic representation given in Comm. 43, Proceedings June 
1898, we give here the numbers found by Harrman, where aw = the ratio of carbon dioxide: 


Co-existing phases at 9.5° C. 


— 


3.58 0.00256 0.173 
5 0.021 0.242 257 145 
40 136 640 262 0813 
45 267 745 252 0562 
20 394 810 248 0454 
25 534 861 246 0356 
30 675 908 254 0269 
35 800 947 248 0209 
AO 0.910 0.980 245 0166 
43 64 41 4 0.00243 0.0145 


The volumes of the vapour-phase are very uncertain; probably the blowing off, 
which was necessary before the analysis, produced a a ena error. Hanruan 
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in connection with KuBNEN’s !) observations on mixtures of methyl 
chloride and carbon dioxide. 

No determinations exist for the plait point constants of carbon 
dioxide and methyl chloride or for isothermals of mixtures in the case 
that the quantity of one of the substances is very small. To calculate 
@ and /7 I shall therefore start from the constants K,,, etc. derived 
by KAMERLINGH OnNeES and Rermncanum ®) for these substances from 
KUENEN’s observations. They represented the critical temperature 
and pressure of the mixtures, considered as homogeneous by: 


K. K. 
Tx. = a= > Prk = C, at 
zx xz 


K, = Ky (l—a)? + 2 Ky, 4 (1-2) + Kgy 2%, 

by = by, (1—a)? + 2 by e (L—2) + doy 2%, 
in which, therefore, as 2 is always supposed to be small, the index 
1 refers to the substance present in quantity, the index 2 to the 
admixture. Then: 


while: 


ae 
Ay by 
(5) 
PET Fines 
ky, bi, 


For carbon dioxide with methyl chloride as admixture *) 
Ky, = 2.176; Kyg—= 3.314; by, = 0.000780; by5 = 0.000893. 
Then : 
a = 0.378, 6 — 0.088, 
This gives for 7 = 273.0 + 9.5 = 282.5, at which temperature accor- 


dpm 
ding to Amacar for carbon dioxide: pn = 43.64, a = 1.088, and 
the specific volumes of saturated vapour and liquid are also according 


to AMAGAT: = = 0.0151 and = 0.00230, while I put 


pad 


himself wanted to repeat his experiments with a compound pump (described in Comm. 
N° 39, Proceedings May !897) so as to avoid this. In the calculation therefore [ have 
used for these volumes AMaGAt’s values for carbon dioxide, and for methyl chloride 
the values derived by means of the law of corresponding states from Youne’s data. 

1) KUENEN, Thesis for the Doctorate, Communication N°. 4. Proceedings April 1892. 

2) KaMERLINGH OnNEs and Reineanum, Comm. N®. 594, Proceedings September 
1900, p. 295. 

8) Comp. vAN DER Waats, Contin. II, p. 174. 

*) KaMERLINGH OnNEs and REINGANUM, l.c. 

44 
Proceedings Royal Acad. Amsterdam. Vol. IV. 
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R= 1.00706 & 0.0036625 = 0.003688 : 1) 


hence — = 3.98. 
L9 > 
HARTMAN finds at 7, = 0.020: 2, — 0.090, therefore : 
pile a XG) 
2X9 


I find for methyl chloride, with carbon dioxide as admixture, from: 
Ky = 6.276, Ky = 3.814, By, = 0.001193, By = 0.000893: 


@—=—0,221, = 0.281. 
From Youna’s observations on normal pentane *) I derive at 
282.5 
— 416.0 = 0.679 : 
dit, 1 hn 
+ fie Hoos andim bee 
Tm at C4 Zz 
With this I find: 
SP ee Osgee 
oF 


while Hartman finds at 2;—0.021:2.=0.242, therefore =2 115. 
=| 

The agreement between observation and calculation may be consi- 

dered as satisfactory. 


§ 4. Now that we have a relation between 2, and #2 we may 
derive from the equation 


aa) \dp eee 
Vg — Vy — (#g — 21) ( — — == (45 Sane CO 
9 <— 0] — (ty — 2) = A, (%_ — «) woe (6) 
how the pressure of saturated liquid and vapour varies by adding 
a small quantity of a second substance. For small 2, and zx, we 
may put for this: 
(vg — %))(p, — p) = MRT . a(e~* — 1), . . . .« (7%) 
if we are not too near the critical temperature of the pure substance 
0 
for then (5) becomes very large. 
£1 / pT 
Here vg and 2 represent the molecular volumes of saturated vapour 
and liquid, p the saturated vapour pressure of the pure substance, 
p, the pressure above the liquid with the composition 2, while 
Ba Yona ri ies ( T’ dp P (%.— %) 


1) Comp. KamEruincH Onnzs, Comm. no. 71. Proceedings June 1901, p. 130. 
2) S. Youne, Trans. Chem. Soc. 1897, p. 452. 
5) vAN DER Waats, Continuitat I, p. 108. 
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In the same way is 
(vs — %) (pg —p) = MAT .2(1—e), . .. . (8) 
if pz is the pressure of the saturated vapour, of the composition «. 
The increase of pressure at the condensation of vapour of the com- 
position x into liquid of the same composition follows therefore from 


(vg — ) (Pp, — pe) = MRT a (ek 4+ ek — 2) . . . (9) 


§ 5. Equation (9) can serve to determine the composition of the 
substance under examination from measurements on the increase of 
pressure. 

Such measurements have been made by Kuernen !) on the conden- 
sation at different temperatures of ethane, with a small admixture, 
probably of butane. Although these observations are very accurate, 
they are not sufficient to test my formulae with certainty. The 
degree of purity of the ethane itself was not so high that we can 
derive the constants @ and /? accurately from the critical data found 
for this substance with those for the mixture of 4°/, butane, while 
the mixture of 9 °/ differs too much from the pure substance for 
us to derive these quantities from the two mixtures. I have tried 
to form an idea of the usefulness of the formulae by deriving from 
these observations the quantity of the admixture, by means of 


12 bis 


K 
values assumed for —— and 
I WW 


These might have been determined from observations on mixtures 
of the two substances in known proportions. But as such obser- 
vations on these mixtures are not at hand and as for our purpose 
we do not require the very greatest accuracy I have put: 


ake ee Diy + bye 
Ky3=V Kj}. Kyo and hs=— 5 ; 


while I calculate K,1, Koy, 51;, b92 from the critical constants of the 
substances, according to the relations mentioned in § 3, borrowed 
from CLAUusIus’ equation of state: 


a K- 
m=4V =, pr=Cy ey 


where C, and C, have the same value for all substances. 


Then 


1) Kugnen, Proc. Roy. Soc. Edinburgh 1897, p. 433; Zeitschrift fiir comprimirte 


und fliissige Gase I, p. 153. 
44* 


ret Ko, 3 be | 1 
e Ki wae 


Ko, (Ti\* Pk, — bag_ Tk, Phy 

while : 2. (-*) — , —-=>- 
Ky Th, Pls by Tk, Phe = 

In this way I find for methyl chloride with carbon dioxide as 


admixture : 


oe = — 0.236, B= 0.113, 
and for carbon dioxide with methyl chloride as admixture: 
a= 0.426, 6= — 0.108, 


which values, if we take into consideration that @ has by far the 
greater influence, agree sufficiently with the values derived directly 
from the observations in § 3, to enable us to apply these formulae 
also to ethane and butane. For butane no critical data are known 
to me. From the regular succession of the critical constants determined 
by Youne for the members of the paraffin-series following butane: viz. 


| t | Difference. PE [Dire 
Normal pentane 197.2 25100 m.m. 
37.6 2590 
> hexane 234.8 22510 
32.4 2095 
» heptane 266.9 20415 
29.3 1685 


» octane 296 .2 18730 


we are justified in concluding that we may assume for butane : 
th = 152, pz, = 28300 m.m. = 87.2 atm, 
With the values for ethane: 
t; = 32.0, py = 48.8355), 
this yields : 


a@=0.47, B= — 0.36. 
The values of z,,, ) @, and , were borrowed from Youna’s 
observations on pentane ; 
log 1m = — 2.980 = 2) 


and 


1) KuENEN, I. :c. 
3) Comp. van DER Waats, Contin. I. p. 158. 


( 667 ) 


d= 1+ 0.9280 (1—r) + 1.8893 (1—1)0.8827_ 1) 
were used as interpolation formulae. 

In the last formula 0 represents the reduced density and the 
sign + gives the liquid, the sign — the vapourdensity. The first formula 
gives for the region which we want (from rt = 0.944 tor = 0.995) am 
with an accuracy of 0.5%/,, the second gives over the whole range 
on which Youne observed volumes of saturated liquid and vapour 
(from += 0.6824 to r = 0.9963) : 0, + 0, accurately to within 
0.2°/), dj—d, to within 1.5%), 0, to within 0.5°/, ; with the lower z’s 
we find for 0d, important deviations, but for the region that we 
want the deviations are not more than 2°/), an accuracy more than 
sufficient for our purpose. In consequence of the value found by Youne 2) 
for C, for the substances: pentane, hexane, heptane and octane, I 
put for butane C,= 3.6. By means of these data we can compute 
the composition of the mixture of ethane with (according to Kusnsn) 
4°/, butane *). I find from the values given by KUENEN for py and p, 
the pressure at the beginning and at the end of the condensation 
the following values for z: 


It is to be expected that the last value for 2 deviates from the 
preceding, if we bear in mind what has been said in §§ 2 and 4, 
as we are getting very near to the critical temperature of the pure 
substance (32.0° C.) The satisfactory agreement of the other values of x, 
shows that formula (9) represents well the relation of the increase 
of pressure to the temperature. Moreover I should derive from this 
that the mixture had the composition «= 0.0126, and therefore 
contained : 2.39/, of its mass of butane. 


1) Comp. VERSCHAFFELT, Proc. Jie 1896. Comm, N®, 28 p. 12 and Comm. N°. 55 
Proc. April 1900, p. 588. According to VAN DER Waaus, Thermodynamical theory of 
Capillarity, the index for += 1 must approach to 0.5 

2) §. Young, Phil. Mag. Sept. 1900, p. 303. . Fe 

3) KugNEN, Proc. Roy. Soc. Edinburgh, 1897, p, 442; Zeitschrift fir comprimirte 


und fliissige Gase I p. 157. 
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With this value for z I have calculated according to formula (7) 
the corrections to be applied to p; in order to arrive at the saturated 
vapour pressure of the pure substance. The values of p found thus 
are given in column p of the table. They agree well with the pres- 
sures given by KuEnen!) for almost pure ethane. Further according 
to formulae (2a) and (26) of communication n° 75: 


1 dT yp Eatery (pa (S)) 


oD) 


ony )? 
1 dppl Saige any —* Ge) 


pk da dr 0 °n 

Os (55-) 
here I h eS ace and Cea lue —32.2 
where ave pu ~)= . an or U4 aus oe e vaiue — a 


found there for carbon dioxide, I have calculated the corrections to 
be applied to the plaitpoint temperature and pressure observed in 


order to obtain the critical temperature and pressure of pure ethane. 
So I found : 


t, = 82.0°C. and py — 48.2 atu, 


which values according to those given by KuENEN for almost pure 
ethane, cannot differ much from the real values. 

One would now be induced to calculate from the increases of 
vapour pressure for almost pure ethane given by KUENEN l.c. the 
composition and then the corrected values for the pure substance. 
As beforehand nothing is known with certainty about the character 
of admixture, one might wish to calculate « and / from the obser- 
vations on the increase of pressure at different temperatures, but it 
then appears that the temperature range of the observations is too 
small to allow us to calculate « and /? separately. If however the 
observations do not allow us to make this calculation, it appears 
sufficiently from the preceding that the formulae communicated are 
confirmed by Kus&NneN’s observations, and that they may have a 
practical value in the reduction of similar series of observations with 
a not altogether pure substance. 


1) Comp. Kuunen, Zeitschrift fiir comprimirte und fliissige Gase, I, p. 159, table 5. 
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Physics. — H. A. Lorentz. “The rotation of the plane of pola- 
rization in moving media.” 


(Communicated in the meeting of March 29, 1902). 


§ 1. In my , Versuch einer Theorie der electrischen und optischen 
Erscheinungen in bewegten Kérpern” (Leiden, 1895) I examined the 
propagation of light in transparent bodies having a constant trans- 
lation with velocity p, the aether being supposed to remain at rest, 
and tried to find, in how far optical phenomena may be affected by 
this motion. In the case of the rotation of the plane of polarization 
in optically active substances, I had to leave the question undecided. 
Indeed, the relation between the electric force € and the electric 
moment IN, to which I was led by certain general principles (linear 
form of the equations, isotropy of structure and reversibility of the 
motions) does not only contain the coefficient j, which determines 
the rotation in the quiescent medium; there is besides a second 
coefficient &, which is multiplied by the velocity », and whose ratio 
to j I could not determine, because I wished to refrain from special 
hypotheses as to the mechanism of the phenomenon. 

The equation in question is !) ; 

F—=oM+tjRtM+k[M-p],. - - . - Cd) 
and the rotation for unit length was found to be”) 
p 20 
o2 


a= n'? 4, 


if the body is at rest, and 
2, Wore. , 20 , 
ost )it gen tWieh o .  . @ 
if it has a translation along the axis of 2, the light travelling in 
the same direction. In these formulae n' is the frequency, i.e. the 
number of vibrations in the time 2a, for an observer, moving with 
the medium, W the mean of the velocities of right-handed and 
left-handed circularly polarized rays in the medium at rest, and c 
the velocity of light in the aether. 
The two terms with p, would annul each other, if 
j 
k= — 2 ° e ° ° e . e ° ° (3) 
I saw however no reason to admit this relation. 


§ 2. Mr. Larmor has published*) some objections to my in- 


1) 1. c., p. 80. o is the coefficient which determines the index of refraction. 


2) 1c, p. 118. 
8) J. Larmor. Aether and Matter, Cambridge, 1900, 
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vestigation. According to him we may infer from theory that a trans- 
lation has no influence on the rotation. Mr. Larmor believes the con- 
tradiction between our results to be due to an error on my side *), con- 
sisting in an oversight which he points out p.p. 214 and 215 of his work. 

A new examination of the problem has convinced me that LARMOR 
must be wrong in this assertion, the formula (2) following undoubted- 
ly from my fundamental equations. I also found that the equations 
of LARMoR are the same as mine, if in these one puts 4=0, and 
that it is only in consequence of a mistake that his analysis does 
not lead him to an expression agreeing with the first term in (2). 
I shall now show that, whereas my equations leave room for a 
compensation, just because they contain the second coefficient &, 
Larmor, treating only the particular case 4=0, ought to have 
arrived at a rotation, different for a moving and for a quiescent body. 


$ 3. In my calculations I used the equations 


DvD =), 

Die Hi= 0; 

Rot h' = 409, 

Rot E= — H, ¢ 130 sn fetee ee ee) 
E=4m2d4 [pH], 

H'=H—An[p.d], 

D=d+M, j 


to which is to be added the relation (1). 

The meaning of € and M has already been mentioned; f is the 
magnetic force and the remaining vectors are defined by the equations 
themselves. ‘The components of the vectors are regarded as functions 
of the time and of the coordinates 7,y,2, referred to axes, fixed to 
the moving medium; the time-rates of variation for constant values 
of these coordinates are denoted by ® and §. 

We may omit the first and second formulae, these being implied 
in the cases to be considered, in the third and fourth aicitans. 
Moreover, just like LaxMor, we shall restrict the investigation to 
bodies, moving parallel to the axis of z, and traversed by rays of 
light of this same direction. Then, the only independent variables 
are x and t, and the equations (4) become 


Le, p. 62. 


— Ps 4nd, LL neh epatnae | 
dn 
2, dy 5 
dw — by Te cae (5) 
€, = 400? by — px Dz rz = 40% bd, + pe Dy, 
H'y = Dy Amps dz, H'z = Hz —Am pr dy, 
Dy = by + My, Dz = dbz + Mz 


§ 4. In Larmor’s equations!) the velocity of translation p, is 


eae : 
represented by v, the sign a8 used for those time-rates of variation 


, ae pele: 
which I have indicated by a dot, and the sign a for the differential 


coefficients relating to a fixed point of space. Hence, in his notation, 


Od a 
aie =—-+0 ° 


ae eee Op ap 
If now, we write @ instead of a, 7 and Sa gaa instead of 
d. : : 
= (p being any quantity, depending on place and time), and if 


besides we suppose the substance to be unmagnetizable, so that 
44 = 1, the equations of LARMOR become 


oy be d(9 +9’) 
Se an 2h ae AR 4 
08 0 (h + h') 
ap talk + Hy ka eer ea, 
oR dQ 
ae aiee orc 


Q=4ncetg—ve , R=4nPhtvb, 
B=b—4avh' , ymeot4nvg.. 

These are the same as (5), as will be seen, if we replace 
Q, R, CP Iie da h’ 


by 
€,, &,, dys dz, My, Mz 
and , 
bce) Pa aah fh), peta vyg 7) 
by 


Dy, Dzy y Diz. 


le, p. 212, 
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§ 5. As to the relation between electric polarization and electric 
force, this is. given by LARMoR in the form 3) 


; KE == 1 &5 oR 
J = rae avee BS 
Ane Amc Ox 
pe set &, dQ 
— 4ne  4ne& dn’ 
or 
K—1 &9 0, 
MN, = ——— —_ —, 
y 4 mt c® Crt ges Or (6) 
sytem &5 d€y 


420 a ire ox 
Now, in my formula (1) the rotational terms are very much 
smaller than the first term o S%. We may therefore, in those terms, 


1 
replace MW by = €. Hence 


1 j age 
N= ee. pl, 2 ee 
and, in the case under consideration, 
1 j 0&2 k 
My ee Sy oa gy eae eee , 
sie ae pf dee tka. 
Die ite i oa — 5a be &y- 


If this is compared with (6), it appears that the formulae of 
Larmor agree with the particular case t = 0 of my theory, and 
that the coefficients we have introduced are related to each other 
as fullows: 


Tet at Ey j 
4nc ” o ° 4ne” oF (9) 
§ 6. For 4=0 my formula (2) gives 
eles Wye . 
on ace 5 \Se: a ear ati) 


a value depending on pz. On the contrary, Larmor’s result does 
not contain the velocity of translation, but this is only so, because 
his calculation of the angle of rotation is not quite exact. 

As is well known, this angle may be expressed in the velocities 
of propagation of right- and left-handed circularly polarized rays. 
In doing this, we have first of all to assign to the period of 
vibration, taken with reference to a fixed point of the substance, a 


) le, p. 211, As I shall not consider the magnetic rotation, I have put s, = 0. 
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definite value r, the same for the two kinds of rays. If then, V;' 
und V,' are the velocities of propagation, taken relatively to the 
moving ponderable matter, we shall have 


o =2(— 1 
== eae! Pee Rie eet) 


For the velocity of one of the circularly polarized rays, Larmor 
finds (p. 214) 


eel Ste Vas Re Ad 
Ve Ri ee Oe) 
where 
27 
= K+ re eat eee ea (18) 


A being the wave-length. " smear this value in (12), putting 
at the same time 

i a re neers 
we might obtain an equation, by means of whieh V;' could be 
determined in function of z. We may however simplify by observ- 
ing that ¢ has a very small value and that in (13) 4 occurs only 
in a term, containing this factor ¢,. For this reason, it is allowed 
to substitute for 4 the value corresponding to ¢, = 0. Thus, by (12), 
(18) and (14) 


=(a--4)r phe eer tS) 


c 
Ky 
i. e., on account of (13), if we neglect the square of ¢é, 


Qh=a(l-e ENE ee cn aaiT 6) 
Kk Kh 


Let us now put 


a 11 


then (12) takes the form 
eng irae OEE GEA gM e007) 


In order to obtain the velocity of the other circularly polarized 
ray, we have only to change the sign of &, so that we may write 
U,? 


ie U, — ae v, . eo s * . oe (18) 


where 
LE 
ipo api ++ Wyte O19) 
It is to be remarked, that in this equation, as well as in (16), 


A has the value (15). 
Now, if we neglect terms containing v*, as we shall always do, 
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the formulae (17) and (18) are the same as the two first equations, 
given by Larmor on p. 215. Further, it is there pointed out that 
in the result for the angle of rotation the quantities depending on 
the last terms of (17) and (18) disappear. Indeed 


whence 


Se =) 
ges Ue Us 


So far, I agree with Larmor’s calculation. But, in coming to his 
conclusion, he has overlooked that the value of still contains the 
velocity of translation. This is seen by referring to (16) and (19). 
Using these, we find 

1 1 
BONE: ( +=), sa (1 — 7), 
1 C Ki U; c Ki 
1 1 20 &9 


O, a U3 Ke ch : 


1 Kies v 
aes Se | il — 
a ct ( a cK'/2 


and, taking from (15) 


Pepys +) 20 
=e) > 
If the body were at rest, the velocities of the circularly polarized 
c c a 2a €9 
C t a re K. — ae e 
rays would be Kis and Ki’ if Ke = The mean of these 


values, up to the first power of &, is 
c 


a K'b ° 
If we also take into account the relation (9) and the value 
nate 
ra 
T 


of the frequency, we find that (20) does not differ from my result, 
expressed in the equation (10). 


§ 7. In order to show that the rotation must be independent of 
the motion of the earth, LAaRMorR adduces also the general consi- 
derations that are to be found in Chapter X of his work; from these 
the proposition may really be inferred, though not without an auxiliary 
hypothesis. As is well known, the theory of optical phenomena in 
moving bodies is simplified very much by the introduction, instead 
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of the time ¢, of the so-called “local” time ¢' as an independent 
variable, the equation 


1 
t =t— 3 (ve2+ pyy + pe2) 


serving to define this quantity in terms of t and the coordinates 
v,y,2 with respect to axes fixed in the body. By means of this 
contrivance the electric force, exerted by a small electrically polarized 
particle P on an electron Q, situated at some distance, is made to 
be determined by equations of the same form, whether there be or 
not a common translation of P and Q. 

Let!) m be the electric moment, varying with the time, of P, 
x, y, 2 the coordinates of the kind just mentioned in the surrounding 
field, r the distance to P; then for any point in the field, at its 
own local time ¢, the components of the said electric force will be 


tae) teas) age) aa) 


etc., 
provided we take for m,, m,, m, the values corresponding to the 


9 


instant at which the local time in P is t' — nae so that the nume- 
(Y 
. m mz ' 
rators in the expressions eS —, —. depend on ?', 2, y, 2. The 
Tr r r 


differentiations must be performed for a constant ?’. 


§ 8. We shall now suppose that a dielectric contains a very large 
number of particles, in which electric moments m can be excited, 
that the sole interaction between these consists in the above mentioned 
electric forces, and that for each particle the connexion between its 
moment and the electric force is not altered by a translation. If then, 
in the absence of such a motion, m,, m,, m, for the different parti- 
cles of the body can be certain functions of the time ¢, we shall 
obtain a state that is possible in the moving body, by supposing 
these moments to be exactly the same functions of the local 
time ¢'. This follows at once from what has been said in the 
last §. It is also easily seen that in a point fixed to the ponderable 
matter, the time of vibration will be the same in the two states, and 
that, if the first of these states consists in a propagation of light 
with rotation of the plane of polarization, we shall have in the second 
state a similar propagation, the angle between the vibrations in any 


1) See my Versuch u. 8. w.”, § 33. 
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two points of the body being the same in the two cases. The rotation 
would therefore be independent of the translation, always provided 
we compare cases in which the frequency in a point of the body 
has a definite value. 


§ 9. What precedes calls forth two questions. In the first place: 
can a substance, like the one we have supposed, really have the 
rotatory property? And, secondly, if this be so, is the picture we 
have formed of the substance, the only one that agrees with the 
' phenomena, or are there others, equally satisfying ? 

The answer to the first question must undoubtedly be affirmative. 
Within the limits of the hypotheses of § 8 there is room fora large 
variety of optical properties, which may depend either on the form 
of the connexion between the electric force and the moment of a 
single particle, or on the relative position of the different particles, 
and a peculiar arrangement may very well produce a rotation of the 
plane of polarization. For this it is only necessary that the structure 
of the system should be asymmetric, i.e. that the system should not 
be in every respect equal to its reflected image. If, in such a case, 
we consider the electric interaction between neighbouring particles, 
we shall have to introduce into the equations certain terms of a 
rotational character. As a simple example of the required structure 
we may take a molecule containing 4 unequal particles situated at 
the angles of an asymmetric tetrahedron, and each of which may be 
electrically polarized. 

As to the second question, it is clear that in real bodies there 
may very well be circumstances, differing from those we have sup- 
posed in § 8. We may e. g. conceive a movable electron, situated at 
one angle of the asymmetric tetrahedron, to be subject not only to 
the electric action of a moment, situated at one of the other angles, 
but also to a force of some other kind (“molecular” force), issuing 
from that angle. If, in such a case, the action between two elements 
of matter A and B were such that the action on A at the local 
time ¢ were determined by the state of B at the same local time, 
what has been said about two corresponding states might still be 
true. But this need no longer be so, if the action on A at the time 
t depends on the state of B at that same instant. 

However this may be, it must certainly be deemed possible that 
after all the rotation is not altered by a uniform motion of the active 
substance ; this possibility would however be excluded if we began 
by omitting in the equation (1) the term with k. 
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§ 10. The necessity of retaining this term may also be seen in the 
following way. In the fundamental equations (4) the coordinates are 
already taken relative to axes, moving with the medium, but the 
local time has not yet been introduced. We shall now do this, so 
that our independent variables become 2, y, 2 and ft’. We shall 
distinguish by accents the differential coefficients with respect to 
Z, Y, 2, for a constant ¢' from the corresponding differential coeffi- 
cients, taken for a constant ¢. We shall likewise denote by Div' and 
Rot' operations, in which the new differentiations occur in the same 
way as the original ones in the operations, represented by Div and Rot. 

The formulae of transformation are 


wa (a) —%S, ae 
d — 


ss 
Ot ae 
and, if % be any vector, 
hae 
Bot ato tetas (N20) Ria neti she letcke Lk) 


Using these, and introducing instead of D the new vector 
| 
a Seen Bey et let Se) oe =. Be, eae 


we may write for the first four of the equations (4) 


Dip Di 05 
Div' H' = 0, 
Rot! H'= 429, 
Ro! E= — ff. 


These formulae have the same form as those which, for a body 
at rest, determine €, D and §, as functions of x, y, z and ¢; the 
rotation of the plane of polarization will therefore be independent of 
the translation, if the connexion between 9’ and € in one, and that 
between D and € in the other case correspond to each other in the 
same way. Now, if, according to (7), we put for the body at rest 


1 
m=—e¢—L RE, 
oO oO 


or F 
J 

— —~, €= — € — — Rot &, 
o 4c? ! o Mg Oo 

the said agreement requires for the moving system 
1 1 j 

fae (Cae ere Pat 
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But, for this system, by (22), joined to the 5 and 7 of the 


equations (4), 
1 
D'— —-. €= MN; 


4 mc? 


so that we find by using (21) 
m=—e€—+ ree + [€-¥)- 
o o eo 
This is precisely the formula (7), if for & we take the value (3). 


Physics. — H. A. Lorentz. “The intensity of radiation and the 
motion of the earth’. 


(Communicated in the meeting of March 29, 1902). 


Many years ago FizEau !) remarked that, if the aether does not 
follow the earth in its annual motion, the radiation, emitted by a 
terrestrial source of light or heat Z, might possibly have unequal 
intensities in different directions. Let A be a point that is likewise 
fixed to the earth, and whose distance from Z we shall denote by J. 
Then, if ZA have the direction of the earth’s velocity v, a vibration 
produced by Z will have to travel over a length 


c 


bie 


(Yi 13) 
(c velocity of light), before it reaches A. On the contrary, its course 
will be 

c 
fea 
if ZA has the opposite direction. Fizeau expected that the intensities 
received by 4A in the two cases would be inversely as the squares 
of these expressions, so that there would be a difference which one 
might hope to detect by means of suitable experiments with a thermo- 
electric battery. 

From our present views regarding electric and optical phenomena 
in moving bodies it may be inferred that the experiment, proposed 
by Fizeau would have a negative result, the amount of heat which 
is imparted to an absorbing body being independent of the earth’s 
motion. 

It will suffice to consider a simple case, omitting all terms depending 


l 


\ 


1) Pogg. Ann., Bd. 92, p. 652, 1854. 
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on the square of v. Let there be a single radiating particle in the 
origin of coordinates, and let it have an electric moment 
mM, = a cos nt, 

in the direction of O Y. In order to find the dielectric displacement b 
and the magnetic force in the surrounding field, we may start 
from the formulae, I have developed in § 33 of my , Versuch einer 
Theorie der electrischen und optischen Erscheinungen in bewegten 
Kérpern”. Let the velocity v of the earth be in the direction of 
OX, let r be the distance to 0, 


te v 
t=t— 2 AUG) et: 0, coy hie e. Pe lee Lee (1) 
and 
a ' r 
y= ~ cos n (t ~-). 
Then 
en di dey 
*"~ Ane Ox dy” 
ee 1 Oey 02y VU 02y 
Uy lao =) 4Anc® dt'dx ’ 
ee 
z= 4d OF dy ’ 
Dz ae Ot' de’ 
— ofy 
Dy a v dedy ’ 
92y) 32y ay 
fo —}. 
oF Otldax g (2 dz” ) 


The auxiliary quantity » is to be regarded as a function of z, y, z, ¢, 
and it is only after the differentiations have been performed, that 
the value (1) must be substituted. 

We may further confine ourselves to values of *, very much larger 
than the wave-length 4. In this case we have only to retain the 


ierms whose denominator has the first power of r, all other terms 
2 


A 
being, with respect to these, of the order giles For points 


situated on the positive axis of 2, we find 
Dab, =—0, 


Proceedings Royal Acad. Amsterdam Vol. 1V. 


so that 


The corresponding energy per unit of space is 
1 1 
2 7 c2 d,? + ee HD = es 7, . ° ° ° ° e (2) 


and, according to Poyntine’s theorem, there is a flow of energy 
along OX , 


c 
c dy Dz = 4n H.", 


this quantity being the amount of energy per unit of time and unit 
of area, which traverses an element of surface, perpendicular to OX, 
and not moving with the earth. 

In what follows we have only to attend to the mean values of 
the energy and its flow, taken for a full period or for a Japse 
of time, embracing a large number of periods. The mean value 


of (2) is 


n* 2 v\ a? 
=e—(Ifo jo. - sl . Liee 
2 a a5 ce / Yr ) 
and for that of the energy-current we may write 
cU, 


Since v may be negative as well as positive, the above formulae 
apply not only to the vibrations, sent out in the direction of the 
earth’s motion, but equally to those which go forth in opposite direction. 


The factor 1 oe in the expressions for d, and $,is different in 
Cc 


the two cases; it would however be rash, to conclude from this, 
without closer examination, that the difference will make itself felt 
in measurements on the heating of a body exposed to the rays. 

Let there be, in any point of the positive axis of 2, and placed 
perpendicular to it, a disk of infinitely small area w, and composed 
of a perfectly black material, so that it reflects no part of the incident 
radiation. This disk will be supposed to be fixed to the earth, and 
we shall deduce the amount of heating from the law of conservation 
of energy, taking into account that the rays exert on the disk a 
certain normal pressure, the amount of which per unit area is given 
precisely by U}). 

Imagine a right cylinder C, having @ for its base and turned 
towards the source of heat, and suppose the face of it, that is opposite 


1) See e.g, my «Versuch u. s. w.”, §§ 16 and 17. 
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to # — we shall call this «' — to have a fixed position in space, 
Let @ be a lapse of time, consisting of a large number of periods, 
and consider, for this aera the change of the amount of energy, 
contained within C. Let the ae be of so great a length 4, that, 
if » should be negative, the disk cannot reach the plane @’, tetire 
the end of the time 0, and let 2 at the same time be so call in 
comparison with the distance r, that terms which are of the order 


| Ou we waee 
— with respect to the quantities we are considering may be neglected. 
; 


Then we need not trouble ourselves about the difference between the 
values of U for w and @'; neither will it be necessary to attend to 
the flow of energy through the cylindrical surface of C. 

If, for the time 0, e, is the amount of energy, by which the plane 
w' is traversed, e, the increment of the energy, contained within the 
cylinder, and es; the work done by the pressure exerted on w, the 
absorption is evidently given by 

€ = @, — & — é3. 


Now: 
ey =c Ud, 
and, the volume of the cylinder being increased by v@J, 
= vad. 
Finally we have, since the displacement of the disk is v 0, 
ég — Vv Uad. 


The result is therefore 
e—(c —2v) UWA, 
or, by (3), if we continue to neglect terms in v’, 
n* a? y 
Aer Snepeen 


independent of the velocity of the earth. 


Physics. — “Ternary systems’’. II]. By Prof J. D. vAN DER WAALS. 
(Continued from page 560). 


; aT 
The quantity (&1)» occurring in equation (1) as a factor of pie 


is negative for normal substances. It represents (Cont. II, pag. 101 
and following pages) the decrease of energy per molecule, when we 
have a finite quantity of the first phasis and an infinitely small 
quantity of the second phasis, and when we then make the substance 
fill the volume homogeneously, keeping volume and temperature 
constant; so we may also say that it represents the oe Nae in 
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this process is given out per molecular quantity of the second phasis. 
Or, if one prefers to reverse the process, it is the heat absorbed per 
molecular quantity of the second phasis if a, homogeneous phasis is 
splitted up into two phases, — volume and temperature being kept 
constant, — provided the quantity of the second phasis is infinitely 
small compared with the quantity of the first phasis. 

We have proved 1. ¢., that for substances, for which the attraction 


may be reduced to a molecular pressure of the form <, as well in the 
v 


case that a is a function of the temperature, as in the case that 
a does not depend on the temperature, (&3), is certainly negative, 
and so that the energy increases, if in the process mentioned we 
make two separate phases form one homogeneous phasis. In the 
volume of the Arch. Néerl. dedicated to H. A. Lorentz [ have 
shown, by means of the calculation of the coefficient of compressi- 
bility, that the conclusions, deduced from the calculated value for 
(€2))» for a simple substance (Cont. II, pag. 104) namely 
(21) = — v2 (K, + Ky — 2 Kjp) 

hold good. 

The conclusion, that the surface representing coexisting phases 
contracts at increasing temperature, which is only true for the case 
that (&)» is negative, is only in contradiction with the results of 
experiments for water at a temperature below 4°, nor will it hold 
good for diluted aqueous solutions at less than 4 degrees. For other 
substances, even for such as are known to be abnormal, as yet no 
deviations have been proved with certainty. I have pointed out l.c. 
that for associating substances a reason may be found tending to 
make the value of (€)) positive. Yet the scarcity of the exception 
to the rule that (€1)) is negative, has afterwards made me consider the 
question once more, whether the fact, that the mixture may be considered 
as a solution in a substance, consisting in the liquid state of molecules 
of greater complexity than in the gaseous state, is sufficient to 
account for the fact that: 


(f1)0 > 0, 
and the result of these more accurate considerations is, that in the 
case of the exception, — water below 4°, — other reasons as yet 


unknown must be present, and that the fact, that the solvent is an 
associating substance is not sufficient, to make (é))) from a negative 
to a positive quantity. 

Let us examine the process, for which (€)» represents the decrease 
of the energy more closely. For a simple substance it may be 
thought to take place in two operations. In a certain volume we 
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have a phasis, say a liquid phasis, at constant temperature. This 
phasis fills the whole volume, except a very small part, which is 
filled with the coexisting vapour phasis. Now we make this gaseous 
part condense. For a simple substance we may imagine the con- 
densed part to be in exactly the same state as the liquid phasis. 
The volume now ceases to be totally filled. As second operation 
we imagine the substance to extend till the whole volume is filled 
homogeneously. In the first part of the process the system loses 
a certain positive quantity of energy, namely m times the amount 
of the internal latent heat of evaporation, if m represents the number 
of molecules in the vapour phasis. But in the second part the 
system gains energy. The loss is equal to m(é:—é) and the gain 
may be represented by: 


dé 
Gre. X m (vg—2}). 
So the total loss is: 
bee eee eyes te 
m} (e281) — (=m) Ge 
which agrees with the general expression for (&})» 


ie (0) (5) a (e2-0)(=*) — (Ye—) (5) 


if we put the quantities 7, 2, y, and y; equal to zero. 
For substances, for which the cohesion may be represented by 
a molecular pressure, we have: 
| 


(= —=) (=) 
So Landy — | | "2 
Eg—€| ae og (v 1) on v2 


0 
From this we deduce, that (5) = a) so that the 
1 


gain of energy in the second part is much greater than the loss 
in the first part. 
In the supposition, that the substance associates, &—é would be 


greater than a (- — =), but also in this case this quantity is equal 
to the internal ent heat. And even for water the amount of 
this latent heat does not differ so much from the value, which it 
would have for a normal substance, that this might account for the 
reversal of the sign of (&)v. So the positive amount of (é))» for 
water below 4° is not to be ascribed to the value of &—e, but to 


0€ Of . 
that of the second part, namely to (5, Jers v,). As ee) is equal 
op ce Nes thi e negative, (€:)» consists 
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of two parts, both of them being positive. Water below 4° is there- 
fore a substance, whose energy decreases, if it extends at constant 
temperature. Though the molecules of water cohere strongly, it 
behaves in this respect as if a repulsion between the particles 
existed. As this repulsion is, no doubt, only apparent, it appears 
to me that this loss of energy cannot be explained otherwise, than 
by assuming that in this case extension causes the complexity to 
increase; and this again makes us suppose that the volume of 
water A lenite: increases, when they associate to more complex 
systems. 

For a mixture, either binary or ternary, the process, for which 
(€;)» represents the loss of energy, might be divided into three parts. 
Between the two operations, mentioned in the case of a simple 
substance, we have to insert here the mixing of the first phasis 
with the condensed second phasis; but the change of energy 
arising from this mixing, may be considered to be small, even 
compared with &,—é,. I have discussed this point rather elaborately 
in order to strengthen the conviction that (é2;)o < 0 is the general rule. 

Yet it remains of course the task of the experiment to inquire 
into those cases for which this rule fails. 

From equation (1) of the preceding communication we find the 
connection between the sign of (€,). and the way in which the 
coexistence surface changes its place at increasing temperature. 
This connection is expressed ie the Es oe 


02 
(vg—v}) 2 dvy + aeide = OL Ry pee se = des} ac 
Ria peice a ay ty 
+ (xg 2) (dv, Or, dv, + da,2 dry + Oy day ay ( + 
Bu aes C0 Ree 0a a ae aT 
+ (¥2—%1) ligiau, dv, + ETS da, + ay 2 dyn, = — (si) a 


If 7 is kept constant, de, dy, and dv, represent the projections 
of an element situated in the coexistence surface. But if d7’ differs 
from zero these quantities represent projections of a small line, 
connecting a point of the second surface (that for the Eee 
T+ aT) with a point chosen on the first surface (that for the 
temperature 7’). We choose the point on the second surface such 
that it lies between the nodes, on the right line connecting them, then: 

dv, _ da, _ ayy an 

Vy—0, g— 2 gsr ae 
4 being positive. The first member is positive in consequence of the 
stability of the phases of the coexistence surface. If (€g1)v 18 negative 
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aT is positive, and the second surface, which is quite enclosed in 
the first represents the surface at higher temperature. If (é))y should 
vanish for the chosen point, then that point would not change its 
place when the temperature is changed. If (¢;), should be positive 
for certain points, then that point would move away from the second 
phasis when 7 is increased. As a special case the well known 
properties of the bordering curve for a simple substance are of 
course implied in this. If we have a ternary system, one of the 
components of which is water, at a temperature below 4°, then near 
the point representing water on the coexistence surface a curve is 
to be found where the peculiarity to contract when heated ceases to exist. 

We can easily form an idea of gradual change of the coexistence 
surfaces, and the other surfaces under consideration at increasing tem- 
perature, if the critical temperature of the mixtures of the three compo- 
nents always changes in the same direction, when the quantity of the 
second, or that of the third component is augmented. According to our 


a 
7 ho 
sito b 
equation of state this would signify, that an has always the same 
aL 


a 
7 pe 
6 ; 
sign, — and also that a has always the same sign. If we put 
(Ter)y < (Ter)e < (Ter)o, then the three surfaces, coexistence surface, 
mee, : 
spinodal surface, and surface for which 2 =0, will consist of two 
v 


separated sheets as long as T < (TZcr)y. If T has a value between 
(Tcry and (Tere, the liquid sheet and the vapour sheet have met 
for mixtures, which consist chiefly of the third component, and in 
triangle OXY a curve may be drawn, which indicates the limit be- 
tween mixtures, which yet admit of coexisting phases at the given 
value of 7, and those, which continue to fill the volume homoge- 
neously, however large or small the pressure may be. This limit 
connects in this case a point of OY with a point of the hypothenuse. 
If 7 has risen above (Zvr)z, then the limit connects a point of OX 
with a point of OY, and if 7 has reached the value (7cr)o the limit 
has contracted to the point 0. This limit is the projection of the 
points which the coexistence surface has in common with the tangent 
cylinder parallel to the v-axis; it represents the mixtures for which 
the chosen temperature is that of the critical tangent point. In order 
to find a property of these tangent points, we put the values of a7, 
dx, and dy, equal to zero in the differential equation of the coexis- 
tence surface. So we get: 
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we may iy ‘this equation in the oe, form : 


i =m (ZB) om (SZ) =e © 
Oey 


The equation is reduced to this form, if after division by 4,2 
1 


we take into account, that for constant values of y and T: 


dp = 2 ae + Las 

or 
mag fas ta 
~ Ov \de Ow 

or 


_ Oy o’w 
90? eae 5) Peewee 
Oy /dv oy 
= 5s (Gy), ape: 
Written in the form (@) a property of the tangent point phases proves 
to be (see for a binary system Cont. II, pag. 109) that the mixing 
of a finite quantity of this phasis with an infinitely small quantity 
of the coexisting phasis to one homogeneous phasis, 7 and p being 
constant, involves decrease of volume, which is infinitely smalleven 


compared with the infinitely small quantity of the second phasis. 
If we write (a) in the following form: 


ie hid de dN 
(v2—*}) i + (t2—.)) ae + (Ye—91) aes Ee eee re 67) 


and if we take for the length of the line, connecting the two phases, 
the positive quantity Z, then no difference of pressure will exist 
between ihe tangent point phasis and a phasis whose difference from 
it is given by the quantities dv,, dr, and dy, such that: 


And also that 


dv, dx, dy, dl < 
SS es, 
C2 Pl eee eee eat L 
equation (y) namely may be represented in the following simple shape : 
d 
tPF =o. 
dl 


If we construct a surface of constant pressure through a tangent 
point phasis, the line joining the nodes will be a tangent to that 
surface. (See for a binary system: Hartman, Proceedings III, p. 66). 

We have to distinguish different cases, if the critical temperatures 
do not agree with the condition we have mentioned. If 7 has a 
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minimum value for a certain mixture, i.e. according to our equation 


of state, if a value of « and y is to be found between 0 and 1, 
for which 


and 


then the connection between liquid- and vapour sheet is established 
in the middle of the triangle OXY. 

If 7, has reached its minimum value, the sheets of the coexistence 
surface have not yet coincided but the two sheets of the surface, 


Leo 
for which a = 0, have. For the point at which this takes place, the 


following conditions must be satisfied : 
op ap 32p 
0 0) and <0 
Iu Gide me eddy 
Op 02p 
We deduce from the circumstance that a5 P and as vanish at the same 
vy 


time, that this coincidence of the two sheets occurs at the ordinary 


Sf eee! 32 
critical circumstances. The two other equations stand = 0 


dadv dydv 
Bee 0 and oes 0. This equivalence fol- 
dw oy 
lows immediately from our equation of state. 

Only at a somewhat higher temperature the sheets of the coexis- 
tence surface coincide in one point, — and at the same time in the 
same point the two shects of the spinodal surface ; but we will not 
deduce the equations for the moment. At a still higher temperature 
a closed curve is to be found within the triangle OXY, the points 
inside which represent mixtures, which do not admit of coexisting phases 
at this value of 7’. This closed curve extends if 7’ increases, which exten- 
sion may take place in different ways, as we have mentioned before. 

Before leaving off the discussion of the general properties of these 
surfaces, we will still make a remark of general character. 

Let us imagine a point on the liquid sheet of the surface repre- 
senting the limit between stable and unstable phases. The equation 
of that surface may be written as follows: 


= Gs) Gate) = * 


must be equivalent with 


( 688 ) 


We get into the unstable region when keeping « and y constant, 
and making v increase. For such a point is in consequence 


. < 0. Differentiating f according to p we get: 


dv of _ 0% 086 Oo Ooms i Se ae 
dp dv — dy” dpdx® dx? dpdy? dwdy dpdrdy’ 


of. : on : A 
and as a, is negative, and a is also negative, we may write: 
U My 


026 ,d?o 026 dv er, By 
He) + aoe 
dy” \de*), de? \dy?/» dady \dedy/» 
: 0 
Here we have to take into account, that ae 
P 
If we have such a point in the limiting surface between the 


unstable and stable phases, one set of variations of v, x andy exists 
ca ; : 05 

which is of special importance, viz. that for which dp and d= are 

xv 


equal to zero; so ae for ae 


ay 
a +p de + Se = dy = 0 
and : 
2G eal 
ie ye ae 
Then also ys 
Smee 
ae Spahr 
or iF = ee 


as follows from the condition f= 0. 
For by set of seta ide have: 
0? 
ate 4 saat se Y aye 2 sj dede poe sa ae aay 24 = O- 
For Mig. other if the he of the Bh member Re ue equation 
is positive. This set of variations of v and x is for a binary mixture 
given by a line on the w-surface, which has the tangent plane in 
a point of the spinodal curve in common with the w-surface at least 
for an element. There it is indicated by an isobar, i.e. by a curve 
p=C. For we have in this ei 


Ow 
a2 ao + dud Rete pam 
From this and from the stn of the spinodal curve follows 
ey 
ao + —* Y de = = 0. 


dado 
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We will call the direction of the line, for which dv, dx and dy 
are proportional to the cosines of the angles with the axes, the 
spinodal direction or direction of unstability. 


Applying equation (0) to the direction of unstability we may 
write it as follows: 


dv 7 d®v av 
——\ de® 12 ; dx dy + ae dy? 
076 ee \ aed p 4 dy?/ » J 


Oy? dx* 
The signification of the positive sign of the numerator, occurring 
in the first member, is as follows. If we imagine a surface p = constant 
to be constructed in the point in question, the curve situated in 
that surface and following the spinodal direction turns its convex 
side towards the plane »=0. For a binary system this signifies 
that the p-curve in a point of the liquid branch of the spinodal line 
turns its convex side towards the axis of w (see i. a. fig. 8 of our 
previous communication). From this follows as a special case for a 
plaitpoint, situated on the liquid sheet both of the coexistence sur- 
face and of the spinodal surface, that the curve for which p = constant, 
and which has moreover the direction determined by the limiting com- 
position of the coexisting phases, is convex towards the side of 
the ay-plane. 
If for our investigation we had chosen a point on the vapour 


= 00 


sheet of the spinodal surface, would have been positive, we should 
v 


have had to substitute the sign < for the sign > and we should 
have had to read “concave side” instead of “convex side’ (see also 
fig. 8 of our previous communication). In some special cases the 
point on the spinodal surface may be chosen in such a way, that 


—=0. This may be done: first in those points for which the 


dv 
tangent cylinder normal to the zy plane, touches that plane ; — in this 
case the p-line, which follows the spinodal direction has a point of 
inflexion; — and in the second place in the point, in which the two 
sheets of the coexistence surface and also those of the ee 


; 0 
surface coincide, and for which at the same time “) 2 and - are 
¥ ; My 


equal to zero. Therefore we Ree also for that point: 


(aa), + (ag), 4+), = 


This signifies for a binary system, that the isobar passing through 
the point in which the plait splits up into separate parts has there 
a point of inflexion. 
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RELATION BETWEEN PRESSURE, COMPOSITION AND TEMPERATURE 
FOR: COEXISTING PHASES OF A TERNARY SYSTEM. 


I have deduced the differential equation, which represents the 
relation between and dp, dx,, dy, and d7 for the coexisting phases 
of a ternary system (Arch. Néerl. Série II, Tome II, pag. 74). This 
equation has an following form: 


92 eo 
V9) dp = Wa + \im—e ay) = + (Ye—41) aa = {de aie 
‘ 02 ao | 
Ate aril a + (Y2—41) ay (ty siete a) 


This equation may be derived from the differential equation of the 
coexistence surface (equation 1 of our previous communication) when 
we substitute in it the value of dv, ie from: 


F] oy dp 
—dp = ——d 
i 0v,2 "1 aan Ov vy ipa o ace oe 32 1—(an),47 
Substituting this we get as factor of dp. 
wy oy ay 
(v.—0)) v2 + (#2—2) Aaa + (y2—) Aare 


oy 
dv? 


dT 
and as factor of oA : 


Q 5) 2 

(a) + a) gag + ae 
oe . 
ov? 

If we disregard the sign we may write the factor of dp as follows: 


(%g—) — (%2—2)) Ge) oe o—a(F) . 


In the same way as we have done for a binary mixture (Cont. 
II, pag. 109), we may show also for a ternary mixture, that this 
quantity represents the amount with which the volume decreases 
per molecule of the second phasis if we mix a quantity of the second 
phasis with the first and afterwards reduce pressure and temperature 
to their original value, provided we take the limiting value of this 
decrease of volume for the case that the quantity of the second 
phasis is infinitely small compared with that of the first. The sign 
Vg, represents this limiting value. 


(en +7 ($2) 


dT 
The factor of Fp may be written as follows: 
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(fo + T i. %1 = (€1)v + lp ne ey YQ) « 


We may prove, — in the same way as we have done for a binary 
mixture (Cont. II, pag. 110) — that this quantity represents also 
for a ternary mixture and even for a mixture with an arbitrary 
number of components, the heat given out per molecule of the second 
phasis in the above mentioned process. We represent this quantity 
by the sign MW); so we put 


0 
m Wo =m (8)o + (") 1 + pmvy) - 


This formula is simply an application of the principal formula of 

thermodynamics : 
dQ = de + pdv. 

For the application of equation (I) knowledge of the signs of v9, 
and Wg) is required in the first place. 

The rule for the sign of vg; is very simple. If the first phasis is 
represented by a point on the liquid sheet of the coexistence surface, 
then v1 is positive. If on the other hand that point is to be found 
on the vapour sheet, v.; is negative; and, as we saw already on 
pag. 686, vo; = 09 if the first phasis is represented by a point on the 
contour of the coexistence surface, so on the limit between vapour 
and liquid sheet. (See for a binary system Cont. II, pag. 126). 

In this the transition of the sign of v2, from positive to negative 
takes place. It is true that the value of v2; is also zero in the 
plaitpoint, but there the value zero is not a transition from positive 
to negative; at both sides of the plaitpoint v,, has the same sign; 
positive if the plaitpoint lies on the liquid sheet and vice versa. In 
the plaitpoint v,,; may be written: 


d?v d?v 5 dy } 
4 (tg — 4)? Ze 2 (tg — 2) (yg — 9) eae (Y2—¥1) a. 


and at very little distance from the plaitpoint the value of v9, will 
not perceptibly differ from this value. At the end of our previous 
chapter we have discussed the sign of this expression. 

If we put 


Ow oy Cay 
(v2—v)) aoe + (#2 — 2) O20, + (Ye — 91) dy, 00, 


vg) = ow 
Qv,? 

and if we represent an element of the right line, connecting the 
first phasis with the second, by d, then we get (pag. 686) 


Vg) = oes 


dv,” 

Therefore if the first phasis is a liquid phasis,1) p decreases if 
we move in a straight line towards the coexisting phasis, and vice 
versa. (See i. a. fig. 2 of our previous communication). If both 
coexisting phases are situated on the liquid sheet, this applies as 
well to phasis 1 as to phasis 2. So in this case we have v2) = 2 > 9. 
And if both coexisting phases are to be found on the vapour sheet, 
then 2 = % < 9. 

As to the sign of W,,, this quantity is negative, if the first phasis 
lies on the vapour sheet. It consists in this case of two parts, 


oT 
negative, if the first phasis is represented by a point on the contour 
(critical tangent point). In this case v,, = 0 and We = (&)y so 
it is negative. If the plaitpoint is to be found on the vapour sheet, 
then for that point W,;=0, but at this value again no transition 
from negative to positive values takes place. For points on the 
liquid sheet W., may be either negative or positive. W., consists 
then of two parts, one of which is negative, the other positive. The 
value of W,; may reverse its sign either between the plaitpoint and 
the tangent point or beyond those points. So we have, if 7 is chosen 
so high that it does not cover any more the whole triangle OXY, 
the followimg loci on the coexistence surface: 1st contour for the 
points of which v ; is equal to zero; 294 the series of plait- 
points, which lies either exclusively on the liquid sheet or on the 
vapour sheet. For the moment we will not discuss the case, that this 
series of plaitpoints passes through the contour. For the plaitpoints 


namely (9), and 7’ ee) v1, Which are both negative. Also We; is 


vg, as well as Wp, vanishes; but the ratio ue has a finite value, 
which we will determine presently; 3"4 the ae of points for which 
Wo, is equal to zero. If the temperature rises, the coexistence 
surface contracts, and the three loci mentioned are displaced, so a 
point whose projections «, and y; are given lies successively either 
on the second or third locus and on the contour. If 7 rises still 


") For simplicity’s sake [ call “liquid phasis” each phasis, which is represented by 
a point on the sheet of the small volumes, In the same way I call vapour phasis 
each phasis, which is represented by a point on the sheet of the large volumes. 
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more, the coexistence surface contains no longer a point with 
these values for 2, and y;, and a mixture of this composition has 
become a permanent gas. 

After these preliminary considerations we may begin the discussion 
of equation (I). 


A. We find, if we keep x; and y; constant: 
AT / zy, 0) 

The quantity p in this equation represents the limiting value of the 
pressure, for which a mixture with the given composition 2, and y, 
is still homogeneous. If the phasis is a gas phasis, an increase of 
the pressure, 7 being kept constant, would cause condensation. If 
it is a liquid phase, decrease of the pressure would make part of 
it evaporate. This equation, which for the components themselves 
is nothing but the equation of CLapeyRon, has fora ternary system 
the same form as for a binary one, and would also have the same 
form for a system of still more components. I suppose the shape 
of such a p,Z curve to be known from the knowledge of the pro- 
perties of a binary system; here I only point out that the peculiar 
points of this curve are found, if W,) or v2; or both these quantities 
are zero. If vo, = 0, then e& = Oye te) Wes0 then ap. 188 
maximum. If both values are zero, as is the case in the plaitpoint, 
we get the value of a in an indefinite form, yet from the position 


d, : 
of the plaitpoint we may conclude the real value of (are If it 


lies on the vapour sheet, 7; and W, are both negative, therefore 
the value will be positive, and the greater as it gets nearer to the 
contour. If it lies on the liquid sheet, between the border and the locus 


dp : : 3 
for which W,, = 0, then Gas is negative. If we want to bring 


) in an analytical form, we have to write: 
aT? Pl 


. (=) e 0& (éa1)0 


For 
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we put 
“ 
2 (f21)0 = ay + “tnt + 5 aay =n 


sa 0°e 


sea Qy,00, dyy doy aa 


and further 


2 2 dv 
%) = (= —;) diy? + 2 Ge ) da, dy, + &) dy)? 

The quantities dv, de, and dy; are determined by the properties 
of the plaitpoint as limiting values of %2—%, #—# and Yo—%}. 

iv 
1 
cause why this quotient is indefinite is removed. I have already 
pointed out that (¢))) is always negative, and this sign is not 
reversed by division by dz,*. If the plaitpoint hes on the vapour 
sheet, then the denominator is also negative, as has been shown 
pag. 691. In that case we have therefore: 


(F,> () 


If the plaitpoint lies on the liquid sheet, then we have: 


é 
Gam = cn > 


Between the two branches of the p,Z curve we might trace the 
p, Tl curve of the coincidence pressures. It represents the ordinary 
pressure curve for the saturated vapour pressure of a simple sub- 
stance. It docs not reach so far upwards as to meet the curve in 
which it is enclosed; but it ends in the critical point, if we thought 
the mixture to behave like a simple substance. Only in one case 
the three curves, which lie one above the other have an element 
in common, namely if the ternary system admits of two coexisting 
phases of equal composition. If this might still be the case at the 
critical temperature, then the transition from the lower branch of 
the p, 7’ curve to the higher one does not take place fluently, but 
both branches end in a point, where their tangents have the same 
direction. According to the law of the corresponding states we have 


dx dv ea) 
ms 1 1 + 2 


If we divide numerator as well as denominator of ——— Gs by day’, the 


, 2 di ap : 
in this case > at =f=7. For a binary system this occurred fre- 


quently in the experiments of KUENEN and Quint. 


(To be continued.) 
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Physiology. — “On the infundibular region of the brain of 
Amphioxus lanceolatus”. By Dr. J. Bourke. (Communicated by 
Prof. T. Pace). 


In connection with the hypothesis that the part of the saccus 
vasculosus in Ichthyopsida described as Glandula Infundibuli, is not 
a gland but a sensory organ reacting on a distinct stimulus, it 
seemed to be of importance to study Amphioxus lane. in this direction. 

The brain cavity of Amphioxus used to be figured as a pear-shaped 
enlargement of the central canal, provided only with the hollow 
prolongation beneath the bottom of the olfactory groove, discovered 
by LANGERHANS. 

In the first part of his “Studien zur Entwicklungsgeschichte des 
Kopfes der Kranioten”!) Kuprrer for the first time gave a detailed 
discription of this cavity and pronounced a distinct homology, based 
on anatomical facts, between the brain of tho higher vertebrates and 
the brain cavity of Amphioxus. He came to the conclusion, that the 
ventricle of the brain of Amphioxus is homologous, not with the 
fore-brain (*Vorderhirn’’) of the Craniata in its definitive form, but 
with the primary anterior part (“Vorhirn’”) of the two parts in 
which the brain was seen to be divided in young Acipenser and 
Petromyzon embryos. 

According to Kuprrer the brain cavity of Amphioxus (l.c. Fig. 22) 
is bounded posteriorly by a distinct folding or flexure of the ventral 
wall of the central canal; in front of this flexure there is to be 
seen a thickening of the wall, homologised with the tuberculum 
posterius; in front and ventrally of it the floor of the brain cavity 
is thinned out very much and forms a funnel-shaped cavity ,der 
gebogen sich nach hinten unter dem Tuberculum posterius vorschiebt” 
(lc. Page 75). This funnelshaped cavity Kuprrer homologises with 
the infundibulum of the higher vertebrates. In his somewhat schematic 
drawings no celldifferentiation whatever is to be seen; in front of 
the rather deep infundibular cavity and behind it the cells are 
somewhat spindleshaped and arranged in several layers, at the bottom 
of the infundibular cavity one layer of very flat cells may be 
distinguished. 

The results of my researches on adult and larval amphioxus did 
not coincide with Kuprrers account mentioned above. 

On median sections through large adult amphioxus specimens (fig. 1) just 


1) Heft 1. Die Entwicklung des Kopfes von Acipenser sturio an Medianschnitten 
untersucht. Miinchen 1893. ne 


Proceedings Royal Acad. Amsterdam, Vol, IV. 


Median section through the heed of Amphioxus lancedlatus 4,6 cM. long. 


Inf. 0. = differentiated epithelium. Pv. = pigmented spot. 
Ch. = chorda. g.c. = large ganglion-cells. 


in the region of the infundibular cavity of Kupprrer’s figure, a 
sharply marked off part of the floor of the brain cavity (Inf. 0.) was to be 
seen, consisting of long cylindrical cells, the whole in the form of a 
cup. The inner boundary of the brain cavity did not show even the 
faintest hollowing out, but only went sloping down gradually until 
somewhat behind the eye-spot. The sharply defined differentiated 
part of the floor projected somewhat (but only very little) into the 
brain cavity. 1t consisted of very long cylindrical cells with a very 
clear protoplasm and a small round nucleus lying at the base of 
the cell. On their free surface these cells carried thin but long 
cilia, bent backwards and forming a bundle of thin fibres that could 
be traced as far as the beginning of the central canal. Each cell 
seemed to be provided with one hair. 

Fig. 2. In sections stained with chloride of 
gold (after Apathy) in each cell was to 
be seen a rather thick ‘Neurofibrille”, 
entering the cell at its base, forming a 
network round the nucleus and finally 
ascending through the cell and ending 
just beneath the place of attachment of 
the cilia with a small knob, lying close 
against the intracellular prolongation of 
the cilia. By means of these ,Neuro- 
fibrillen” the cells seemed to be connected 
with other nerve cells lying behind the differentiated epithelium. 
However I could not until now state that with a sufficient amount 
of certainty. 


On cross-sections the differentiated part of the floor appeared as 
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sharply defined as on median longitudinal sections. It. was then 
seen to be shaped somewhat like a fan. (fig. 2). 

Now the figures drawn by Kurrrer are taken from specimens 
of amphioxus of 4 resp. 2 cM. in length, and in older individuals 
Kuprrer himself could not find the infundibular cavity.) 

But in examining younger Amphioxus of about 1,5 to 4 c.M. 
in length no trace whatever was to be found of an infundibular 
cavity; in every section-series the differentiated part of the ventral 
wall of the brain could be distinguished with the-same clearness 
as in the large specimens I had first studied (fig. 3). 


Fig. 3. 


Median section through the head of Amphioxus, 1,9 cM. long. 


In young as well as in older forms there is to be seen a large 
mass of nuclei just behind the differentiated cells, that take a 
deeper stain than the clear cylindrical cells in front of them. When 
the protoplasm of the cylindrical cells is shrunken a little, which 
is not easily to avoid in a material so difficult to fix as Amphi- 
oxus, this mass of nuclei seems to project into the brain cavity. 
In one section-series, in other respects too less satisfactorily fixed 
than the other specimens I examined, something like this was to 
be seen. Examined under a high power it appeared to be an 
artifact, caused by the shrinking of the long cylindrical cells. 

Different individuals even of the same age show a great. amount 
of variation in the median sections through the brain. It is there- 
fore possible that in other forms than I was able to study an 
infundibular cavity as the one described by KUPFFER, may exist. 

I can only say, that in no case I could find it (in specimens of 
about 1,5 ¢.M. to 4,8 c.M. in length) and therefore must draw the 
conclusion that where it is found, it can be only of a secondary 
importance. In all cases however there appeared the sharply defined 
differentiated part of the epithelium described above. 


1) On a drawing after a cross-section Prof. Kuprrer had the kindness of showing 
to me, the long cylindrical cells were clearly to be seen. 
46* 
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Place and form of this structure seem to me to justify the con- 
clusion, that in these cells is to be seen the homologon of the 
infundibular organ of the higher vertebrates. 

But is there any ground to see in it a sensory organ, and must 
we not attribute to it a glandular function? 

The clear aspect of the cells, even in sections stained with 
protoplasmic dyes, could lead us to put it down as a gland, sccre- 
ting a clear mucous substance. But the structure of the cells, the 
absence of any coagulated secretion on the free surface of the cells, 
the long cilia and the neurofibrillar structure inside the cells, the 
absence of any line of separation between secretion products and 
protoplasm inside the cells, is not favourable to that conclusion and 
seems to point at a nervous sensory function. 

If we then consider it to be a sensory organ reacting on a certain 
stimulus, the question arises: what is the stimulus. Could it be the 
variation of pressure inside the brain ventricle, as it may perhaps 
be the case with the infundibular organ of the higher vertebrates ¢ 
As yet there is no answer to the question. 

By van WHE the groove of Hatschek is homologised with the 
hypophysis of the higher vertebrates. If this be true, there is no 
primary connection between the infundibular organ and the hypophysis, 
for the chorda extends between them. 

In the higher vertebrates too this connection does not exist in 
all cases. For in some Teleostean larvae I could see the chorda sepa- 
rating the inf. organ and the pituitary body, by extending dorsally 
of the hypophysis and ventrally of the infundibulum. 


Amsterdam, April 1902. 


Physiology. -- “The principle of entropy in physiology”. By 
Dr. J. W. Langenaan, 1% part. (Communicated by Prof. 
T. PLAce). 


Presented in the meeting of March 29th 1902. 


Criausius deduced the two principal Jaws of the mechanical theory 
of heat from the premise that heat consists in a motion of smallest 
particles, and that the quantity of heat is a measure of the kinetic 
energy of this motion ?). 

The first of these two principal laws states the equivalence of work 


') Cuavstus, Mechanische Warmetheorie, 1887 Ister Bd: p. 23, 
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and heat'). It follows directly from the application to this form of 
motion of the mechanical principle which has been exactly formulated 
by HELMHOLTZ, according to which the variation of the energy of 
an isolated system can only vanish 2). 

According to the second principal law the variation of the entropy 
for an isolated system, which passes through a cyclical process, can 
only vanish or be positive *). I'he generality of this thesis is founded 
upon the additional hypothesis, that heat cannot of itself pass from 
a colder to a warmer body ‘). 

If we call « the energy of the system and 7 the entropy, then this 
thesis may be analytically represented by : 

(0 7). >0 
where the subscript Jetter after a variation indicates the quantity of 
which the value is not to be varied. 

According to CLAUusSIUS a cyclical process is defined as a series of 
changes through which the system passes, and through which it 
returns to its initial state °). This series of changes can be reversible, 
in which case the sign of equality is to be applied, or quite or 
partly irreversible in which case the sign of inequality must be used. 
As perfectly reversible processes do not occur in nature, the sign of 
equality applies only to an ideal case to which the actual occurring 
cases more or less approach °). 

But when for an isolated system which passes through a cyclical 
process, the variation of the entropy can only vanish or be positive, 
then such a system is in equilibrium when 

(On). <0 
for all possible variations of the state of the system which do not 
alter its energy 7). 

Gipps has applied this criterion, which is necessary and sufficient 
for equilibrium to a thermally, mechanically and chemically isolated 
system. In this he excluded the action of gravity, of capillarity and of 
electrical influences §). The general condition of equilibrium leads to 
the following more special conditions of equilibrium ’). 


') Craustus, l.c. p. 24. 

2) HeLtmuoLtz, Ueber die Erhaltung der Kraft. Klass. d. exakten Wiss. N°. J. p. 14. 

3) Craustus, l.c. p. 93. 222. 

*) Cxausius, l.c. p. 8). 

*) Chausius, l.c., p. 35. 

6) Puanck, Thermodynamik. 1897, p. 79. 

7) Gisps, Transact. Conn. Acad. 1874—78, vol. ILI. p. 109. 

*) The electrical phenomena in physiological systems require a separate treatment, 
which rests, however, on the same basis. 

*) Gipps |. c., p. 1)5 e.sq. 
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1st, The temperature must be constant throughout the whole 
system. This js the necessary and sufficient condition for the thermal 
equilibrium. 

2nd. The pressure must be constant throughout the whole system. 
This condition is necessary and sufficient for the mechanical equilibrium. 

34, The thermodynamic potential must be constant for every 
independent variable component of the system throughout the whole 
system. This is the characteristic condition for the chemical equilibrium. 

Equilibrium can only exist, when these three conditions are simul- 
taneously satisfied. The applicability of the two first conditions of 
equilibrium to physiological systems is not open to doubt, the appli- 
cation, however, of the third condition of equilibrium forms a neces- 
sary hypothesis for the application of the more special results of 
thermodynamics to physiological systems. 

In order to apply the results of thermodynamics, we imagine a 
reflex-apparatus, which is thermally, meehanically and chemically 
isolated. The reflex apparatus itself is thought as consisting of a 
(generally peripherically situated) receptive-apparatus going over in 
or connected with an afferent nerve, which is connected in the central 
organ with the cellbody of an efferent nerve. This efferent nerve 
carries as endorgan a transformer. 

This transformer can be a muscle, in which case it chiefly 
transforms potential energy of the chemical system into mechanical 
work and heat. The nature of the transformer and the external 
circumstances determine how the distribution in the two forms of 
energy will take place. lf the transformer is a gland, a chemical 
system is transformed into another and into heat. Here it is chiefly 
the nature of the transformer which determines the final result. If 
we apply the name of transformer to the muscle and to the gland, 
we do so because in these organs the transformation is most prepon- 
derant. In reality the whole reflex-apparatus transforms energy, but 
the part which the before-mentioned organs take in it is so prevail- 
ing, that no appreciable fault is made when we neglect the quan- 
tities of energy transformed in the rest of the reflex-apparatus. If 
the receptive-apparatus is a large senseorgan this neglection is no 
longer admissible. 

In this reflex-apparatus we imagine two chemical systems in 
equilibrium. According to Fgrinc!) one system may be called the 
system of the products of assimilation, the second that of the products 


ee 


1) Ilrrine, Lotos, Neue Folge, 1889 Bd. 1X p. 35, 
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of dissimilation. As in the circumstances, under which we consider 
the physiological systems, a slight exchange of matter is always 
taking place, a part of the first system passes continually into the 
second. In this case we have therefore to deal with a stationary 
state founded on a chemical equilibrium. The third condition of 
equilibrium is, therefore, not exactly satisfied, and it is only by 
approximation, that we deal with these systems as if they were in 
a state of equilibrium. 

In the first place I shall discuss the results which may be derived 
from the principle of equilibrium for the reflex-apparatus; and in 
the second place the law according to which the passage of the 
products of assimilation to the products of dissimilation takes place. 

When discussing states of equilibrium we have in the first place 
to know, what the nature and the causes of the equilibrium are. 
As to the nature of the equilibrium in physiological systems, we 
must consider it as stable, because all physiological experiments have 
proved, that a stimulus of a finite value is required to bring about a finite 
effect. No infinitely small cause, therefore, is capable of bringing 
about a finite change of state in these systems !). 

As cause of the equilibrium we must regard ir the first place 
the active tendencies of the system. If this were the only cause 
of the equilibrium, external influences or changes in the initial state 
of the system, infinitesimal in amount, should be sufficient to produce 
changes in this system”). The method of the just perceptible differ- 
ences which is aiso physiotogically applicable, shows clearly that 
this is not the case. Beside active tendencies also passive resistances 
which prevent changes must exist in physiological systems. 

When the reflex-apparatus is subjected to the action ofa stimulus 
of short duration, it undergoes a series of changes, through which 
it finally returns to its initial state. We may therefore say that a 
cyclical process takes place. As far as I know, there are no 
measurements about the duration of this cyclical metabolic process 
for a simple reflex-apparatus. For the intact organism we may learn 
it approximately from ergographical curves. If the cyclical metabolic 
process shall be complete, then for not too short a period every suc- 
cessive elevation must be equal to the preceding and must not differ 
considerably from the very first elevation. It appears from the 
ergograms communicated by LEHMANN ®), that this is the case for a 


1) Gipss, 1, c. p. 112. 
2) Gisss, |. c. p. 111. 
8) LENMANN, Kdrperlichen Ausserungen psychischer Zustande, 1901, plate X and XIX, 
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tact of 6 a minute; for a tact of 10 a minute the successive ele- 
vations decrease distinctly in height. The duration of the cycle of 
metabolism must therefore be longer than 6 seconds, while 10 
seconds is sufficient for it under the given circumstances. When 
the cycle is complete, the reflex apparatus has returned to its previous 
state and the relation between the masses, the energy and the entropy 
of the system of the assimilation products to those of the system of 
the dissimilation products has returned to. its former constant value. 

If we now drop our premise of thermal, mechanical and chemical 
isolation of the reflex-apparatus, which state is never realized in 
nature, the nature and the state of the surrounding medium, in 
regard to which the isolation is imperfect, are to be taken into 
account. For the higher animals the blood may be considered as the 
surrounding medium, whereas for the lower animals the haemolymph 
fluid takes this place. For plants where a surrounding fluid medium 
fails and the cells are for the greater part separated by wails of cellu- 
lose, the degree of isolation of every tissue-element is very complete. 
Both, with regard to its chemical nature and to its physical condition, 
the surroundiug medium has for all animals the property to be 
variable only within very narrow limits. For approximation I shall 
neglect these variations. Further we introduce the passive resistances 
of the physiological systems in our consideration. It is a general 
characteristic of these passive resistances that they prevent a certain 
kind of motion or change, in whatever way the initial state of the 
system may be modified and to whatever external agencies of force, 
and heat, it may be subjected. Possibly these impediments exist only 
within certain limits, but always within such limits, which allow 
finite variations in the values of all the quantities which express 
the initial state of the system or the mechanical or thermal influences 
acting on it, without producing the change in question }). 

As a proof of the existence of these passive resistances in physiological 
systems we can adduce the very great number of experiments on 
the influence of water upon the metabolism in plants. Perfectly 
dry seeds, mosses and lichens*), which do not respire, can be 
exposed to variations of temperature of more than 100°C., without 
producing any modification in these systems, either temporal or 
lasting, notwithstanding these tissues in turgescent state are not 
distinguished by a high power of resistance against variations 
of temperature *). We know of these passive resistances that they 

4) Grass, ire, p. 211. 


4) Prerrer. Pflanzenphysiologie Ister Bd. 1897. p. 576. 
5) Prerrer. |. ¢c, 2ter Bd. 1901. p. 288, 


( 703 ) 


are characteristic of chemical systems and that they are of general 
occurrence in nature. Later investigations suggest that an area, 
sharply defined by pressure and temperature, may exist for every 
substance or system of substances, within which it can be in the 
state of false equilibrium in consequence of these passive resistances ). 
Though these passive resistances probably decrease rapidly on the 
limits, yet there is no reason to suppose, that they should decrease 
to zero beyond this area. 

If we now stimulate a reflex-apparatus as it occurs in nature, 
the stimulus increase must in the first place reach a definite 
finite value, large enough to overcome the passive resistances in the. 
system, before this stimulus is capable to bring about a change in 
this system. In consequence of the imperfect isolation, the increase: 
of the stimulus per unit of time must in the second place exceed 
a definite finite value in order to bring about a measurable change 
in the system. If we have to deal with a thermal effect, then by 
conduction, heat will pass from the reflex-apparatus to the surroun- 
ding medium and be lost as measurable heat in the reflex-apparatus. 
The same holds good for the pressure, as only semipermeable walls 
occur in nature. In physiology the phenomenon that the increment 
of the stimulus, both as regards its absolute value as its velocity, 
must exceed a finite value in order to cause a measurable effect, 
is known under the name of the “threshold”. 

The elements, which compose the threshold value, belong therefore 
to two groups, such as arise fiom passive resistances in the chemical 
system, and such as originate in the imperfect isolation of the reflex- 
apparatus from the surrounding medium. 

For the higher plants, where this latter group of elements fails 
in the threshold value, the latter is remarkably small as compared 
to the whole interval over which the stimulus can be extended. 
From the experiments of geotropic stimulation of CzAPEK*), where 
a centrifugal force expressed in grams is considered as measure of 
the stimulus, appears that while the whole interval of stimulation 
extends over 40 grams, the threshold value les near 1 milligram. 

The refractory period is due to the existence of a threshold in 
a system which is in a modified physical and chemical state in 
consequence of an immediately preceding stimulus. Since this state 
is partly determined by the stimulus which preceded, the refractory 
period is also partly determined by this stimulus in its characteristic 


1) Van ’r Horr, Vorlesungen. 1898. Heft I. p. 206. 
*) CzaPEK, Jahrb, f, Wiss, Botanik. 1898, Bd, 32, p, 193, 
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quantities. The latter fact appears very clearly from the experi- 
ments of ZWAARDEMAKER and LANs !). 

The existence of a threshold has as a second necessary consequence 
the existence of a latent period, for as long as the increase of the 
stimulus takes place with finite velocity, a definite interval of time 
will always elapse, before the stimulus has reached the value requisite 
to exceed the threshold value. 

When in a system with passive resistances a cyclical process takes 
place, this process is quite or partly irreversible. In this case the 
variation of the entropy of the system is greater than zero and the 
value of this variation is a measure of the irreversibility 7). 

If we apply this to the isolated reflex-apparatus, the cyclical 
metabolic process must be quite or partly irreversible in consequence 
of the passive resistances in the chemical system. This is in perfect 
concordance with what we know of metabolism. If the reflex- 
apparatus has, therefore, passed through a cyclical process, the 
entropy of the system must have increased. As soon as the thermal 
equilibrium is reestablished in the reflex-apparatus, the temperature 
of the system has increased. Probably a similar consideration applies 
also to the pressure, so that at the end of the process, when 
the mechanical equilibrium has been reestablished in the reflex- 
apparatus, the pressure in the system will have risen. 

When we inquire what influence this will have on the two 
chemical systems which we suppose as being in equilibrium, we 
find that in general increasing temperature favours the system which 
is formed under absorption of heat *). Now it is beyond doubt that 
in the formation of the system of the products of assimilation the 
endothermic reactions are preponderant. Increase of pressure favours 
the system with the smallest volume *),: and it is very probable 
that this will be again the system of the products of assimilation. 

If therefore an isolated reflex-apparatus passes through a cyclical 
metobolic process, this is not complete, while the change that sets in 
is such, that the equilibrium is displaced to the side of the system of 
the products of assimilation. If on such a changed system a second 
stimulus acts of the same extent, then the displacement of the equili- 
brium and together with it the external measurable effect must be greater. 


1) ZwaarvDeMAkeR, Separatabdruck. Sitz.ber. IX. Intern. Opth. Congr. Utrecht 1899. 
*) Cratstus l.c. p. 223. 

*) Van ’t Horr. 1. c. p. 158, 

*) Van ’r Hory. |, c. p. 156. 
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This general property of the reflex-apparatus is called ,augmenta- 
tion”. The myothermal investigations of Fick?) prove this very 
clearly for the production of heat in the muscle, and the staircase 
phenomenon proves the same for the mechanical effect. If a stimulus 
acts on a reflex-apparatus great enough to overcome the passive 
resistances, but whose increase per unit of time is too small to 
bring about a perceptible effect, this stimulus will produce a change 
in the reflex-apparatus, every successive stimulus will do the same 
in a more and more changed reflex-apparatus. At last the stimulus, 
which at first seemed too weak, will cause an external measurable 
effect. This phenomenon is called the “summation of stimulus’’. 
It would be more accurate to speak of the summation of the effect 
of stimulation. 

If we again drop oar premise of perfect isolation, no equilibrium 
can exist between the surrounding medium and the reflex-apparatus, 
unless the latter has perfectly returned to its initial state, as far as 
temperature and pressure are concerned. If this has happened, 
the chemical system returns also to its original state. In -this case 
the cycle is complete. ‘This latter part of the cycle is of course 
irreversible and proceeds at first very fast), at the end very slowly. 
For the muscle-reflex-apparatus upon which the tonus depends, an 
interval lying between 3 and 5 minutes seems requisite for that 
part of the process *). For plants, with their more perfect isolation, 
this interval can exceed 30 minutes *). 

Following the example set by MarsnyaLt Hau, GRAINGER, 
SHERRINGTON °) and many others I have considered the reflex-appa- 
ratus as a unit, because the normal course of the process of assimil- 
ation is bound to the integrity of the reflex-apparatus. If we inter- 
rupt the reflex-arc anywhere a lasting change takes place at once. 
As a proof of this we can adduce, that the tonicity of a muscle 
changes the moment the reflex-are on which the tonus rests, is 
interrupted *). In the second place the atrophy which the muscle 
and the gland show some time after their motor or secretory nerves 
has been cut through. As soon as the reflex-are is interrupted, the 
reflex-apparatus passes still through « cycle as regards its physical state, 
but the chemical cycle is no longer complete. ‘This incompleteness of 


1) Fick. Myothermische Untersuchungen. 1889 p. 120, 121. 

2) Warp. Archiv. f. Physiologie. 1880. p. 87. 

3) LaneeLaan. Proceedings Royal Acad. Amsterdam May 25th 1901. p. 50. 

4) Czapexk. le. p. 207. 

‘) SupRRINGTON. On the spinal animal. 1898 Repr. Thomas Yates Lab. Report p. 27, 
*) LANGELAAN, Archiy, f. Physiologie Jahrgang 1901, p. 119. 
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the chemical cycle may be slight at first and by approximation all 
the considerations remain of force for this short period, also for a 
part of a reflex-apparatus, but after a longer period atrophy neces- 
sarily sets in. As soon, however, as the chemical cycle is no longer 
complete, the reflex-apparatus will be in a changed state after each 
stimulation. This interrupts the regularity of the phenomena. 

Some botanists have tried to introduce into botanical physiology 
the notion of a reflex-apparatus built up by a concatenation of celis. 
There is here, however, no question of a differentiated reflex-appa- 
ratus, and a great many investigations have proved, that the same 
cell which receives the stimulus serves at the same time as trans- 
former. Evidently the whole cycle of metabolism takes place in 
a single cel]. It is therefore more accurate to consider the cell asa 
physiological unit for plants and probably also for the lowest animals. 

In a second paper I hope to discuss the law according to which 
the transition of the system of the products of assimilation to the 
products of dissimilation takes place and the results which ensue 
from this for the reflex-apparatus. 


Physiology. — ‘The principle of entropy in physiology.” By 
Dr. J. W. Lancenaan. 2°¢ part (Communicated by Prof. 
T. Pacer). 


In this paper I shall try to discuss the law according to which 
the system of the products of assimilation passes over into that of 
the products of dissimilation. Our knowledge of the nature of these 
two systems is very limited. We scarcely know, which are the prin- 
cipal components originally present and which are the later appea- 
ring. The equations of condition existing between these components, 
are also only partly known to us as regards their form and their 
number. The number of independent variable components is therefore 
not known to us. The only thing we kaow with certainty is that 
we have to deal with condensed systems. 

When the application of thermodynamics in its simplest form is 
correct, the same law will hold true for the transition of the system of 
the products of assimilation to that of the products of dissimilation 
as that according to which two condensed systems pass into one another. 

Supported by a considerable experimental material Van ’t Horr 
has applied here the following formula ‘) : 


») Van ’t Horr, Vorlesungen Jtes Heft 1898 p, 175. 


In this formula 7 represents the absolute temperature, EZ the quan- 
tity of energy, transformed in consequence of the transition of the two 
systems into each other, and g a quantity of heat. If this transition is 
accompanied by chemical changes, then g is the quantity of heat 
which can be developed in maximo, per unity of mass, by this 
transition. 

As far as the present investigations reach this formula seems inde- 
pendent of the number of the component substances and independent 
of the configuration of the two systems which pass into one another. 
The form into which the chemical energy is transformed, is deter- 
mined by the nature of the transformer. 

Van ’T Horr himself considers this formula as the expression ot 
the second principal law of the mechanical theory of heat‘). From 
this point of view its generality is clear, but it is no less clear that 
we have here an application of the law of entropy far beyond the 
limits for which the deduction of CLaustius holds. In its application 
this formula has been chiefly restricted to approximately reversible 
processes in systems characterized by a point ofttransition. Therefore 
the limits within which this formula can be applied are not to be 
determined for the present. 

If the transitions are quite or partly irreversible, the sign of inequa- 
lity takes the place of the sign of equality. This makes the formula 
assume its more general form: 

dT 
dE < q 7 

If this transition takes place in consequence of variations of pressure, 
the same relation exists approximately between the quantity of trans- 
formed energy and the variation of pressure for the interval over 
which this change can take place. 

If on a receptive-organ of a reflex-apparatus a continuous stimulus 
acts, this stimulus will cause a change in the variables which 
determine the state of the chemical system. In consequence of these 
variations a displacement of equilibrium takes place. Equilibrium in 
the reflex-apparatus is only possible, when throughout the chemical 
system the pressure, the temperature and the thermodynamic potential 
for each of the independent variable components is uniform. Under 
influence, therefore, of the strain applied on a part of the system 


1) Van ' Horr, |.c. pag. 174. 
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the whole system must pass into a changed state of equilibrium, If 
the other circumstances remain unchanged, the new state of equili- 
brium will be determined by the stimulus measured in physical 
units). The real relation between the stimulus measured in physical 
measure and the change in the system not being known, we must 
for the present represent it by an implicite function. The same 
holds good for the quantity of transformed energy, as we generally 
measure only part of it in our experiments. 

If we now apply the before-mentioned formula to the transition 
of the system of the products of assimilation to that of the products 
of dissimilation, we find for a reflex-apparatus: 

A p(h) 
IE Chee are ci \ 

In this formula the quantity of transformed energy is represented 
by /(£) and the value of the stimulus in physical units by &. 
For a reflex-apparatus with passive resistances, as it only occurs in 
nature, only the sign of inequality has sense. 

As in our experiments of stimulation never one single receptive 
organ is stimulated, but always a great number, we must summate 
the above expression between 0 and x, n being the number of 
stimulated elements. 


SAKE) CKE 

If we do not understand by Ag(R) the change as it really 
occurs in a certain receptive-organ, but the average change, we 
may write: 

=Agp(R)=nrA G(R) 

As the number of stimulated receptive-organs is always a function 
of the extent of the stimulated area, we are led to introduce, as 
HeuMuoirz did*), this quantity in the formula of stimulation. The 
representation of the effect of stimulation as a sum has no sense, 
as it is shown by the researches of Ramén ¥ Casati ?) and many 
others, how great the number of connections. is between the afferent 
and the efferent nerves. In the second place this decomposition 
has no sense as by its construction the transformer is to be con- 
sidered as a whole. By introducing a new proportionality constant 
the above formula goes over in: 


1) The way by which this changed state is reached, however, is not determined 
by the stimulus, and this enables us to determine or modify by exteraal circum- 
stances the distribution of the transformed energy over different forms. 

?) Hermuortz. Handb, physiol. Optik. 1896. p. 409. 

*) Ramon y Casat. Nuevo Concepto de la Histologia de los Centros nerviosos 1893. 
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A(R) (Ia) 
7 (8) 

In this formula 7"(/) represents the total quantity of transformed 
energy and & again the stimulus in physical units. The tran- 
sition of the system of the products of assimilation to that of the 
products of dissimilation does not depend on the intactness of the 
reflex-apparatus, but takes place as long as the tissue is alive. The 
given formula is therefore the representation of a general law of 
metabolism. 

The special forms under which this formula has been brought in 
physiology and experimental psychology, may be all derived from 
the more general formula by means of the same method. The function 
which occurs in the right-hand side of the equation must be very 
complicated and it is therefore improbable, that we shall soon be 
able to put an explicite function in its place. This function has 
been generally developed into a series by means of the theorem of 
Macuavrin. The term at which the series is interrupted in con- 
nection with the value of the coefficients determine the degree of 
approximation. The formula obtained in this way is naturally a 
formula of interpolation. 

The implicite function occurring in the left-hand side of the equation, 
cannot be treated in this way. This function is always decomposed 
in a sum of several terms agreeing with the number of forms into 
which the chemical energy of the system is transformed. 

If we apply this to formula (Ja), it goes over in: 

| GAR +2eRAR+3c,RAR+ .. + Z(ve) 
AK, + Aly + AB +.-S6 6 +o R+ c,h? + cz, R3+.... 

In this formula the quantities which occur in 2(cé) are very 
small and have the property to approach to zero in the limit at 
the same time with AR. According to the first principal law =(A/) 
will always be equal to the total quantity of transformed energy. 

When we, as a first approximation, break off the series in which 
g(R) is developed at the first powers of & and put at the same 
time ¢=—=0, the general interpolation formula assumes the follo- 


A F(E) <6 


wing form: ip 
A é 
Ne ee NG OED GO) em gt 
The introduction of the special value c) = 9 means physiologically 
that we neglect the existence of the threshold value. Under these 
circumstances the simplified interpolation formula will only apply 
to a perfectly isolated reflex-apparatus without passive resistances. 
Under these circumstances, however, the sign of inequality has no 
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sense. If, moreover, we neglect for the small interval for which the 
formula holds, the variations of the quantities Z,, £3 ete. with 
regard to the variation of 2, and also neglect the very small 
quantity «, the formula goes over in the very special interpolation 
formula which we know as the expression of the law of FECHNER: 


LK 
AB= Op ee 

When applying this formula to physiological problems we generally 
do not measure the energy quantity / itself, but another quantity 
which (at least by approximation) is connected with that quantity 
by a linear relation. 

In order to make this formula which applies only for a very 
small increase of the stimulus, available for a greater interval, 
FEcHNER has summated this expression over a larger interval. When 
executing this summation he neglected the small quantity ¢ and 
replaced in this way the summation by an integration. ‘luis gives 
formula (IT) the following form: 

ES CGR CONe ee ee 

Tf this summation shall be correct, the same thing must take 
place from moment to moment. For the left-hand side of the equation 
this involves the special law, according to which the distribution 
of the transformed energy over its different forms is independent of 
the value of the increment of the stimulus. As the state of the 
system, the other circumstances remaining unchanged, is determined 
by the value of this increment, we can express this law also as 
follows: the distribution of the transformed energy over its different 
forms is independent of the state of the transformer. It is clear 
that this simple law of distribution, which we might call the law of 
the constant proportions, can only be correct by approximation. By 
means of ergographical investigations LEHMANN !) has tried to deduce 
this same law, for the contracting muscle, from the first principal 
law. This however, is only possible by means of the second prin- 
cipal law, which is itself a law of distribution. The summation of 
the energy quantities is beyond doubt. 

For the right-hand side of the equation this summation involves 
that C be constant throughout the interval over which the summation 
is extended. This constant contains the constant K of formule (I). 
The value of this constant is determined by the nature of the 
transformer. Accordingly the summation involves this law: the 


1) Lenmann, KGrperl. Aiiss. psych. Zustinde, 1901. p. 191. 


(711) 


nature of the transformer is not changed in consequence of the 
stimulation. The elastic after-phenomena in muscles show most 
clearly, that also this law which we might call the law of the 
invariability of the transformer, holds only by approximation. Led 
by my own experiments I hope to demonstrate, that besides these 
small continuous variations the constant K can also show discon- 
tinuities. In consequence of these two laws of approximation involved 
in the summation, the interpolation formula of FEcHNER is only 
applicable for a limited interval, within which no discontinuities occur. 

The method used by Fecuner for the determination of the constant 
of integration which occurs in formula (III), is erroneous for physio- 
logical systems, as it is based on the existence of a threshold value, 
while the formula, in virtue of its deduction, premises an ideal 
reflex-apparatus. In accordance with its sense this formula of inter- 
polation has proved to be of general application in physiology. 
To confirm this I shall only refer to the investigations of 
Dewar and M’Kewprick!), of Water”), of WINKLER and VAN 
WAYENBURG 8), of LANGELAAN *) and so many others. Also botanists 
have found it applicable, as appears from the experiments of PFEFFER 5), 
Massart °), Van RyYSSELBERGHE "). 

The apparent uniformity of the natural phenomena to which this 
formula leads, is not founded on the nature of these phenomena, but 
is due to the character of interpolation formula of this form. 

Experimental psychology which has discovered this interpolation 
formula through the investigations of WEBER and FECHNER, sub- 
stituted the value of the sensation for # in formula (III). If we 
consider the physiological law as being given first and the conformity 
with the psychological law as not accidental, then we may say that 
experimental psychology extended the simple law of distribution also 
to that quantity, whose variation appears to our consciousness as a 
change in our sensation. 

Looked upon from this point of view, FECHNER has come in con- 
tradiction with his theory, which explained the logarithmical relation 
from the form of the distribution law. For the case that this psy- 


1) Trans. Roy. Soc. Edinb. 1876, vol. 27. p. 141. 

2) Brain, 1895, vol. 18. p. 200. 

3) Van Wayensure, Disserlatie. 1897. 

4) Archiv f. Physiol. 1901. p. 106. 

6) Prerrer, Unters. Bot. Inst. Tiibingen, 1884, Iter Bd. 3tes Heft, p. 395. 

6) MassarT, Bull. Acad. roy. Belgique, 1883. 3me Série T. 16, p. 590. 

7) Van RyssELBERGHE, Extrait Mém. couronnés, Acad. R. de Belgique, T. LVIIL. 
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chophysiological law of distribution might be really represented by a 
logarithmic function, we should be led to formulae of interpolation 
as have been proposed by PLATEAU, BRENTANO, FULLERTON and 
CATTELL, 

If we want to make the formula of interpolation applicable to a 
greater interval and in this way account to a certain extent for the 
deviations from the law of FECHNER, we must break off the series 
in which (2) was developed at a higher power of &. If we break 
off this series at the second powers of & and introduce the approx- 
imations already mentioned, a formula is obtained which accounts for 
the deviations of the law of Fecuner at the under limit. This formula 
is identical with the formula, which von HenmHourTz!) has found 
for it. If we break off the series at the third powers of 2, a formula 
is formed which is analagous to that of von He_MHoLTz *) and 
which, like the former, partly accounts for the deviations at the 
upper limit. / 

As yet we have only considered states of equilibrium. In this 
way we obtained the simplification that our considerations were 
independent of the time as a factor. . 

The laws which determine the transition from one state of 
equilibrium to another, are very complicated, because the new 
state of equilibrium is not reached at once, but after some oscillations 
round this new state. As the physiological systems show passive 
resistances the laws of the oscillating systems in a resisting medium 
will apply here. Herine *) has come to the same conclusion, and 
has rightly applied this idea to the physiology of the heart. These 
oscillations are of general occurrence and the clinic furnishes several 
examples of it. 

In a third communication I hope to elucidate some of these 
points of view led by my own experiments. 

Conclusions. 

1. For the higher animals the reflex-are is the morphological unit 
within which the cycle of metabolism takes place. For plants and 
probably also for the lowest animals this is the cell. 

2. Between the system of the products of assimilation and that 
of the products of dissimilation exists a stable equilibrium. 

3. The cyclical metabolic process is partly irreversible. 


*) Hetmuotrz |. c. p. 411 the reduced formula of form 2 f. 
*) HELMHOLTZ |. c. p. 413 form. 3. 


*) Hepina, Lotos. Neue Folge IX Bd. 1889, p- 69.) 
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4, Threshold value and refractory period are complex quantities 
which originate in the imperfect isolation of the reflex-are from the 
surrounding medium and in the passive resistances of the chemical system. 

5: Augmentation and summation of the effect of stimulation are the 
consequence of not compensated changes (in the sense of Chavstus). 

6. The form which expresses the law of WEBER-FECHNER is a 
formula of interpolation deduced from the principle of entropy. 


Dynamics. — H. A. Lorentz. “Some considerations on the princi- 
ples of dynamics, in connexion with Hertz’s “Prinzipien 
der Mechanik’. 


In his last work Hertz has founded the whole science of dy- 
namics on a single fundamental principle, which by the simplicity 
of its form recalls Newron’s first law of motion, being expressed 
in the words that a material system moves with constant velocity 
in a path of least curvature (“geradeste Bahn’). By means of the 
hypothesis that in many cases the bodies whose motion is studied 
are connected to an invisible material system, moving with them, 
and by the aid of a terminology akin to that of more-dimensional 
geometry, HERTZ was able to show that all natural motions that 
may be described by the rules of dynamics in their usual form, 
may be made to fall under his law. 

From a physical point of view it is of the utmost interest to 
examine in how far the hypothesis of a hidden system, connected 
with the visible and tangible bodies, leads to a clear and satisfactory 
view of natural phenomena, a question which demands scrupulous 
examination and on which physicists may in many cases disagree. 
On the contrary, it seems hardly possible to doubt the great advan- 
tage in conciseness and clearness of expression that is gained by 
the mathematical form Hertz has chosen for his statements. I 
have therefore thought it advisable to consider in how far these 
advantages still exist, if, leaving aside the hypothesis of hidden 
motions, and without departing from the general use in dynamical 
investigations, one considers the motion of a system as governed by 
“forces” in the usual sense of the word. 

In what follows there is much that may also be found in the 
book of Hertz. This seemed necessary in order to present the 
subject in a connected form. 

As to the authors who have, before Hertz, published similar 
investigations, I need only mention Bertram, Lipscuitz and DarBovux. 

47% 
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§ 1. We shall consider a system, consisting of » material points 
and we shall determine its position by the rectangular coordinates 
of all these points. The coordinates of the first point will be re- 
presented by 2, 2, ~3, those of the second point by a4, #5, as, etc., 
and any one of the coordinates by «,, the index y varying from 
1 to 3n. We shall write m for the mass of the system, and m, for 
that of the point to which the index y belongs. This implies that 
any one of these quantities m, has the same meaning as two other ones. 


§ 2. We shall determine an infinitely small displacement of the 
system by the increments dz, (or, as we shall write in some cases, 
dz,) of the several rectangular coordinates. We shall ascribe to such 
a displacement a definite length, to be denoted by ds, and defined 
as the positive value that satisfies the equation 


3n 
mds = Sym, dee dil ste < ae 
1 


The displacement of the system may be considered as the complex 
of the displacements of the individual points, and the rectangular 
components of these last displacements, i. e. the differentials dz, may 
be called the elements of the displacement of the system. We shall 
also call ds the distance between the positions of the system before 
and after the infinitely small displacement. 


§ 3. Let P, FP’, P" be three positions, infinitely near each 
other, ds, ds', ds" the lengths of the displacements PP’, PP", 
P'>P", It may be shown by (1) that any of these lengths can 
never be greater than the sum of the other two, so that we may construct 
a triangle, having ds, ds', ds” for its sides. By the angle between the 
displacements PP’ and PP" we shall understand the angle 
between the sides ds and ds' of this triangle. If we denote it by 
(s, s'), the elements of the first displacement by da, and those of 
the second b dz',, we shall have 


3n 
im ds.ds cos.(8; 5) = 4 N 4 yd, da, eto ee 
De (2) 

In special cases the angles of the triangle may be on a straight 
line, so that (s, s') = 0 or 180°. 

The above may be extended to two displacements, having the 
elements dw, and dey, the lengths ds and ds', whose initial positions 
do not coincide. In this case, just like in the former one, we calcu- 
late the angle between the displacements by the formula (2). 
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§ 4. If we have to do with a set of vector-quantities of one kind 
or another — but all of the same kind — each belonging to one of 
the material points, we shall call the complex of all these quantities 
a vector im the system or simply a vector. The rectangular compo- 
nents of the several vector quantities will be called the elements of 
the vector in the system. 

From this it follows that an infinitely small displacement is itself 
a vector in the system, and that any vector may be geometrically 
represented on an infinitely small scale by such a displacement. The 
length or value of a vector and the angle between two vectors may 
be defined in a similar way as the corresponding quantities in the case 
of infinitely small displacements. 

We shall often denote a vector by the letter ©, its value by S, 
its elements by X,. Accents or other suffixes will serve to distinguish 
one vector from another. Other Gothic letters for vectors, and the 
corresponding Latin ones for their values will likewise be used. If 
an infinitely small displacement is to be regarded as a vector, we 
shall denote it by ds or 08. 

The value S of a vector, considered in most cases as a positive 
quantity, is given by the formula 


38n 
mS = Sy m, XP ARB Lhe ay hee) 
I 


and the angle (G, S’) between two vectors by 
3n 


mS S' cos (©, SY = Vy my X, Xe Cs (4) 
» 


If (©, S')=0, the vectors are said to have the same direction. 
For this it is necessary and sufficient that the ratios between the 
elements X, should be the same as those between the elements X,'. 
The ratios between the elements and the length will then likewise 
be the same for the two vectors. It is natural to call these last 
ratios the direction-constants. If these are @,, so that 


the equation (4) becomes 
3n 
m cos (S, S') = MOLLE ey | teen lal (5) 
= 


The angle between two vectors depends therefore on their direction- 


constants, or, as we may say, on their directions. 
The direction-constants of a vector may not be chosen indepen- 


dently from each another, the relation 
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3n 
y: Mytea cam: ba & fei caramels) 
I 


having always to be satisfied. 
Two vectors are said to be perpendicular to cach other, if (SG, S') = 90°. 
If the angle is 180°, the vectors have opposite directions. This 
will sometimes be expressed by saying that the two have the same 
direction-constants, but that one value is positive and the other negative. 


§ 5. Multiplying a vector S by a positive or negative number & 
means, that each element is multiplied by &, and that the products 
are taken as the elements of a new vector, which we shall indicate 
by £6. 

Two vectors ©, and GS, are said to be compounded with each 
other, if any two corresponding elements are added algebraically, 
and the sums thus obtained are taken as the elements of a new 
vector. This is called the resultant or the sum of the two vectors, 
and represented by G, + Sg; it may again be decomposed into the 
components ©, and Gp. 

There are a number of theorems, closely corresponding to those 
in the theory of ordinary vectors. We need only mention some of them. 

If Sy Ee Cyrano in oe eee 
and if % be an arbitrarily chosen direction in the system, i. e. the 
direction of some vector in the system, we shall have 

S) cos (GS, , h) + Sq cos (Sg ,h) = Ss cos (Gs , h). 

From this it appears that, as soon as two of the vectors ©, S,, Ss 
are perpendicular to the direction h, the third will likewise be so. 

It may further be shown that a given vector S may always be 
decomposed into one component having a given direction 4 (or preci- 
sely the opposite direction) and a second component, perpendicular 
to h. This decomposition can be effected in only one way, the value 
of the first component being Scos(S,h). This may be positive or 
negative ; in one case the component has the direction 4, in the other 
it has the opposite direction. 


The value of the component along % is also called the projection 
of © on the direction h. 


By the scalar product of the vectors ©, and S, we understand 
the expression 
S, Sy cos (S}, Se) , 
for which the sign (©,;.©,) will be used. 
It is also to be remarked that, in the case of (7), 
Ss? = 8)? -+ S,? + 2(S,.S,) . 
and that we may regard the formula 


£8) 


(717) 


6, = & —&, 
as expressing the same relation as (7). In this way the difference 
of two vectors is defined, 
We shall speak of the sum and the difference of two vectors not 
only if these relate to the same position of the system, but likewise 
if they are given for different positions. 


§ 6. The material points of the system are said to be connected 
with one another, if the system is, by its nature, only capable of 
such infinitely small displacements as satisfy certain conditions. We 


shall suppose that these may be expressed by ¢ equations of the form 
3n 


Situ de, oa ik Clow TA eaienn a Roly Ra ee eae () 
1 
in which the coefficients x, are functions of the rectangular coordi- 
nates, but do not explicitly contain the time. Displacements agreeing 
with (9) are called possible displacements ; displacements which violate 
the conditions are however equally imaginable. 

A position of the system and a vector in it being given, we may 
examine if the vector have or not the direction of a possible displa- 
cement. If will have such a direction if its elements or its direction- 
constants obey i equations, similar to (9). 

If two of the three vectors in (7) have the direction of a possible 
displacement, the third will have the same property. 


§ 7. There are directions perpendicular to all possible displace- 
ments. If a vector S is to have such a direction, it must be possible 


to express its elements X, in? quantities Z, by means of the equations 
i 


ee 4 Biy-wt ° er ore Sky, oo ate 10 
ys (10) 
Any system of values for 4, will give a vector that has the 

property in question. 

If, among the vectors occurring in (7), there are two that are 
perpendicular to all possible displacements, the same will be the 
case with the third vector. 

A given vector may be decomposed into two components of which 
the one is perpendicular to all possible displacements, and the other 
has the direction of a possible displacement. There is only one such 
decomposition. 

In order to show this, we may regard as unknown quantities the 
3n elements of the second component and ¢ quantities 2,, in which, 
by (10), the elements of the first component may be expressed. There 
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is an equal number of linear equations, 7 of them expressing (§ 6) 
that the first component has the direction of a possible displacement, 
and the remaining 3n equations, that the elements of the given vector 
are the sums of the corresponding elements of the two components. 


§ 8. The path of a moving system is determined by the positions 
it occupies one after the other. It may be considered as a succession 
of infinitely small displacements, which we shall call the elements 
of the path. The length of any part of the path is defined as the sum 


fa 


of the lengths ds of the elements of which it consists. 

The direction of a path in one of its positions is given by the 
direction of an clement. 

We shall always think of the system as moving along a path in 
a definite direction. Then the coordinates «,, and all other quantities 
that have determinate values for every position in the path, may be 
regarded as functions of the length s of the path, reckoned from 
some fixed position. Accents will serve to indicate differentiation of 
such quantities with respect to s. 

From what has been said in § 4 it follows that the quantities «', are 
the direction-constants of the path; they will always satisfy the 
relation 

3n 
Sima? =m, ole aeeie Gee eee GE) 
1 
as appears from (6). Using (3), we see that a vector whose elements 
are «', has the value 1. This vector of value 1, in, the direction 
of the path, may be called the direction-vector. We shall represent 
iteDy +): 


§ 9. We define the curvature of a path as the vector c, given by 
ane 12 

Seer wirreter cc y) 

the numcrator being the difference between the vectors D at the 
beginning and at the end of an element of the path of length ds. 
The elements of D being «',, we see at once that those of care «'',; 
accordingly, in virtue of (3), the value ¢ of the curvature is given by 


mc? = Vi Coe ent ee (13) 


By differentiating (11) one finds 
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3n 


: y My a’, a", aes 0, ‘ ry ‘ é é‘ . ‘ (14) 


1 
the meaning of which is that the curvature is perpendicular to the path. 

Let P, and P, be two paths, having in common a position 4 and 
the direction in this position, so that the direction-vector D, in the 
position A, is likewise the same for the two paths, or 

Dia = == Dofa). 

Let us consider elements of the two paths, beginning in A, and 
of equal lengths ds. If D, and Dz are the direction-vectors at the 
ends of these elements, the vector 

ae D1 — K 

eae et aca az (25) 

may appropriately be called the relative curvature of the path P, with 

respect to the path P,. Now, we may replace the numerator in (15) 

by (2) — Da] — [22 — Daa]; the relative curvature is therefore 
related as follows to the curvatures ¢, and ¢, of the two paths: 

(r= C) —Cy - Spano exe (16) 

Like ¢, and cg, the relative curvature is “penned to both paths. 


§ 10. What has been said thus far holds for every imaginable 
path. We shall now consider posszble paths, i. e. such as are com- 
posed of possible infiuitely small displacements. The direction- 


constants of such a path satisfy the ¢ conditions 
8n 


Sie ey =0,. Re eae ee stata TP) 
1 
as may be deduced from (9). 

Let there be given a position A and a direction in this position, 
so that the values of a, and «, are known, and let us seek the 
values of «",, which make the curvature ¢ a minimum. 

In solving this problem, we have to take into account equation 
(14) and the conditions 


3n 3n = 3n Ap 
» ’: Dz: “by 
yv Ly en + v 7 Oen Oy Lu’, — 0, e ° ° e (18) 
1 bastan le 


which are got by differentiating (17). We may therefore write for 
the values of #", that make (13) a minimum 


a 
U 
Me, = yy P, + m,z',Q, 
1 


P, and Q being i+ 1 quantities whose values can be determined 
by means of (14) and (18). The first of these equations, combined 
with (17) and (11), gives Q=0. The solution becomes therefore 
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7 
aa ae 5 ok aa harass ak Tee) 


and the formulae (18) will serve to determine the quantities P,. 

A possible path which, in each of the positions belonging to it, is 
Jess curved than any other possible path of the same direction may 
be called a path of least curvature. In every position through which 
it passes it has the property expressed by (19) or, as we may also 
say, its curvature is perpendicular to all possible displacements. 

A path of least curvature is determined by one position, and the 
direction in that position. 


§ 11. We shall next consider a possible path P and the path 
P, of least curvature, having in common with P one position A and 
the direction in that position. Let, in the position 4, ¢ be the 
curvature of Po, #0) the elements of this curvature, ¢ and a", the 
corresponding quantities for P, and let us fix our attention on the 
relative curvature of P, with respect to the least curved path Po. 
We shall denote this relative curvature by cy, and call it the free 
curvature of the possible path P. It may be shown to have the 
direction of a possible displacement. 

Indeed, we have by definition 

7 =C€— Co < tadlnet Me (20) 
so that the elements of cry are #”,—a'"yo. Now, if we write down 
two times the equations (18), first for P, and then for P, we find 


by subtraction 
3n 


yee [a",—2"o)] = 0, 
1 

which proves the proposition. We may add that ¢, is perpendicular 
to cy, being perpendicular to all possible displacements, and that 
therefore by (8) : 
acy lors 
This confirms the inequality ¢, <e. 

It is easily seen that a possible path is wholly dctermined if one 
knows one position belonging to it, the direction in that position and 
the free curvature in all positions. 


§ 12. Let P be a possible path. From every position A lying in 
it we make the system pass to a varied position A’, by giving to it 
an infinitely small displacement 08, for whose elements we write da, 
these elements being supposed to be continuous functions of the length 
s of the path, reckoned along P. 
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The path P' that is determined by the succession of the new posi- 
tions A’ will be called the varied path and the letter 0 will serve 
to indicate the difference between quantities relating to this path and 
the corresponding ones relating to the original path. We shall use 
the sign d, if we compare the values of some quantity at the begin- 
ning and the end of an element ds of the path P. 

It is easy to obtain an expression for the variation in the length 


of an element. Starting from (1), we find 
3n 3n 


, < 
mods= dy my ay Od ay = 2 m, v',d 0 x, = 
1 1 
3n 3n 
“™/™ 
=d S: m, x', 0 ay — ds. Sim, a", da, 
1 1 


and we may simplify this by introducing the notation for the scalar 
product of two vectors, and writing (08), for the projection of 08 
on the direction of the path. The sums on the right-hand side may 
then be replaced by 
m(D.08)= m(0 8), 
and m(c.08). 
In the last expression, in virtue of (20) 
(¢.d08)=(c,.08) + (7.98), 
and this is reduced to the last term, if we confine ourselves to possible 
virtual displacements 68, these being perpendicular to ¢,. Finally 
Sabato)! PE(cRLOS) aa Ae) eet S21) 
a result, which can be illustrated by simple geometrical examples. 


§ 13. It is to be remarked that the varied path of which we 
have spoken in the last § is not in general a possible path. This 
will however be the case, if the ¢ equations (9) admit of complete 
integration, i. e. if the connexions may ke expressed by ¢ equations 
between the coordinates. 

Systems having this peculiar property are called by Herrz holonomic. 
For these, the equation (21) gives the variation which arises if one 
possible path is changed into another, infinitely near it, and likewise 
possible. 

If now the original path were one of least curvature, we should 
have cr= 0, and by integration over some part of the original path, 
in the supposition that the initial and final positions are not varied, 


2 
df-as=o. 
1 


This shows that for holonomic systems the paths of least curvature 
are at the same time geodetic paths. 
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g 14. In considering the motion in relation to the time t, we 
shall indicate differentiations with respect to this variable either by 
the ordinary sign or by a dot. If some quantity g may be conceived 
as a function of ¢ and likewise as one of the length of path s, we 
have the relation 


dep dy ds . _ds 
— Oo og eT Se 
di Giga ee Oe) 
We shall define the velocity » of the system as the complex of 
: ds 
the velocities of the individual points. Its elements are a = Ly 2 


and the vector itself is 
__ ds 
id D. 
The direction of the velocity is that of the path, so that we may write 
§ = OD) oa) ee 
and the value is 
ds 
o=—_. 
dt 

If the value is determined by (3), the kinetic energy is casily 

found to be 
= 3 my, 

By the acceleration f of the system we understand the complex 
of the accelerations of all the material points. Thus the elements 
of f are x, , and 

(=e D, 

An interesting result is obtained if in this equation we use (22), 
(12) and (20). We are then led to the following decomposition of 
the acceleration into three components: 


: 5 d ; ; 6 
fFarDp Daw 2 4 Dake psDavkgd typ oD . (28) 


The first component is perpendicular to all possible displacements, 
the second has the direction of the free curvature and the third 
that of the path. 

It is easily seen that a possible motion will be quite determined, 
if we know one position, the velocity in that position and, for every 
instant, the second and .the third component of the acceleration. 
Indeed, the second component determines the free curvature, and by 
this the change in the direction of the path, and the third compo- 
nent determines the change in the value of the velocity. 


§ 15. Let the material points of the system be acted on by 
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forces, in the usual sense of the word, and let X, be the rectan- 
gular components of these. We shall take together all these forces, 
so that we may speak of them all as of one thing, but in doing 
so we shall slightly depart from the way in which we have defined 
the velocity and the acceleration. We begin by multiplying each 


. . e m . . ° . 
individual foree by —, m' being the mass of the point on which it 
m 


acts, and m the mass of the whole system, and we understand by 
the force § acting on the system the complex of these new vectors. 

The elements of § are therefore — X,. 

My 

Assigning to § a definite direction and a definite value will of 
course imply that all the forces acting on the material points of 
the system are given in direction and magnitude. 

The definition of the force § has been so chosen that the work 
of the forces in an infinitely small displacement, i.e. the expression 

3n 


z eee 


1 
becomes equal to the scalar product (5. d 8). 


§ 16. Every force ® may be decomposed into one component 
&, perpendicular to all possible displacements, a second component 
%,, having the direction of a possible displacement and perpendicular 
to the path, and a third component 8», in the direction of the path. 

One can conduct this operation in two steps. Replace first (§ 7) 
& by 8, perpendicular to all possible displacements, and 8’, in the 
direction of such a displacement. This being done, we have to 
decompose (§ 5) 8’ into a force $,, along the path, and a force $j, per- 
pendicular to it. The latter component will have the direction of a 
possible displacement, because 8 and 32 have such directions. 

For a given force the three components are wholly determinate. 


§ 17. We may imagine each material point to be acted on by a 
force in the direction of the acceleration of the point and equal to 
the product of the acceleration and the mass. We shall denote by 
the force acting on the system in this special case, by Sp, ©), ©, 
its components in the above mentioned directions, _ 

Now we have in the supposition just made Xy = my ay, from which 
we find mw, for the elements of ©, © =mf for the force itself, 


and, by (23),. 
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@ = met, Gj —me cy, 6, = mvD 
for the three components. 


§ 18. What precedes has prepared us for the consideration of 
the fundamental principles by which the motion of the system under 
the action of given forces is to be determined. We may in the first 
place start from the following assumptions: 

a. The system will have the acceleration f, if the force is preci- 
sely © = mf. 

b. Two forces $, and 8, may have the same influence on the 
motion. For this it is necessary and sufficient that the force 

Sa — 8 
should be perpendicular to all pcessible displacements. 

Let the system be subject to the force § with the components 
So, 31, 32, and let the acceleration be f. Then, by the first principle, 
® has the same influence as © = mf, and by the second principle 
§—G must be perpendicular to all possible displacements. This 
amounts to the same thing as $, = ©), 32 = Gg, or 


5, =m v* cy, Sos nv Oe wif le eee wes 

It will be immediately seen that the above assumptions are equi- 
valent to D’ ALEMBERT’s principle. We might also have replaced 
them by the following rule: 

Decompose the acceleration into two components fy and f', the 
first perpendicular to all possible displacements, and the second in 
the direction of such a displacement. Decompose the force § in the 
same way into the components 8 and 8’. Then the equation of 
motion will be 

Rant. 

This leads directly to the equations (24), by which it is clearly 
seen that the change in direction of the path is determined by the 
component ®,, and the change in the value of the velocity by the 
component :. It is to be kept in mind that the first of the for- 
mulae (24) is a vector-eguation. In general the free curvature, as 
well as the force §,, may have different directions, in some cases a 
great many of them. The equation does not only show us to what 
amount the path deviates from one of least curvature, but also to 
which side the deviation takes place. 


If §=0, we have cr-=0 and v=0; we are then led back to 
the fundamental law of Hertz. 


§ 19. Let us now return to the equation (21), taking for the 
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original path one that is described under the action of the existing 
forces. Attending to (24), we may write in (21) 


1 1 
(7-0 8) = —s (By. 8) = — [(§ 0 8) — By. 8) — (By. 0 8)}. 


Now we have (§).08)=0, because 8 is perpendicular to the 
virtual displacement. Further: 


(By. 98) = moO. I 8) = ms(I 8), = ms'o() = mv (0), 
so that (21) becomes 
Sde=d(08), + dv(08).— 6.38) de, 
or, multiplied by mz, 
mvdds +~ (5.58) ds=malv(08).} 


The scalar product (§.08) on the left is the work of the force 
for the virtual displacement; in the case of a conservative system 
with potential energy U, it may be denoted by — 0 U. The result 
therefore takes the form 


mod ds—-0 Ude=md[o(d 8]. 2 «+ «- (25) 


§ 20. Thus far, we have spoken only of a varied path, but not 
of a varied motion; we have said nothing about the instants at 
which we imagine the varied positions to be reached. In this respect 
we may make different assumptions, and among these there are two, 
which lead to a simple result of the equation (25), if integrated over 
a part of the path. 

a. Let the varied positions A’ be reached at the same moments 
as the corresponding positions A in the original motion. Then 

mvdds=mvo0v.dt=dT dt; 
(25) becomes 
6(T—U)dt=md[v(08)s], 
and, if integrated along the path which the system travels over 
between the instants ¢, and ¢, in the supposition that 08=0 for 
t=, and t= ty, 


d{(T—U)at=0 Big See eats 5 (28) 


This is Hamiiron’s principle, which is in itself sufficient for the 
determination of the motion really taking place under the action 
of given forces, and from which we may infer e.g. that in the 
course of this motion 
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T+uU=E£ 
remains constant. 

b. In the second place we shall assume that in the varied 
motion the energy T+ U has the same constant value E as in the 
original motion. This value # having been chosen, and U being 
known for every position, the value of the velocity . given by 


C= ys (E—U). 


This second assumption therefore, as well as the first, leaves no 
doubt as to the velocity with which the system is supposed to 
travel along its varied path. 
The total energy remaining constant, we have now 
0U=—dT=—mvd0r, 


. 


and (25) becomes 
d (vds)=d[v(0 8)s]; 


or 


O(V E—Uds) =) fma4[v(08)]. . - . . (27) 
Hence, if we integrate along a certain part of the path, supposing 
again the extreme positions to remain unchanged, 


d{VE=Uds=0 i ee eee) 


This is the principle of least action in the form that has been 
given to it by Jaconr. Indeed we may define the action along a 
path of the system as the integral that occurs in the equation (28) }). 
Its value may be calculated for any path 4, 4, whatsoever. For 


the sake of brevity we shall denote it by Ven 


Both the principle of Hamitron and that of Jacopr have been 
here obtained by the consideration of the variation in the length of 
an element of a curved path that is caused by virtual displacements 
of the system. It is clear that both principles hold for every 
system, be it holonomic or not, the only condition being that the 
virtual displacements do not violate the connexions. We must however 
keep in mind that it is only in the case of holonomic systems that 
the varied motion may be said to be, as well as the original one, a 
possible motion. Hence, if we gh to compare the motion aoe 
place under, the action of the given forces with another motion, 
differing infinitely little from it, and such that it is not Panes 
by the connexions, the two prine!ples will only be true for holonomic 


1) The action is usually defined as the integral, multipied by [4 Qm . 
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systems '). The variations of the integrals occurring in (26) and (28) 
will be 0, if the original motion is not only a possible one, but such 
that it may really take place under the influence of the acting forces. 
We shall call such a motion a real or a natural one. 


§ 21. We shall conclude by briefly showing how some well 
known propositions may be presented in a form, agreeing with what 
precedes. These propositions relate to holonomic systems. Let us 
therefore assume that the connexions are expressed by 7 equations 
which must be satisfied, independently of the time, by the coordi- 
nates «,, and let us confine ourselves to possible positions, i.e. such 
as agree with these ¢ conditions. We might determine these positions 
by 3n—i “free” coordinates, but in what follows, it is not necessary 
to do so. 

If, in addition to the equations expressing the connexions, we 
assume still one other equation between the coordinates, we shall 
call the totality of positions satisfying that equation a surface of 
positions. 

In case one of these positions A is reached by a certain path — 
the other positions in this path not all of them belonging to the 
surface — the path may be said to cut the surface in the position A. 
For simplicity’s sake it will be supposed in such a case that the 
surface and the path have only that one position in common. 

Starting from a position A, which belongs to, or hes in asurface 
of positions S, we may give to the system infinitely small displace- 
ments, in such directions that by them the position does not cease 
to belong to the surface. 

Another infinitely small possible displacement d8 whose direction 
is perpendicular to all those displacements in the surface may be 
said to be perpendicular to the surface. It is easily shown that a 
displacement of the latter kind may always be found and that its 
direction is entirely determinate. 

Let S be a surface of positions, A a position that does not belong 
to it but is infinitely near others that do, & a position in the surface, 
such that the infinitely small displacement 4 — B is perpendicular to S, 
and C any position in S infinitely near B. Let & be the angle 
between the displacements 4—B and A—C, and let us denote 
by AB and AC the lengths of these displacements. Then 


AB = AC cos #. 


1) See HéxpeR, Gott. Nachr., 1896, p. 122. 
48 
Proceedings Royal Acad. Amsterdam, Vol. IV. 


( 728 ) 


This follows from what has been said in § 5, if we consider that 
A—C is the resultant of the displacements A—B and BC, 

§ 22. Henceforth we shall treat only of natural motions, taking 
place with a fixed value Z of the total energy, which we choose once 
for all. We shall suppose that, if O and A are any two positions, 
there is une and only one such a natural motion which leads from 
O to A. The action along the path of this motion, 


A 
A Les ee 
Vo ={ VERT}a, 
will have a definite value, depending on the coordinates of O and 4, 
and we shall examine the variations of this action, if we change 


the final position A, the initial one being fixed. 
In the first place it is clear that, if we move A along a path 


A 
issuing from 9, V, will be the greater, the farther A recedes from 0. 


A 
Indeed, V, presents a certain analogy with the length of the path, 


the difference being that, in calculating the action, we must mul- 
tiply each element ds by the factor fW #—U, which changes with 
the position. 

The increment of the action, corresponding to an element of the 
path, is obviously 

VE—Uds. 

In the second place we compare two paths, both issuing from 0, 
but in directions that differ infinitely little from each other. We 
shall proceed along these so far, say till we have reached the posi- 
tions A and 4’, that the action is equal in the two cases, i. e. 


Vien Vans (29) 

Now, the motion O—A' may be conceived as the result of an 
infinitely small variation of the motion O-— A; we may therefore 
apply the equation we deduce from (27), if we integrate from O to 
A, On account of (29), we get 0 on the left-hand side, hence, the 
projection (0 8),, which vanishes for the position O, must likewise 
be 0 for the position A, and the infinitely small displacement A — A’ 
is found to be perpendicular to the path OA. 

We may next fix our attention on all paths that issue from a 
definite position O. In each of these we choose a position A at such 
a distance from O, that the action Vo between O and these positions 
has the same value for all of them. The positions 4 will belong to 
a certain surface and this will be cut under right angles by all the 
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paths. We may therefore call these latter the orthogonal trajectories 
of the surfaces 

Vosssiconsteyia? «i: 0 Salter cou) 

Let S be that one of these surfaces, to Lita a eine position 

A belongs, and let B be some position, infinitely near A, and further 

from O than the surface S. In order to find an expression for the 


Bed 
difference V,, —V,, we consider also the surface S', likewise belong- 


ing to the group (30), and containing the position B; this surface 
will be cut in a certain position C by the path OA prolonged. If 
# is the angle between 4 — 8 aud the direction of the path in A, 
we shall have 


(oes ea ee : . 
as Vo= Vi— V5 =Yh—U.AC=V E—U. ABs 9 . (81) 


§ 23. Instead of considering the paths issuing from one and 
the same position 0, we may also begin by choosing a surface of 
positions S,, and think of all the motions in which the system 
starts from a position belonging to this surface, in a direction per- 
pendicular to it. We shall suppose that any given position A may 
be reached by one and only one of these motions, and we shall write 


ye for the action along the path leading from S, to A. 


This function has properties similar to those of the function we 
have studied in the preceding §. The paths are the orthogonal 
trajectories of the surfaces 


A 
Ve = const, 


and the change in the action, caused by an infinitesimal variation 
of A is given by a formula of the same form as (31). 


§ 24. The values of ie and Ve may depend in many different 


ways on the coordinates of the variable position A, according to the 
choice of the initial position O or the surface S, from which we 
start. All these different functions have however one common property, 
which follows immediately from what has been said, and for which 
a concise form of expression is obtained in the following way. 

If Q is a function of the coordinates, we may, for every infinitely 
small possible displacement 48, beginning in a position A, calculate 
the ratio 

See ee 1 I Bo) 


ds 
48* 
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The value of this will of course depend on the direction of 48, and 
the position, A being chosen, there will be one definite direction 
(perpendicular to the surface Q=const.), for which the ratio takes 
the largest positive value. Now, if we denote this maximum value 
of (32) by DQ, the property in question of the functions V may be 
expressed by 

DV = E—U and DV. =V E—U. 


These formulae may be written in the form ofa partial differential 
equation which is satisfied by V, and Ve. 


§ 25. Let B be any solution of this differential equation, i.e. a 
function of the coordinates, such that 
DR=V EUS Oe ee) 
then the orthogonal trajectories of the surfaces 
Ee consticca) siuee Os eects) aan 
are natural paths of the system. 
The proof of this is as follows. Imagine the infinitely small dis- 
placements d8, lying between the two consecutive surfaces 
R=C and R=C-+dC, 
that is to say, the displacements whose initial position belongs to 
the first and whose final position belongs to the second surface, and 
subject them to the further condition that they are to be perpendicular 
to the first surface. Then we have by (33) 


dC = 
3 = VER-D, VE—Uds = dC, 


so that the action is the same for all these elements, whichever be 
the position in the surface from which they start. 

On the contrary, if d8' is another element of path between the 
two surfaces, not perpendicular to them, but making an angle # 


with one of the first-named displacements @8 in the immediate vici- 
nity, we shall have 


and for the action along d8' 
dC 
cos o 


It appears from this that 
1 O{Y BLU ds} SONS (35) 
if we pass from an element d8, perpendicular to R= C, to an 


element d8', lying between the same two surfaces, and of such a 
direction that # is infinitely small. 
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This being established, we may take an arbitrarily chosen part 
M N of an orthogonal trajectory of the surfaces (34), we may divide 
it into elements by means of surfaces belonging to the group, and 
infinitely near each other, and we may give to MM an infinitely 
small variation, without however changing the positions M and N. 
Then, applying what has just been said to every clement of MN, 
and integrating, we find 


s[VEVa=0, 


showing that MN is a natural path. 

At the same time the meaning of the function 2 becomes apparent. 
Tits value in a certain position A is the action along a trajectory, 
ending in A and beginning at the surface 

Te OU os Tt og eas SG) 


§ 26. We shall now assume that we know a function R(c) of 
the coordinates, satisfying the differential equation (33) and con- 
taining an arbitrary constant c. 

Then = , which is itself a function of the coordinates, will have 

Cc 
the same value for all positions lying on a path P, perpendicular to (36). 

To show this, we consider the consecutive surfaces whose equa- 

tions are 
TENA MO 68 haben Spe OD) 
and TAC HAO CO ee reals: Sel Re (BS) 

Let A) be the position in the first surface where the path P 
begins, 4 any position belonging to P. We shall suppose this 
path A,A to cut the surface (38) in a position 4,, which is, of 
course, infinitely near A,. We shall finally think of the path, such as 
there certainly is one, leaving the surface (38) in a perpendicular 
direction and terminating in A. It has a definite initial position 
in (38), infinitely near 4), and which we shall call A’. 

Since 


A A 
Vise 
as may be deduced from (27), me ae 2 
A A ead, 
a ee Vie == Vy a lee —— oe ° ° . ° ° (39) 


Now, Ve and Ve are the values of /(c) and (c+ dc) for the 
position A. Consequently, the first member of (39) is the value of 


oe de for this position, and 
Cc 


OR ee 
0c de Ay 


The right-hand member of this formula remaining the same if 
we move the system along the path P, the proposition is proved. 


§ 27. A remarkable and well known theorem of Jacosr isa direct 
consequence of our last proposition. If we have found a function 
R of the coordinates, satisfying the differential equation (33) and 
containing, besides an additive constant, 3n—i—1 other arbitrary 


R OR 
constants ¢,,¢,, ete., the values of —, — etc. will not change, 


0c,’ deg 
while the system describes a path, perpendicular to the surface 
BR (Gis. vilgsnetiat.) =O) al tle 1 eee 
The 3n—i—1 equations of such a path will therefore be of the form 
Of Jick Solas re 
PV tuevn yal eo eee se, 
where 71, 7%, etc. are constants. 

The total number of the constants ¢ and y is 2 (8n—i—1); this 
is just sufficient for the representation of every path that may be 
described with the chosen value of the energy. If we vonfine ourselves 
to fixed values of the constants c, and change those of the constants y, 
we shall obtain all paths that are perpendicular to one and the 
same surface (41). One of these paths will be distinguished from 
the other by the value of the action along the parts of the path, 
lying between the surface (41) on one, and each of the surfaces 


IM ty PG G15. Cay Ory ae a 
TEC i3loct-.d Gog Cagis, cea) = 
RB (ey) ¢g, ¢3 + deg, .. . .) = 9, 


on the other side. Indeed, by (42) the action along these parts is 
— ydey, — Yodeq ete. 

By giving other values to the constants c, we shall change the 
surface (41) and we shall find the paths that are perpendicular to 
the new surface. 
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Physiology. — ‘On the intestinal juice of man”. Communication 
made by Prof. H. J. Hampurcer from researches carried 
out conjointly with Dr. E. Hexma. 


(Communicated in the meeting of March 29, 1902). 


Up to the present time only three investigations on the intestinal 
juice of man have been recorded; namely: those of Demanv !) 
in 1879, of Tuspy and Mannine*) in 1892, and of Nagano 8) 
in 1902. 

Upon the whole these investigations have yielded few satisfactory 
results; they have failed to answer the question, what is the signi- 
ficance of the juice secreted by those hundreds of thousands of 
Lieberktihn’s glands, which everywhere line the inner surface of 
the intestine. 

When therefore Prof. Koc directed our attention to the flow of 
intestinal juice, obtained from a lady with an intestinal fistula 
produced by an operation he had performed upon her, we did not 
hesitate for a moment to examine the juice secreted. We are 
extremely indebted to Prof. Kocn, for his cooperation, and also for 
the interest with which he has followed our researches and for his 
readiness to comply with our wishes, after consulting the patient. 

In this respect we owe much also to Dr. P. M. E. Rogssineu, 
who always took the interests of the investigations to heart, besides 
those of his patient. 


The patient in question, was unmarried and 43 years of age; in March 1901 
she underwent a supravaginal amputation of the uterus, rendered necessary by 
a myoma uteri. When she was discharged from the Infirmary on the 27th of April, 
a suppurating fistula in the abdominal scar remained still open but it gradually 
closed. It reopened on the 5th July, discharging the liquid contents of the 
intestines. Soon afterwards, a similar discharge took place through the vagina. 
The patient became considerably weaker so that Prof. Kocu, as consulting phy- 
sician, advised another operation. This took place on the 15th of July. 

When the abdomen was opened a loop of intestine, grown together, was found, 
and fixed to this was a stercoral abscess. It seemed dangerous to clean this out. 
It was therefore decided, simply to separate the loop with the abscess from the 
rest of the intestinal canal; this was effected by cutting through the intestine at 
its entrance into the loop and at the other end where it came out; the ends were 
then united. The separated piece was ligatured at both extremities. Notwith- 
standing this the loop continued to discharge its contents in two places, namely, 
through the scar in the abdomen and through the vagina, At first the discharge 


') B. Demant. Virchow’s Archiv. 75, 1879. 8, 419. 
) Tuspy and Mannine. Guy’s Hospital’s reports 48, 1892, p. 271. } 
5) Nacano. Mittheilungen aus den Grenzgebieten der Medicin und Chirurgie 9, 


1902. S. 293. 
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evidently consisted of what was still left in the loop. When this was removed 
the opening in the vagina closed, but juice still continued to flow from the abdominal 
opening. This juice was, as will appear later on, nothing else but intestinal juice. 

Relying on his experience, Prof. Kocn anticipated“that this part of the intestine 
would ultimately become spontaneously occluded, after which the patient would 
be entirely cured; after the operation, she regained strength and felt in perfect 
health. To allow the juice to flow freely from the fistulous opening in the belly, 
a drainage tube was placed in the wound; the tube led to a little bottle which was 
fixed to the thigh in a slanting position; in this way the juice could be collected 
without inconvenience to the patient. ~ 


This is the juice the first sample of which we received on the 
14t of December 1901, and with which we have carried out our 
researches. — We will first take up the. composition of this juice, 
then its action and finally give some particulars with regard to its 
secretion. 


I. Composition of the juice. 


On superficial examination the product was seen to consist of a 
liquid, in which a not inconsiderable amount of morphological 
elements were present. When these were examined microscopically, 
it was found that they consisted of sound and phantom white blood- 
corpuscles, and a few red blood corpuscles; epithelium cells, bacteria 
and some fine crystalline needles were also present. Most probably 
the latter were fat crystals, for they dissolved in aether and became 
black where treated with osmic acid. 

By the use of the centrifuge, it was determined that the volume 
of morphological elements varied between 6 and 12 per cent of 
the liquid. 

After full subsidence without centrifugalising, the percentage 
volume of the deposit varies between 10 and 20. Mucus was not 
present in the juice. 

The presence of a large number of leucocytes and bacteria suggested 
inflammation, but as the liquid contained only a trace of albumin 
which was difficult to detect, this could not have been the case. 

The presence of bacteria can be explained because during and 
after the operation no rinsing of the intestinal loop was performed ; 
this process was omitted, because on therapeutic grounds there was 
no indication for it. We shall speak later on of the bacteria. 

After centrifugalizing, the liquid was opalescent, had an alkaline 
reaction and on the addition of sulphuric acid carbonic acid was 
given off; Nay CO3 was therefore present. To determine this amount 
quantitatively titration was performed with 1¥/.) normal acid and 
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lakmoid-paper as indicator. The quantity of Nag CO, appeared to 
range between 0.17%, and 0.24 9). 

The proportion of the chlorine was determined by titration accord- 
ing to VOLHARD’s process. 10 CC of the juice were equal to 11.4 CC 
of decinormal silver nitrate solution and therefore contained a quantity 
of chlorine, such as is present in a 0.96°/, solution of sodium 
chloride. The total quantity of solid substances in the opalescent 
liquid amounted to 1.066 °/,. 

The freezingpoint-reduction, determined with BECKMANN’s apparatus, 
amounted to 0.620°. This is greater than that of normal human 
serum, which averages 0.57°. 


II. Action of the intestinal juice. 


If we compare the results of Demant, TuBBy and MANNING and 
NaGaNno concerning the action of the juice examined by them, it 
appears that all agree that its action on nutritive matter is insigni- 
ficant. Its action on proteids like fibrin and boiled white of egg is 
doubtful; so also is its action on cane sugar and fat; it sometimes 
has a feeble digestive action on starch. 

Investigations made on dogs during the last few years, in PAWLOW’s 
laboratory, have however cast a new light on the significance of 
the intestinal juice. It has been shown in these researches that the 
juice has little or no ability by itself to digest nutritive matter but 
that it possesses a powerful action when it codperates with pancreatic 
juice. According to PawLow, the intestinal juice of the dog possesses 
the power of increasing considerably the action of the ferments of 
the pancreatic juice, and this is specially the case in regard to the 
proteolytic ferment, trypsin. We have therefore to deal with a ferment 
in the intestinal juice, which supports or increases the action of 
other ferments, ,a ferment of the ferments”, which PAWLow has 
named _,enterokinase”’ 1). 


Our aim was now in the first place to ascertain, whether “entero- 
kinase’, found in dogs is also present in the intestinal juice of man 
and if this should be the case, to investigate further the nature of 
its action. 

The juice used in this work was freed from morphological elements 
by centrifugalizing. 


1) Pawtow. Das Experiment als zeitgemasse und einheitliche Methode medizinischer 
Forschung. Dargestellt am Beispiele der Verdauungslebre, Wiesbaden 1900, S, 15. 
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We have already mentioned that this was opalescent. It is rendered 
as clear as water by filtration through a Chamberland bougie, but 
the filtered and unfiltered juice have the same actions. 


Let us begin by examining the 


a. Behaviour of intestinal juice in reference to the action of 
trypsin on white of egg. 


For these researches white of hen’s eggs was used, which accord- 
ing to Mrrrr’s method, was coagulated in narrow glass tubes by 
heating to 95°. The digestion was determined quantitatively by 
measuring on both sides the length of the little column which had 
disappeared. Two little tubes were used in each experiment and in 
the following tables the lengths of the four consumed little columns are 
added together. 

It was now seen that the intestinal juice alone had effected no 
visible change, after having been allowed to act on the tubes with 
coagulated white of egg for 48 hours or longer. 

Along with these experiments with intestinal juice, other experi- 
ments were performed in exactly the same way with a 1°/)-solution 
of trypsin (MERCK) in a 0.3°/)-solution of Nag CO3 and at the same 
time with a trypsin-solution, to which intestinal juice was added. 

It was now evident that both the liquids containing trypsin had 
digested white of egg, the latter mixture however being by far the 
more powerful. 

Intestinal juice had therefore in this case exercised a furthering 
influence on the action of the trypsin in digesting white of egg. 

The following figures will make this clear. 


Furthering influence of intestinal juice on the digestive action of trypsin on 
white of egg. 


Millimeters of white of dee consumed in 
24 hours, 2 X 24 hours. 
5 ce of the trypsin sol. + 5 cc water........ | 450 | 9 
5 ce of the trypsin sol. + 5 ec Nay Co, 0.3 pCt. 5 4 
5 ce of the trypsin sol -++ 5 ce intestinal juice 7.50 | 20 
Tatestinal\juice-alone.\.2<.3..chnce te een 0 | 0 


Not all commercial preparations of trypsin, however, gave such 


ass 


decided results; it even happened sometimes that no reinforcing 
action could be detected. 

The same result was obtained, when instead of a trypsin sol. in 
Nay CO3 0.3 %, a glycerine-extract of pancreas was omployed; 
sometimes an evident action, at other times none at all. Sometimes 
even it would seem as if boiled intestinal juice, in which any ferment 
should have been annihilated, operated actively, whereas the unboiled 
Juice was inactive. Looking at these contradictory results, it appeared 
possible that they might be explained on the hypothesis that trypsin 
was liberated from a combination (zymogen) in which it is present 
in the pancreatic juice. 

A communication recently made at Turin at the physiological Con- 
gress, by one of PAWLOw’s collaborators, Dr. WALTHER !) lends support 
to this supposition. 

In opposition to PawtLow’s opinion, this investigator considers 
that the action of enterokinase is due to a transformation of 
zymogen, which has no influence on white of egg, into the active 
trypsin. In his dissertation, written in 1899 in the laboratory of 
Petersburgh, SCHEPOWALNIKowW ”) appears to be of the same opinion. 

In this way it can be explained that there were trypsin-prepara- 
tions, which were not, and others which were rendered active by 
intestinal juice. It, however, remained to be proved that the first 
preparations still contained a considerable quantity of zymogen and 
the others none at all. 

Tt was therefore thought desirable to make experiments with a 
zymogen, free from trypsin. To this end a pig’s pancreas was taken, as 
soon as possible after the animal had been killed (one or two hours), 
cut into small pieces and subjected to pressure. The thick juice 
obtained in this way, did not show the least action on coagulated 
white of egg. When however intestinal juice (which in itself is 
equally unable to digest white of egg) was added to it, the coagu- 
lated white of egg rapidly disappeared. 

Evidently therefore the intestinal juice had liberated trypsin from 
its zymogen. 

The following table gives the details of one experiment, selected 
from many others which all gave the same result. It also shows 
that the intestinal juice is rendered inactive by boiling. 


1) Wartner, Archives Italiennes de Biologie, 1901. 


2) We have been enabled to read this dissertation which is written in Russian 
through the kindly aid of Dr, Saurykow, assistant in pathological anatomy in Groningen, 
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Millimeters of white of egg consumed 
After ~ After After 
17 hours. 45 hours. 88 hours. 
2 drops of pancr. juice ++ 3 cc. water.......... 0 Ry i al 
Pe Wb a 15 » +3ce. NagCO,0.15 pCt. 0 0 410 
2 yy) aD » + » 0.3 » 0. 0 12 
By ye ee » + » APN D> 0 0 0 
2D DD » + » 3 » 0 0 0 
Tubes empty, 
Des Spoey a ney » + — unboiled int. juice 2.5 11 therefore 24 at 
the least. 
2 0 0 2 


Dt Oia 2) » + boiled » » 


There is no need to heat the intestinal juice to boiling to make 
it inactive ; the same result can be obtained by heating for 3 hours to 67°. 

In our next series of investigations, we ought to ascertain quan- 
titatively the power of intestinal juice in setting free trypsin from 
different quantities of zymogen. To this end, increasing quantities 
of fresh pancreatic juice were every time mixed with 5 ce. of 
intestinal juice, and the power of these mixtures to digest white of 
egg was examined. 


| Millimeters of white of egg consumed 


ee Mga eae cee 
ee ee 
1 drop of pancreatic juice +- 5 cc intest. juice 0 41835 4 45 
2 drops a an Se Ces | 3 75 10 13 
3» vs ss aft sariatl dees 4 an a| eee 20 
453, . iis ae eh 4 8.5 125 : 20 
yp 95 Aton ee syiee ayy. tb 4 | 8.5 12.5 20 


These experiments show that a definite quantity of intestinal juice 
can only render a limited quantity of zymogen active for if 5 cc. 
intestinal juice are added to more than 2 drops of pancreatic juice, 
the digestive power is not thereby increased. 

This result does not confirm the opinion of PawLow and his 
collaborators, that the active substance of the intestinal juice is to 
be regarded as a ferment. If this were the case, then the digestive 
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power ought to rise, when larger quantities of pancreatic juice are 
used. For, it is well known that a characteristic property of fer- 
ments is to reinforce chemical changes in an indefinite amount of 
the substances upon which they act (catalysis). 

These results rather lead us to suppose, that this is a case of 
chemical action between “enterokinase’ and zymogen, in  stoechio- 
metrical proportions. 

If this supposition is right, then after a certain quantity of 
intestinal juice has been added sufficient to transform all the zymogen 
of a definite quantity of pancreatic juice into the enzyme, an addition 
of more intestinal juice would not only not increase the transfor- 
mation, but would have the opposite effect; because in that case the 
surplus of intestinal juice, which in itself does not digest white of 
egg, would act as a diluent. This in fact is the case. 

The name ‘enterokinase’, which corresponds with “lipase”, 
“maltase”’, etc. suggests a ferment and is therefore not appropriate. 
The name “zymolysine” appears to us to be preferable. 


We have already mentioned that the intestinal juice contains 
micro-organisms. The question arises whether these, or the products 
of their metabolism furnished the active substance. To answer the 
question whether the bacteria as such are responsible for the action, 
the intestinal juice was filtered through a Chamberland’s bougie 
and the experiments with the clear filtrate, were repeated. ‘The 
results were the same; although the first filtrate showed a somewhat 
less powerful action than the unfiltered fluid, this was not the case 
with the last filtrate. This must be attributed to the circumstance, 
that the bougie retains active substances in the beginning of the 
filtration as was found by Samoitow, in his experiments with 
solutions of pepsin and diphtheria-toxin. 

The bacteria as such are therefore not the active agents, but the 
question still remains whether their metabolic products have any 
such action. 

To investigate this the intestinal juice was again filtered through 
a Chamberland’s bougie and the filtrate boiled. By this process the 
active substance is destroyed. If this had formerly originated from 
bacteria, then, after bringing the same bacteria into the voiled liquid 
and heating to 38°, another culture was bound to produce the same 
products as before. But after the bacteria had full scope for deve- 
lopement in the previously boiled intestinal juice, the juice obtained 
in this manner, mixed with fresh pancreatic juice, did not show 
the slightest activity on white of egg. 
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b. Action on gelatine. 


Following the same method as was applied to white of egg, the 
action on gelatine was examined next. The gelatine which we used, 
was prepared by dissolving 10 gr. in 100 cc. of warm water; the 
free acid was then neutralised and a little thymol, with a little 
gentian-violet-solution added. The little pieces of glass tube, placed 
in the liquid mass, filled of their own accord. After the mass had 
gelatinised around and in the tubes, the latter were lifted out, cleaned 
and if needful the protuding gelatine cut off at the ends.') As the 
gelatine is liquid at 38° and would consequently run from the tubes, 
the experiments were performed at room-temperature. 

In the following summary the results are given. 

The actual figures are omitted for want of room. 

1st. that intestinal juice alone digests neither gelatine nor white 
of egg; 

2-4, that intestinal juice freed from bacteria and afterwards 
mixed with the bacteria, originally present in the juice, is also not 
capable of digesting gelatine. 

3°, that pancreatic juice, mixed with water, only becomes active 
after a considerable time; this may be ascribed to the circumstance 
that the zymogen is gradually transformed into trypsin; 

4th. that after 18 hours, within which time neither pancreatic 
juice alone, nor the intestinal juice alone is able to dissolve gelatine, 
the mixture of both had caused a considerable amount of solution. 

5th, that this is equally the case whether the intestinal juice is 
filtered or not. 

6, that pancreatic juice, mixed with boiled intestinal juice, shows 
no activity after 18 hours, but it becomes active after 48 hours, 
probably for the reasons stated under 3°. 

7th, that the action cannot in any way be attributed to bacteria. 
We have therefore shown that intestinal juice with pancreatic juice 
behaves precisely in the same way in relation to gelatine as in 
relation to coagulated white of egg. 


c. Action on starch. 
The digestion of starch was studied in the same way as that of 


white of egg and gelatine. Arrowroot starch was chosen, as in 


1) Care should be taken when preparing the gelatine mass, not to heat too strongly 
and for as short a time as possible; otherwise gelatinisation does not readily take 
place, 
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LIntWaREW’s work!), but the process of preparing it, and trans- 
ferring it into the glass tubes, was a difficult one. 

First the intestinal juice itself was examined. It appeared that 
in most cases this caused some digestive action, but this was extremely 
trifling compared with the powerful action which fresh pancreatic 
juice exerts. 


ee eee 
Room-temperature 


| 
| Dissolved after Cons. after 
18 hours. 48 hours. 
Intestinal juice alone................ 0 3 
BoUedsintestes |UICE sa asst ce ele se eles 0 1.50 
1 drop pancreatic juice + 2 cc. water 9 11 


In contrast with white of egg, starch is therefore immediately affected 
by fresh pancreatic juice; in other words, the diastatic ferment 
as such is already present in the pancreatic juice, which is not the 
case with the tryptic ferment. It might have been possible however 
that the pancreatic juice, used in these experiments, had already 
undergone a transformation for some cause or other, when the 
starch tubes were brought into contact with it. That this was not 
the case was proved from the fact that coagulated white of egg 
was not affected at all by the same juice. The question next arose 
whether intestinal juice has the power of increasing the activity of 
the diastatic ferment of the pancreatic juice, either by liberating an 
enzyme from a zymogen (in which form it might still be partly present) 
or by supporting the action, according to PawLow’s hypothesis. 

It was however found that it made no difference whether 2cc. 
water or 2cc. of intestinal juice are added to the pancreatic juice. 

The possibility still remained that the quantity of intestinal juice 
in relation to that of pancreatic juice, had been too large and that 
the surplus had acted as a diluent of the amylopsine of the pancreas, 
in the same way as it may do in relation to trypsin. 

Therefore mixtures of pancreatic juice were made, with relatively 
smaller quantities of intestinal juice, but the amylolytic power was 
never increased in any sample. 


d. Action on fat. 


Here the question had to be answered whether intestinal juice as 
such was able to split fat into fatty acid and glycerine, and further 


1) J. J. Lintwaxew, Dissert. Petersburg 1901 (Russian). 
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whether the intestinal juice possessed the power of increasing the 
fat-splitting’ action of the pancreatic juice. 

It was possible to solve both questions at the same time. 

The following mixtures were prepared : 

(1) 2cc. intestinal juice + 0.25cc. monobutyrin. 

(2) 2ce. boiled intestinal juice + 0.25cc. monobutyrin. 

(3) 2ce intestinal juice +-'0.01ce fresh pancreatic juice + 0.25ce. 
monobutyrin. 4 

(4) 2ce. boiled intestinal juice + 0.0lcc. fresh pancreatic juice 
+ 0.25cc. monobutyrin. 

(5) 2cc. intestinal juice + 0.0lcc. fresh pancreatic juice + 0 25 
almond-oil. 

(6) 2cc. boiled intestinal juice + 0.0lcc. fresh pancreatic juice 
+ 0.25 almond-oil. 


After these liquids had been allowed to stand for 24 hours at 
room-temperature, they were titrated with decinormal potash, phenol- 
phtalein being employed as indicator. The results were as follows: 


For (1) were necessary 0.3cc. 1/:9n. KOH for saturation 
(2) 0.3 ” p 


n n n by] 
n (3) nT n 5.4 n ” n 
ec) as n 934 9 m 
” (5) n n 24 n n n 
n (6) ” n 2.4 n n ” 


From these numbers the following conclusions may be drawn: 

(1) and (2) show that whether boiled or unboiled intestinal juice 
is used, acid is present and that its proportions are equal ; this leads 
us to suppose that the monobutyrin was already acid and that the 
unboiled intestinal juice had not exercised any fat-splitting action. 
This supposition was confirmed by titration of the monobutyrin itself. 


(3) and (4) show that the mixture of pancreatic juice and intes- 
tinal juice brings about a considerable amount of splitting but that 
the intestinal juice is not concerned in this action since the same 
result is obtained whether the intestinal juice is boiled or unboiled. 

It is therefore the pancreatic juice which has here effected the 
divison. 

(5) and (6) show that the same holds true for almond-oil except 
that this fat is not as quickly decomposed as monobutyrin. 


The intestinal juice has therefore neither the power to split fats 
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independently, nor that of increasing the fat-splitting action of the 
pancreatic juice. 


e. Action on albumose. 


So far, our investigations regarding the action of intestinal juice 
on proteids had been carried out with coagulated white of egg, 
though we also performed a few confirmatory experiments with 
fibrin. No attention had however been paid io liquid white of egg. 
Therefore we have also made experiments with that substance, but as 
this investigation is at present incomplete we postpone any further de- 
scription of it for a later communication. We will, however describe 
in a few words, some experiments in reference to the influence of in- 
testinal juice on albumose. The results obtained were striking; 
namely that albumose (the so-called peptonum siccum of com- 
merce) was wholly transformed in a powerful way by intestinal juice 
into a substance or substances which give no biuret reaction, and 
are not precipitable by saturation with ammonium sulphate. 

In order to ascertain whether the agent reponsible for this action 
is the same as or different from zymolysine, an attempt was made 
to separate the two actions by fractional heating, and with perfect 
success. After heating for 2 hours to 59°, the power of the intestinal 
juice to transform albumose had disappeared, but that of liberating 
trypsin from zymogen was still present nearly unimpaired. 

By heating the intestinal juice first to 59° and then to 67°, the 
latter action was also lost and by heating at once to 67°, both 
disappeared at the same time. 

After having ascertained these facts, a paper written by O. COHNHEIM?) 
and published quite recently came into our hands. This writer had 
stated that a substance exists in the intestinal mucous membrane 
of dogs and cats, which is able to decompose peptone and also 
albumose and which he has named “erepsin”. At the end of his paper 
CoHNHEIM points out, that he obtained this ferment from the finely- 
divided intestinal mucous membrane, but that the question is still 
open whether the substance is also present in the intestinal juice; 
in other words, whether the erepsine-action takes place intracellularly 
or extracellularly. Our researches prove undoubtedly thut the erepsine 
is secreted and contained in the intestinal juice. 

What the substances are which are produced by the influence 


1) ©, Connuerm. Zeitschr. f. physiol. Chemie 38, 1901. S, 452. 
49 
l’roceedings Royal Acad. Amsterdam. Vol. LV. 
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of erepsin on albumose and peptone, ConNHEIM has not been able 
to determine, and we also have refrained from such investigations 
at present, not knowing for how long the juice of the patient would 
be at our disposal, and to be able to answer other questions, which 
demanded less time and did not seem less important. 


III. Secretion of the intestinal juice. 


The quantity of intestinal juice from the loop varied under normal 
circumstances from 50 to 125 cc., averaging for the 66 days during 
which our observations were made 88 cc. in the 24 hours, the 
morphological elements included. This quantity is much larger than 
that which was obtained by previous investigators. To know whether 
there were variations in the course of the day, the patient was 
requested to collect the juice for a given length of time every three 
hours and each time to put it into a different bottle. This method of 
collection could not however be carried out during the night (8 p.m. 
to 8 a.m.). 

This was continued for 19 days, and when the volumes obtained 
in the same periods were added together it was found that the largest 
quantity was collected in the evening between 5 and 8 o’clock. 

If we compare further what was collected during the day between 
8 a.m. and 8 p.m. and that which was obtained during the same 
period of time in the night, then much more was obtained during 
the night (1027) than during the day (766%/,). 

We cannot draw any very definite conclusions from these figures 
because it was impossible to ascertain exactly how the intestinal loop 
was situated; it is not improbable that, in a lying position, a certain 
quantity could flow down, which was retained in a standing, sitting 
and walking condition. 

The difference between the periods 2—5 p.m. and 5—8 p.m. is 
striking. This difference indicates that there are besides the intest- 
inal lumen, still other factors which inflnence the quantity of the 
secretion. 

SCHEPOWALNIKOFF found that, with dogs, the secretion of the 
intestinal juice was of a purely local nature. To excite secretion 
a caoutchouc tube had to be inserted for a considerable distance 
into the intestine through the fistula, otherwise not a drop of intest- 
inal juice was excreted; a glass tube similarly inserted was not a 
sufficient stimulus. 

In a later communication we hope to speak of the influence of 
different physiological conditions on the quantity, composition and 
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action of the juice. At present we only wish to state that when 
the drainage-tube was lying in the intestine for a length of 12 ¢.M., 
70 c.c, were secreted every 24 hours; but when the tube was pushed 
in further to a length of 22 ¢.M., the quantity rose to 170 c.c.; 
and the next day, when the tube was again pushed in only a small 
distance into the intestine, the quantity sank to 70 c.c. 

There is therefore no doubt that in man also a local excitation 
has a powerful influence on the quantity of the secretion. This is 
what one would expect, and no doubt under physiological cireum- 
stances, the amount secreted is regulated by the necessities of the case. 


Summary. 


The following are the principal results obtained from the researches 
described in the foregoing pages : 


1. The intestinal juice examined by us, does not possess the 
power in itself of digesting white of egg or fat; it is however, in 
a smal] degree, able to hydrolyse starch. 


2. Whereas the intestinal juice exercises an extremely small 
influence on the ordinary constituents of food, ¢t is of great impor- 
tance when it acts in conjunction with pancreatic juice. 

When a freshly excised pancreas is cut into small pieces, pressed 
out and the expressed juice is brought into contact with coagulated 
white of ege no digestion of that substance occurs; if however the 
pancreatic juice is mixed with intestinal juice, then a considerable 
amount of digestion takes place. 

This is best explained on the hypothesis that the proteolytic 
enzyme, trypsin, is not present as such in the juice, but in the 
form of its precursor (trypsinogen); this zymogen is in itself inactive. 
By means of the intestinal juice trypsin is liberated from its zymogen. 


3. This character is lost when the intestinal juice is boiled and 
also when it is heated for 3 hours to 67°. 


4. Pawtow and his fellow-workers, who first drew attention to 
the co-operative action of the two juices in dogs, regard the active 
substance of the intestinal juive as a ferment and have named it 
enterokinase. We do not agree with this, but are of the opinion 
that it is no ferment, rather a compound, which causes a transfor- 
mation of the zymogen into the enzyme, trypsin, in stoechiometrical 


roportion. 
De 49* 
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The name “zymolysine”’ seems to us more appropriate for the 
substance under consideration. 


5. The combination of pancreatic and intestinal juice acts on gelatine 
in exactly the same way as on white of egg. 


6. The other pancreatic ferments, the diastatic and the fat-split- 
ting, are present in the pressed out juice in a fully formed condition ; 
the intestinal juice examined by us does not exercise the least influence 
on either of them. 


7. In addition to zymolysine there appear to be present in the 
intestinal juice, a substance, probably a ferment, which possesses in 
a high degree the power of breaking up albumoses into simple 
substances which have not yet been fully identified. 

This is the same substance, which O. CoHNHEIM obtained a short 
time ago, in a different way, from the intestinal mucous membrane 
of dogs and cats and to which he has given the name of “erepsine”’. 

CoHNHEIM leaves it an open question whether erepsine only acts 
intracellularly or whether it is also secreted in the juice and therefore 
acts in the intestinal lumen. Our investigations clearly show that erepsine 
is present in man, and that it is contained in the intestinal juice. 


8. Zymolysine and erepsine are two different substances. This 
is proved by the fact that after heating the intestinal juice to 59° 
for 2 hours, the erepsine-action is lost, whereas that of the zymo- 
lysine continues {o exist in nearly the same condition. If the juice 
so treated is subsequently heated for 3 hours to 67°, then it also 
loses its power of rendering fresh pancreatic juice active upon white 
of egg and gelatine; in other words, then also the zymolysine is 
destroyed. 


9. By local, mechanical excitation of the intestinal mucous 
membrane, the secretion is considerably augmented. 


Physiology. — ,On the influence of feeding on the composition 
of the fat of milk“. By Dr. B. Ssonuema (Communicated by 
Prof. H. J. HAMBURGER). 


(Communicated in the meeting of February 22, 1902). 


As is universally known, the fat of milk is distinguished from 
nearly all other kinds of fat, because apart from glycerides of non- 
volatile fatty acids other glycerides are present, which contain both 
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non-volatile fatty acids and fatty acids which are volatile with 
water vapour such as butyric acid. This has been the means to 
distinguish the fat of milk from other kinds of fat. 

As it was generally supposed that the amount of volatile fatty 
acids in the fat of cow’s milk does not vary considerably, the deter- 
mination of the amount of volatile fatty acids has been applied as 
a means to detect the adulteration of butter with other kinds of fat 
(margarine) and this is still done at the present time. 

In this investigation a conventional method is usually adopted, which 
does not reveal the total quantity of the volatile fatty acids, but 
gives a number which serves as a measure for the amount of volatile 
fatty acids and at the same time enables us to form an opinion as 
to the genuineness of the butter. 


According to this conventional method 5 grams of filtered butterfat are saponified 
with 2 cc. of very strong soda-lye, with addition of 20 cc. of glycerin. After addition 
of 90 ce. of hot water the soap is decomposed with 50 ce. of dilute sulphuric acid. 
With due regards to certain rules the liquid is distilled until 110 ce. are collected. 
The distillate is titrated, after filtration, withn/,, baryta water (indicator phenolphtha- 
leine). The number of cc. of baryta water required for the neutralisation, gives the 
figure which represents the amount of volatile fatty acids and is called the RetcuErr- 
MetssL-WoLuiyy-number, (R.M.W.-number). 


For the examination of milkfat, the determination of the index 
of refraction has come into use of late. It has been ascertained that 
this physical constant is smaller with fat of milk than with nearly 
all other kinds of fat. 


For the determination of the index of refraction of milkfat, the oleorefractometer of 
Zeiss is always used. Instead of the real index of refraction the so-called refraction- 
number is generally given. This is the number of the empirical division of the scale 
of the instrument, which coincides with the line of demarcation. (The refraction-number 
40 corresponds with the index of refraction 1.4524; 60 with 1.4659.) 


It is remarkable, that the butter, which in certain months 
of the year is being produced in the northern provinces of the 
Netherlands, shows a considerable lower R.M.W.-number and a con- 
siderable higher refraction-number than butter, produced in other 
parts of the country in the same season. From an economical, as 
well as from a scientific point of view, it is of importance to trace 
the reason of this. 

With regard to the economical side of the problem, which has 
caused this investigation, it must be mentioned that the butter 
exported from the Netherlands with a low R.M.W.-pumber and a 
high refraction-number, has, in other countries, been repeatedly charged 
with containing foreign fat. Latterly it has become known that the 
fat of our milk possesses an abnormal composition during certain 
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months of the year, but owing to the difficulty of distinguishing it 
from adulterated butter, this fact is not taken into account. 

On the contrary in some countries it has been considered necessary 
to prohibit the sale of such butter. 

Enabled by the Government to find the means of raising the amount 
of volatile fatty acids of the fat of milk, I have during my experiments, 
which are in progress since the middle of last year, arrived at results, 
which also from a purely scientific point of view, are not to be con- 
sidered unimportant, as I expect they will throw some light on the 
still dark problem of the process of the secretion of milk. 

In the first place we may mention here the experiments, which 
have been made to ascertain the influence of feeding with sugar-beet- 
foliage, on the R.M.W.-number and the refraction-number of the 
butter. It is unnecessary to state here the motive which led to 
making experiments with beet-foliage. 

The cattle, selected for this experiment, grazed in old meadow- 
land, had taken no additional food when the experiment commenced, 
and fed exclusively on grass. 

In order to ascertain the R.M.W.-number and the refraction- 
number of the fat of the milk of each of the 4 cows, samples of 
miJk were taken from each cow three days in succession, namely 
on the 19, 20% and 21s* of October, and the fat obtained there- 
from by churning was examined. 

These and the samples of milk taken later on, have been obtained 
by mixing equal quantities of morning- and evening-milk of the 
same day. Hach sample contained 11/, litre and was always sent 
without delay to the Experiment-station, where they were made sour 
with buttermilk and churned as soon as they were ready for it). 
Milk of different cows was never mixed. 

On the 2224 of October the 4 cows were divided into two groups. 
Until that day they had grazed in the same meadows, but had to 
be separated as two of them, (N°** 1 and 2), were to be fed on 
beet-foliage *). 

To prevent any change which might be caused by removing them 


1) From experiments made on purpose it has appeared to me, that the means of 
souring and the degree of sourness of the milk ready for churning, have no influence 
on the R.M.W.-number and the refraction-number. 

*) 1t must be understood that beet-foliage not only consists of the leaves of the 
beet, but of the heads of the beet-roots as well. ‘These adhere to the foliage at 
harvest time. 


It may be taken for granted that 20 to 25 percent of the weight of the so-called 
heet-foliage consists of the tops of beet-roots, 
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to other meadows, the cows which received the beet- -foliage were 
left in the same “bee 

The two others (N°. 3 and 4) were removed to meadows of the 
same quality. When the additional feeding of the two cows 
(Nes. 1 and 2) with beet-foliage had lasted some time (7 days) and 
the effects were very clearly visible, a commencement was made, 
namely on the 29% of October, with is feeding of the other cows 
(N°s. 3 and 4) with beet- bees. 

On the 7 of November the 4 cows were brought to the stables. 
They were fed until the 19 of November with beet-foliage and 
in addition with clover-hay, straw, 1/, kilo of linseed-cake and 2 
litres of oats. 

In Table I are recorded the way of feeding with beet-foliage, 
the °/, of fat in the miik, the refraction-numbers and the 
R.M.W.-numbers of the milkfat. 


TO ES Led Cte 
Date 0/, of Fat in the | Refraction-numbers ; s 
of Way of Penile at 250 C, R. M. W-numbers. 
sample feeding 
pane sea] 2] 3] a jroda|s| 4 woilea| 34 


All 13.48)3 4 |3.45)3.7 |55. 4/55 .9/56.1/55.5)20.4 |19.7)13.8 |18.8 


ithout 
este 2.853. 35}3.72)4.03)/55 1/55 .9)56. 1/55. 5/20.2 |19. 514.35) 19 


foli 
ee 2.8 |3.7 |3.6 [3.5 |55. 4/56. 5/55. 2/55.2/20.6518.7, — | — 


without, 3.35)3.55/4. —|4.55/49 6150. 8/56 .3/56.2/25.7 |27.9)14.7 | 19 


beet- 
glace 3.2 |3.25)4.—|4.25/50 [50.596 .3)/56.2/25.3 |28.4/15.05) 19 


ll with 
se 3.7 |4.5 |3.6 |3.48/50.3/49 5/50. 450.2/25.9 (80 .624.3 | 26 


f ; 
Beers 3.7 |4.— 13.823 .95)51 . 7152. 8/52. 8/52. 3/26.4 |25. 4123.8 (22.4 
In the sta- 


les with | | 
ie 3. 454.08/4.—\4.05]59.8)50.651 5151 .1)27.8 |29.1/26.55| 26.8 


dea, 2 
23» if with 2..4513.63)3.75|4.05)53 . 1/53. 3/56. 3/56 .1/22.4 22 13.6 | — 


In Table II are given some particulars of the 4 cows, the average 
R.M.W. numbers and the average °/) of fat in the milk for the 


different periods. 


( 750 ) 
PoA Bula ele, 


Sen 


| 0 
of Fat 

Num- R.M.W.-number. were miles 

Age |ber of| Calved ‘Conceived : Yield of : : s 

epee ‘ell { a { . (3 
N, in j times; in 1901 | in 1901 milk per| zs al ¢ we ee : 
iyears.| of on !_ on diem. (25%! 851 2 as loo 
years. | 0 | eS 2 lec £ £3 |jz28 
lealving ae) Sos, ics ea 
\ s cory a} o.s 3 A = oS = 

las ! 2 <x 
a all aL || | 
1 | 4 | 8 | 20 May | 20 July [+ 10 L| 20.4 (95.6) | 5.2 | 2.94| 3.18 
2 | 2 1 [46 March) 19 June |t 3 » | 19.8 29.—)! 9.7 | 3.45 | 3.73 
3 3 2 | 7 April ; 5 July +6 » | 14.8 [24.8% |10.—| 3.6 | 3.8% 
Ak 31 @ AB pe yee) a lo ee 287 aera 


Average | $8.25 | 26.2 


=| 


The above-mentioned figures show, that a considerable increase 
of the R.M.W.-nuinber average 8, that is about 44°/), has to be 
recorded after feeding with beet-foliage. With the two cows, which 
served for control from 22—29 October, the R.M.W.-numbers 
remained pretty constant during those 7 days. The figures given 
above also show, that the great influence of feeding with beet-foliage, 
which has been noticed with the cows N* 1 and 2, between 22 
and 29 October, was confirmed with the cows N° 3 and 4°). Among 
the 4 cows there was one the milk of which yielded a fat containing 
but a small quantity of volatile fatty acids *). With this cow the 
R.M.W.-numbers ranged between 13.6 and 15.05 before the feeding 
with beet-foliage. 

Of the results contained in Table I a graphic representation is 
given; in fig. I, the dates when the samples were taken, are put 
down on the X-axis and the R.M.W.-numbers on the Y-axis; in fig. II 


likewise the dates on the X-axis and the refraction-numbers on the 
Y-axis. 


') This is the averagefigure calculated from the R.M.W.-numbers of the butter 
of 26 October, 28 October and 2 November. 


*) This is the figure of only one sample. 


5) It must be observed that the °/) of fat in the milk rose after feeding with 
beet-foliage and that the amount of milk yielded by Nos 2 and 4 remained almost 
the same, but increased greatly with Nos 1 and 3. 

*) It is evident from these as well as from several others of our experiments, that 
the amount of volatile fatty acids in milkfat is greatly dependent on the nature of 
the individual cow and that under unfavourable circumstances this is probably the 
case in a stronger measure than under favourable ones. 
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It is remarkable how steep the curves of the R.M.W.-numbers 
ascend, how quickly therefore the influence of the beet-foliage is felt. 

On the 22"¢ of October a commencement was made with feeding 
Nes 1 and 2 with beet-foliage and on the 234 of October the R.M.W.- 
numbers of the fat, obtained from the milk, which these cows had, 
therefore, yielded about 18 and 30 hours after the commencement 
of feeding with beet-foliage, showed already a considerable increase. 
The increase amounted to 1.75 and 4.7. After 5 days the increase 
was 5.05 and 9.2, therefore about the same as the average increase 
during the whole period. With the cows Ne 8 and 4 the R.M.W.- 
numbers increased in 3 days with 9.25 and 7.0. 

As appears from the above-mentioned numbers and the curves, 
the feeding with beet-foliage has not only very favourably affected 
the R.M.W.-numters, but likewise the refraction-numbers; these have 
decreased considerably, namely about 6. 


In the second place we may mention here the experiments, which 
have been undertaken to solve the question as to which ingredient 
of the beet-foliage the above-named results must be attributed. 

Owing to the results of one of my investigations, where the influence 
of beet-foliage without the tops of the beets was compared with that 
of beet-foliage from which the tops were not severed, it was probable 
that the favourable effects stated above were due to the sugar con- 
tained in the beet-root-tops. 

During the above-mentioned experiment the animals took each 
about 1.5 kilo of sugar per diem. One of the next experiments was 
made with sugar only, whilst in a second experiment, with other 
cows, first the effects of molasses and next those of sugar were tried. 
For the experiment with sugar alone, three cows were taken which 
were kept in a stable and fed with 6 litres of barleymeal, 1/, kilo 
of linseed-cake and also with some hay and straw. One of the cows 
served as controlling-cow, the two others, N* 2 and 3, received, 
in addition to the above-named ration, also sugar. The sugar con- 
sisted of the raw, unrefined article. The daily allowance was gradually 
raised from 0.4 to 2 kilos per cow and then again reduced to 1 kilo. 

Before commencing the feeding with sugar, the fat of the milk of 
the three cows taken on 6%, 8th and 10% January was examined. 

In Table III are recorded the quantities of sugar wich were 
administered, the R.M.W.-numbers of the milkfat and the °/, of fat 
in the milks. 
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T ALB be Sir: 


a 


Date of Quantity of sugar . 9') of fat 
ioe J 8 R.M.W-numbers. aa the weal 
sample- administered 
taking. to N°. 2 a. 3 Ne 4] No Ne 3] N° 1} No a] nes 
6 January 30.9 | 28.6 | 24.6 | 3.25 | 4.35 | 3.35 
Baus | None, 32.8 | 27.8 | 24.6) 3.05 | 3.9 | 2.9 
10 » 31.5 | 27.4 | 25.3 | 3.05 | 3.85 | 3.05 
Increasing 
‘ly 3) quantities 30.6 | 31.2 | 27.—| 3.— | 3.65 | 2.75 
ges ne 30.6 | 28.95) 26.3) 3.35 | 3.5 | 2.6 
23> 30.4 | 29.4 | 27.65) 3.— | 3.45 | 2.55 
ai Decreasing 28.3 | 29.9] 29.13.41 | 3.45 | 2.8 
30° > | quantities 29.6 | 314.—| 29.3 | 3.— | 3.75 | 2.85 
3 February. 1.5 and 1 kilo 28) 94) 28,98 2858) e229 Sade 


In Table IV are recorded, besides some particulars of the cattle, 
the average R.M.W.-numbers and the average percentage of fat in 


the milk of the different periods. 


TAS Deh ey 


| § fi R.M.W.-numbers. vio, Of Hat 
Number Concei- | ~ oS in the milk. 
Cea Be SS 
N°) Born Y Ne OMe ved in a2 Average Average Average | Average 
1901. aS On | from | 08 from 
calving 1901. |e sag from from 
3 & rt 15 Jan |15 Jan.—|3 Febr. {5 Jan.— 
ci ei 3 Febr. 6-’0 Jan. 3 vebr. 
4 | Spring 2 |27 May| Not 6.5 31.6 | 30.6 | 29.7 | 28.9 | 3.12°/,| 3.06, 
4898. 
2 | Spring 2 |{3 March) Not 5.5 27.8 | 31.2} 29.9 | 28.9] 4.03 , | 3.63 
1898. 
3 | August 2) 27), al Invdune | 665 24.8 | 27.—| 28.— | 28.8 | 3.4 2.74 
1898. 


From the above-given figures it appears that after 4 days (on 15th 
Jan.) of sugar-feeding, the R.M.W.-numbers of N°s, 2 and 8 had risen 
respectively 3.4 and 2.2, whereas with N°. 1, the controlling-cow, a 
decrease of 1.0 was observed. 
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During the whole period of sugar-feeding the R.M.W.-number was 
with N° 2, 2.1 and with N°. 3, 3.2 higher than the average before 
the 10% of January. With the controlling-cow on the other hand, a 
decline was recorded to the amount of 1.9. 

In order to be able to judge correctly of the effect of the 
sugar-feeding, it must be observed, that during the feeding with 
2 kilos of sugar, a tendency to decrease was noticed; evidently this 
quantity was too much }). 

When the daily allowance was diminished an actual rise was again 
recorded. Omitting the figures of the fat of the milk during the days 
when 2 kilos of sugar were given (20% and 234 Jan.), the average 
rise of the R.M.W.-numbers of N°. 2 and 3 is 2.45 and3.7. The 
decrease with the controlling cow amounted on an average to 2.25, 
if the figures of the fat of the milk of No. 1 of 20% and 234 January 
are also omitted. 

Tf it be taken for granted, that the R.M.M.-numbers of the fat of 
the milk of the cows Nes, 2 and 3 would have decreased like those 
of No. 1, if these had not been fed on sugar, then the influence of 
the sugar-feeding is found, by adding the decrease which was noticed 
with the controlling-cow to the increase found with each of the 
cows fed on sugar, so that favorable influence of the sugar with 
No. 2 amounts to 4.7 and with No, 3 to 5.95. 

Of the results, recorded in Table III concerning the R.M. W.-numbers, 
fig. III gives a graphic representation. The dates are put down on 
the X-axis, the R.M.W.-numbers on the Y-axis. 

For the experiment, in which first molasses and afterwards sugar 
was given, three of the cows, namely N°. 1, 2 and 3 were uscd, 
which had also served for the experiment with heet-foliage. They 
were in the stables and were fed with oats, broken barley, linseed- 
cake, hay and straw. The quantities were different, considering the 
unequal age and the difference in the yield of milk. 

One of the cows, namely No. 2 was here the controlling-cow. 
The molasses used were absorbed in peat and contained about 
35 9, of sugar. The daily allowance of molasses was gradually 
raised — from 24 Dec.—3 Jan. — to 1.5 kilo and lasted from 
3—14 Jan. As the cows were highly pregnant, I did not venture 
to give larger quantities. The quantity of sugar, which the animals 
took daily, amounted therefore only to about 0.5 kilo. From 14% Jan. 


1) That no other cause, except the sugar-feeding, is responsible for these decreases 
would appear from the fact, that, during these days the R.M.W.-numbers were not 
lower than otherwise for this controlling-cow, on the contrary rather higher. 
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yaw sugar was administered to the same cows, at first 1 kilo for somé 
days, afterwards 1.5 kilo each cow, per diem. 

For this experiment the same sugar was used, which served for the 
preceding experiment. 

Before commencing the feeding with molasses, the fat of the milk 
taken on 17, 20 and 23 Dec. from the 3 cows was examined. 

In Table V are stated the molasses- and sugar-rations, the R.M.W.- 
numbers of the milkfat and the °/) of fat in the milk. 


TA SB ei iV 
pea etapa Ss Se ns Pe 8 
Date of | Quantity of molasses R.M.W.-numbers. o/, Fat in the milk 
sample- or sugar administered 
taking. to No. 1 and 3. INOW Ieo Noes | RNG oh || INE We | NO, 2. ie 3. 
| \ 
{ 
47 Dec. 24.8 | 26.3 21.2 3.45 4.40 | 3.50 
No molasses nor 
20 » 25.3 27.2 26.6 3.55 4.15 | 3.60 
sugar. | 
23» } 24.2 27.— | 26.4 3.10 410 | 3.20 
28 » { 1 kilo of molasses.| 26.8 27.6 oF — | 93.45 4.05 3.60 
3 Jan. 26.6 27.2 26.3 3.20 3.90 | 4.00 
we 8 1.5 kilo of 27.7 27.2 27.8 3.53 4,20 | 3.2 
10 » molasses. 27.— | 26.7 28.4 3.30 4.45 | 3.35 
13°» 27.65 | 26.55] 27. 3.40 415 | 3.— 
As 28.55 | 25.1 28.4 3.10 : 
4.— or 1.5 kilo oe 2g 
19 » 28.4 24.4 28.2 3.30 4.6 3.2 
of sugar. 
20 » 27.5 23.7 27.9 3.47 4,35 | 3.5 


In Table VI are given the average R.M.W.-numbers of the milkfat 
and the average °/, of fat in the milk for the different periods. !) 


From the above-mentioned figures it appears, that in the period 
of feeding with molasses (from 3—13 Jan.), the average R.M.W.- 
number had risen 2.45 with No 1, and 0.85 with No. 3. The 


R.M.W.-number of the controlling-cow remained pretty constant, it 
rose from 26.8 to 26.9. 


1) The particulars of the cattle have already been stated in Table II. 
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AeA Be Ene ye, 
N°. R.M.W. Numbers. O/) of Fat in the Milk. 
Yield of 
of the ] 
Milk. Average | coe Average | Average )Aver.28Dec.- 
cow | 17-23 Dec.jon 28 Dec.'3-13 VEE ML er 
| 
\ { { { 
4 | s 400: | 24.8 26.8 | 27.25 | 28 .05 3.37 3.34 
BPMs Tt 06.8 27.6 | 26.9 | 24.3 412 4.16 
3 | ae By, 26.7 27.- : 27.55 | 28.05 3.43 3.33 


mal 
| | | 


By changing from molasses to sugar another rise occurred with 
both cows; with No. 1 to the amount of 0.8, with No. 3 to 
0.5, consequently the rise in regard to the period of 17—23 Dec. 
amounted to 3.25 and 1.35. Taking into consideration that the 
R.M.W.-number of the controlling-cow came down to the average of 
24.3 in the latter period, therefore to the amount of 2.5 the influence 
of the feeding with sugar appears very clearly; for again it may 
be taken here for granted that, with No. 1 and 3, a decrease would 
have had to be recorded as well, if they had not received sugar, 
which can be easily conjectured, because at the end of the lactation- 
period a decrease usually occurs in the R.M.W.-number. 

Taking for granted, that with N°’. 1 and 3a decrease, amounting 
to that of No. 2, namely of 2.5 would have taken place without 
sugar-feeding, then the rise caused by sugar, amounted with No. 1 
and 3, resp. to 5.15 and 3 85. 

Of the results, which are recorded in Table V concerning the 
R.M.W.-numbers, fig. IV gives a graphic representation. The dates 
are put down on the X-axis, the R.M.W.-numbers on the Y-axis. 

It should here be observed, that with cattle kept in stables, such 
a considerable influence cannot be expected, because in the stables 
the R.M.W.-numbers are higher, even without artificial means, than 
in the autumn when the cattle are grazing in meadow-land. Compare 
figures of Table V with those of Table I. 

From the results of the two last series of experiments the conclusion 
may therefore be drawn, that sugar exercises a considerable influence 
on the increase of the volatile fatty acids in milkfat. The question, 
as to how this process takes place, can not as yet be explained. Invyes- 
tigations into this matter are being made by me at present. 

Dr. J. E. TULLEKEN, assistant at the Experiment-station, has 
assisted me in carrying out the above-mentioned experiments, and 
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Mr. J. J. Huisman, dairy-inspector took part in the experiments 
with the beet-foliage. 
Government-Agricultural-Experiment-Station 
Groningen. 


EXPLANATION OF THE GRAPHIC REPRESENTATIONS, 


Fig. I, Influence of feeding with beet-foliage on the R.M.W.-numbers (amount of 
volatile fatty acids) of milkfat. . 


The dates of sample-taking are put down on the X-axis, the R.M.W.-numbers 
on the Y-axis. 
Fig. U1. Influence of feeding with beet-foliage on the refractionnumbers of milkfat. 
On the X-axis the dates, on the Y-axis the refractionnumbers have been put down. 
ig. III. Influence of feeding with sugar on the R.M.W.-numbers of milkfat. 
On the X-axis the dates, on the Y-axis the R.M.W.-numbers have been put down. 
Fig. 1V. Influence of feeding with molasses and with sugar on the R.M.W.-numbers 
of milkfat. 


On the X-axis the dates have been put down; on the Y-axis the R.M. W.-numbers, 


Chemistry. — “The densities of mixtures of hydrazine and water.” 
By Mr. J. W. Diro. (Communicated by Prof. C. A. LoBry 
DE Bruyn). 


Some years ago I was able to prepare hydrazine, a substance 
previously unknown in the free state (discovered in the form of its 
compounds by Currius) and to study many of its properties 1). 
Several physical constants [melting point, boiling pomts at different 
pressures, specific gravity, index of refraction *), critical temperature 
and heat of dilution *)| were then determined. 

The study of hydrazine has not since been continued. Still it 
was deemed of importance to again take up the study of a substance 
which belongs to a class of liquids of comparatively simply constitution : 
H2N.NH, closely related to ammonia, miscible with water with 
considerable evolution of heat and according to several of my expe- 
riments, a good solvent for many salts. 

Mr. Diro has now in the first place commenced with the deter- 
mination of the densities of mixtures of water and hydrazine. This 
was of all the greater importance because Curtius had stated that 


1) Versi. Akad. Juni 1895. Recueil, 13. 433, 14. 88, 15. 174. 
*) By Prof. J. F. Eyxman, 
3) With Dr, Reicuer. 
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if one tries to liberate hydrazine from the aqueous solutions of its 
salts by bases, it is always combined with water and yields on 
distillation a hydrate of the composition: N,H,-H,O which boils at 
119° and in which the water is very firmly united with the hydrazine. 

Since free hydrazine (b.p. 113°.5) had become accessible it was 
possible to investigate the whole system hydrazine + water and to 
see whether the existence of Currius’s constant-boiling hydrate 
would show itself in the curve of the specific gravities of the 
mixtures. It was a@ priori not improbable that this should be the 
case and experiment has confirmed this idea. 

From the subjoined table in which each figure is the result of 
two or more concordant determinations and from the curve constructed 
with the aid of these figures, it appears that on mixing hydrazine 
with water a contraction takes place. It will be noticed that the 
maximum density corresponds with the formula N,H,.H,0. 


O/yNoH, mol. N,H, spec. weight 
on 100 i 


100.0 100 1.0114 
90.8 84.1 1.0300 
84.0 74.7 1.0358 
80.0 69.25 1.0379 
78.5 67.25 1.0400 
74.9 62.65 1.0421 
72.0 59.15 1.0440 
67.4 53.75 1.0464 
64.1) 5015 1.0470 
59.9 45.7 1.0464 
55.3 41.0 1.0461 
46.4 39.75 1.0425 
40.85 28.0 1.0389 
34.25 22.65 1.0340 
26.45 16.85 1.0272 
14.0 g.4 1.0142 


1) Nearly NoH,-H20. 
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temp. 16°. 
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N,H,.H,O 


1.00 


It will be seen that the system NoH,+-H,O behaves in an analogous 
manner to the system SO;+H,O which has been recently studied 
by Kyietzscu in his well-known research on sulphuric acid. 

Here we also meet with contraction; there does not, however, 
exist a maximum density for SQ3.H,O, (but for 2 SO3.H,0) which 
phenomenon may be explained by the great difference in density 
of the two components. 

Efforts will be made to determine the boiling point curve for the 
system NoH4+H,0 (or at least for N,H,.H,0+H,0). 


Chemistry. — ‘A method for separating crystals from alloys’’. 
By Dr. C. van Eyk. (Communicated by Prof. H. W. Baxuuis 
RoozEBooy). 


The following methods have, up to now, been applied in investi- 
gating the constitution and structure of metallic alloys. 

1. Microscopical examination of polished surfaces so as to distin- 
guish the several crystalline elements often rendered more conspicuous 
by etching (BEHRENS, OsMOND and others). 

Differentiation of crystalline elements presents as a rule no great 
difficulties but it is difficult to come to a proper conclusion as a 
quantitative analysis is seldom possible. In some cases it is possible 
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to approximately determine the composition of the crystals and 
motherliquor by testing the etchingliquor and the grindings of the 
protruding crystals (BruRens). An accurate quantitative analysis 
by this process is, however, an impossibility. 

2. Determination of the solidifying curve (Le CHATELIER, 
RoBeRts-AUSTEN, i.a.). From the course of this curve, the exis- 
tence of chemical compounds may often be traced and indications 
found as to the crystallising of mixed crystals. This determination 
by itself is, however, rarely conclusive. Guided by the modern 
ideas about the equilibria of phases (BAkHuIs Roozenoom, Zeit. 
phys. Chem. 30, 385) which occur in alloys, Heycock and NEVILLE 
have succeeded, by combining the two above-mentioned methods, 
in obtaining almost positive certainty about the very complicated 
relations which occur in alloys of copper and tin. The circum- 
stances that the crystals which separate on solidification may be 
readily fixed by chilling and that the heat-effects which occur 
on solidification and transformation are large have materially con- 
tributed to make this possible. 

3. The separation of the crystals which are deposited from the 
alloy on cooling. 

The methods used for this purpose are: 

a. The draining of the motherliquor when solidification sets in; 
the amount of motherliquor adhering to the crystalline mass is then 
determined by adding a third metal (Van Byvert, Zeit. phys. 
Chem. 8, 358); 

b. by pressure between hot plates; the still adhering mother- 
liquor is dissolved in an acid which does not attack the crystals 
(BEHRENS, Verslag Kon. Akad. 1898, 58); 

c. filtration (KEMP on amalgams, Zeit. anorg. Chem. 17, 284 
and 25, 1). 

The last method can only be applied to alloys which have a 
very low melting point and gives a very incomplete separation of 
erystals and motherliquor. 

In cases where different chemical compounds or mixed crystals 
are likely to be deposited from an alloy during its solidification, 
the first two methods must be objected to because the temperature 
is not constant. They are, moreover, only applicable to alloys 
which have a comparatively low melting point and oxidise but 
little in contact with the air; it is also by no means sure that on 
dissolving the motherliquor in an acid the crystals are not attacked. 
In addition to the determination of the solidifying curve and the 
microscopic test, the isolation of the crystals from the partly solidified 

50 
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alloy will be of great importance in the investigation of metallic alloys. 

The following method is to a large extent free from the objections 
mentioned. : 

After having first determined the temperature at which crystals 
commence to deposit from the molten alloy, about 30 grams of the 
metal are introduced into a testtube of difficultly fusible glass which 
has in the centre a capillary constriction; if necessary a small plug 
of asbestos is inserted above this. The open end of the tube is now 
drawn out after which it is exhausted and sealed. The tube thus 
filled is placed in a small electric furnace of such dimensions that 
the tube quite fills it. The furnace consists of an unglazed porcelain 
tube wound with platinum wire and is surrounded by a wider tube, 
the space between being filled in with fireclay. This furnace surrounded 
by asbestos is now placed in one of HucErsnorr’s centrifugal- 
machines such as are used for the estimation of fat in milk but 
provided with a higher rim so as to have more space at disposal. 

Two holes are bored in the lid of the centrifugalmachine to admit 
the conducting wires to the furnace. 

These wires are connected at A and B (fig. 1) with a set of 
copper rings C and D which may be screwed on to the axis of 
the centrifugalmachine. The figure gives sufficient information as 
to the working arrangement. The two copper rings are isolated by 
ebonite placed on the screw and isolated from the latter, also by 
ebonite. By attaching spring contacts to the rings C and D, an 
arrangement was obtained for admitting the current and heating the 
furnace, during the rotation. 

That the temperature during the operation remains constant could 
be ascertained by having the lid of the centrifugalmachine fitted 
with a slide valve at the place where the furnace was fixed. Before 
and after the whirling the valve was opened and the thermometer, 
inserted in a testtube filled with asbestos which was placed in the 
furnace, was read off. For temperatures up to 300° no greater 
difference than 2° has been observed before and after the whirling. 

To ascertain in how far this method can give good results, a few 
alloys which yield crystals of known composition have been subjected 
to whirling, namely Sb Sno (BeuRens, Verslag Kon. Akad. Wetensch. 
1898 58) and CuSn (Heycock and Nrviuve Proc. Roy. Soc. 69 320). 

The experiments have, therefore, provisionally been made at tem- 
peratures which may be measured with the mercury thermometer. 
Trials with alloys of high melting points are being made in porce- 
lain tubes. 

The crystals which are obtained from an alloy of 15 %) Sb and 


Dr. C. VAN EYK. A method for separating crystals from alloys. 
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85 % Sno or 16 % Sb and 84 % Sn by whirling at a constant 
temperature of 270° (the commencing solidifying points of the alloys 
are 284° and 290°) are partly found loose (fig. 2); near the narrowing 
of the tube they are partly united to a loose ale by the adhering 
motherliquor. 

By mixing with 1 °%/) of Ag it could be ascertained how much 
motherliquor had been retained by the crystals (VAN ByLert, |. ¢.). 

The amount of Ag in the loose crystals was so small that it 
could not be estimated. In the loose crystalline cake 8 °/, of mother- 
liquor was found. 

The crystals contain 32.5 °/, of Sb, Sb Sn, contains 33,6 °/, of Sb. 
In the case of Sn Cu crystals (fig. 3) which were obtained by whirl- 
ing at 300° an alloy containing 4.5 °/, of Cu, the amount of loose 
crystals is much smaller and insufficient for analysis. 

Several alloys containing 4.5 °/ of Cu were therefore whirled 
and the loose ecrystais (fig. 3) collected as far as possible and analysed. 
Found 67,9 °/o of Sn, calculated 65 °/, of Sn. 

The crystals cannot therefore be completely freed from mother- 
liquor by whirling, but by operating in this manner it will be as 
a rule easy to ascertain whether pure metals, compounds or mixed 
crystals are deposited from the alloy. 

If a change takes place in the composition of the alloy, the separ- 
ated crystals in the first two cases will remain of constant compo- 
sition within a few per cent, while in the case of mixed crystals a 
gradual change will be observed. 


Physics. — Communication n? 784 from the Physical Laboratory 
at Leiden: “Isotherms of diatomic gases and their binary 
mictures. II. The determination of density with the piezometer 
of variable volume for low temperatures”. (By Prof. H. Kamer- 
LINGH OnneEs and H. H. Francis HyNDMAN). 


§ 7. The measurements. 

These are of two kinds. 1st. The density being given in terms of 
the normal density dy (at 0.0° C. and 1 At.) the quantity of gas 
contained in the piezometer tube is determined by measurements of 
the normal volume Vy. 24. The volume of the compressed gas 
is measured under known conditions of pressure and temperature. 
The measurements of Vy are made both before and after the measu- 
rements at higher pressure. In general this is very desirable and 
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to make it possible the closure of the piezometer tube by a U-tube 
with mercury, was devised (see Comm. n° 50). In our case however 
it is absolutely necessary because the screw joints go. gj (Comm. 
n° 69) can develope a leak. 

1. The normal volume is in principle determined in the manner 
employed by ScHALKWIJK Comm. n° 70 VY. 

The bath used by him was not large enough to enclose the whole 
piezometer, but only tbe whole of the large volume. The graduated 
stem b, and the piezometer bulb were thus outside the bath and the 
constancy of the temperature of these parts had to be otherwise 
provided for. Had we sought the same accuracy as required by 
ScHALKWIJK, a new waterbath of the total length of the piezometer 
would have been required. 

However as we could not from the other measurements expect such 
a high accuracy, we were satisfied here also with a somewhat less 
degree and found that the temperatures of the divided stem b, and of 
the piezometer bulb f; could be sufficiently determined by the use 
of simple water baths. Owing to the great length of the large reser- 
voir and to its near equality with that of the bath for constant 
temperature, it was particularly necessary to avoid real differences 
in temperature between the bottom and top of the bath. To attain 
this it was necessary to arrange that the temperature of the room 
should not differ more than a few degrees from that of the bath. 
The latter was thus set at a temperature that could be reasonably 
attained in the room, and the room kept as near as possible to 
this temperature. 

A small change was also made in the xylene regulator. The 
tube ¢ (see Plates, Comm. n° 70, III) which was formerly of glass 
was now brass above and steel where it entered the mercury, the 
requisite form could thus be given to the end and narrower tubes 
employed. In this way a greater sensitiveness was attained com- 
bined with an adjustability of some five degrees by merely moving 
the upper brass tube up or down in its brass support, without the 
troublesome removal or addition of mercury which was necessary 
before and which would also be required for greater changes. 

The thermostat was also raised some 1.5 M. to obtain a quicker 
flow, which was shown to be desirable before (Comm. n°. 70, V). 

In the earlier measurements the pressure was read by a controlled 
aneroid at intervals. When however the barometric height is changing 
rapidly a larger error may arise from this than is allowable. In 
the later measurements the arrangement of Comm. n°. 60 was 
employed, the joint 6 (Plate II, Comm. n®% 69) being connected by 
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glass tubes to an air reservoir at 0.0° C. and a barometer, the 
whole forming a perfectly closed system at constant pressure. The 
barometer was placed on a screw stand of the type of Comm. n° 60 
and was read by the cathetometer used to read the mercury menisci 
in the U-tube of the piezometer. 

The normal volume was ordinarily determined at least twice 
both before and after the measurements of compressed volume. 

2. When the normal volume has been determined the piezometer 
tube is removed to the pressure cylinder A (Plate I, Comm. n°. 69) 
previously filled with mercury, it is then carefully warmed so 
that the air shall be completely expelled from the outer leg of 
the U-tube. When this operation is finished the small piezometer 
reservoir is brought into the bath necessary for the particular con- 
stant temperature required for the isotherm ; the construction of this 
bath and the constancy of the temperature will be considered with 
the various isotherms. 

The graduated tube 6, is kept at a constant temperature by a 
stream of water through the water bath bg from a similar thermostat 
to the one above mentioned. Although this must be at a distance of 
10 M. the connecting tube is so well wrapped with wool that the 
temperature at 6, is constant to 0.02 deg C. It was set at either 
15.6° C. or 20.0° C. and determined to the above accuracy. 

Finally we must consider the temperature of the steel capillary 
which sometimes is 130 cm. long and owing to its exposed position 
usually shows considerable differences of temperature although it was 
carefully wrapped in wool and enclosed in paper. In many cases the 
difference at different parts reaches 1 deg. C. As however the 
influence of this uncertainty depends upon the relative volumes of 
the capillary and the piezometer, this question will be further con- 
sidered with the measurements. 

§ 8. The calculation of the measurements. 1. The normal volume. 

For this calculation we divide the volume of gas in the piezometer 
tube into 4 parts (Comm. N°. 69) at the four temperatures #', t's, t'y ¢5. 
The constants are as follows: 


V', the volume of the small piezomcter reservoir f,; with the glass 


capillary /2 


v', of the steel capillary from f, to a mark on the top of the 
glass tube 05 


V', from this mark to the zero point of b, 


V', from this zero point to the zero point of the U-tube 5, 
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»v' from the zero point to the surface of the meniscus in the gra- 
duated leg of the U-tube +) 


B the pressure on the outer meniscus of U-tube 


H the height of the top of the meniscus in the outer above the 
top of that in the graduated limb 
expressed in cms of mercury at 0.0° C. at Leiden. 


h,h' the capillary depressions of the menisci in the graduated and 
outer limbs of the U-tube 


A the pressure of 1 atmosphere. 


Then neglecting the differences in PV, due to the difference 
between the pressure at the mercury meniscus in the graduated limb 
of the U-tube and A, and also the difference between this pressure 
and the mean pressure of the gas together with the change in the 
mean expansion coefficient ey from 0.0° C to the various tempera- 
tures we have 


Vy te Bi eae A ed Vy ‘ V's 
ci tT aot saps Ra 
l+ant, 1+ ants) 


which is more convenient for calculation when written 

A—i+h 5 a 
— ee a Vier Vee at eee Se 
where V,, V3, V4, Vs are the volumes of the various parts at- 
17° C. found by calibration and 
v= Vy en ty vg 10 Ve0Nn , v4 = Viewty, 0 == Ve kilt, —17).k2) 
where & is the expansion coefficient of the glass and 


v= 3p) oe elie 


The last corrections can be conveniently tabulated. 


VN 


2. The measurements at higher pressure. In this calculation we 
may neglect the corrections for the capillary depression in the gra- 
duated tube 0, (the inner diameter is aoout 0.6 c.m.), and for the 
pressure of the gas due to its own weight, which corrections can 
easily be applied to the result if necessary. 

The volume of gas under the pressure p at the surface of the 
meniscus in 6, is divided into four parts each at its own temperature 


1) The volume of the supplements of the menisci used are all determined after 
Comm. N° 67, I. 
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ty, tay ts, ty, which parts do not correspond exactly with those of the 
former calculation. Let (cf. Plate II, Conn. N°. 69) U, be the volume 
of the small piezometer reservoir with « cm. of glass capillary, U, 
that of the remaining glass capillary, Us = Vg again that of the steel 
capillary with the joints g, and gs to a mark on b;, U, the remaining 
volume from this to the mean mercury meniscus. 

The volumes are all calculated to 17° C. and so with sufficient 
accuracy we may put the volumes U;,', U,', Us', U,', of these parts 
at the temperatures 4), tg, ts, t, under the pressure p as 
Uy' = U, + w, + wy', Ug! = Ug, Us! = Us, Uy! = Ug + wy + 4! (4) 
wy, = k(t)—17) Uj, wy = ke (ty—17) Oy w') = Bp Uys wa = By Uy 
where 8; and (4 are the coefficients for the elastic deformation of 
the glass walls calculated after the formulae of CueBscH and Lami 
which agreed satisfactorily with some direct determinations. 

If we call Vy, the normal volume of the gas in the piezometer 
volume JUj,' and Vyy that of the gas in Us, U3, U, together then is 

Vu. = Vn—Vng = Vn — (U2 dapte + U3 dapts + Us dapty) - - (5) 
where da 2 etc. are the densities at p and ty etc. in terms of the 
normal density. 

If further we call rt, etc. the difference t,—t, of the temperatures 
t, etc. from a given temperature ¢, not far removed from them at 
which the values of d,,, are known. 

Let U,", U3", U," be such quantities that Up," diy, = Ug! dypig, ete. 
and put 

Umea toaepiene ate a alle (6) 

If then we replace d,, by (pv), where the volume v4 of the 
gas is expressed in terms of the normal volume, we have with (5) 
puy' 


ee 
(pv A) = pate 
P Vy 


ean CL 
c=, j Us es U," ae ial ! ( ) 
(pu A)te | j 


The quantities u, etc. in (6) are calculated by 
Ug = &p2 U, T94 Ug == Mp3 U, T3 4 Us = Ans U, Ty, 3 5 (8) 
where owing to the small difference of t, from ¢, , either at 15.°6 C. 


or 20.°0 C. eat 
ap = iGa we PE rare | Go eet 0) 


as ts lies between 15.°6 and 20° C. we put 


1 dv | =e 
2 11S bocenar cll bons pas pee ae UNO) 
tg be ( dt 2 15.6 ( 


assuming the same mean expansion coefficient for all cases, but 
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tp = (44), | Se ey tg eee 


must be determined for each value of fy. 

After determining (pva)s, it is necessary to reduce it from its 
value at t, to that of the required isotherm /, not much removed 
from it, this reduction is only possible when approximate values of 
the change in (pv,)t, due to temperature are known. 


If we put 7] = ts — t; we have 
(pra Je = (pos), (1 om) 2 2 2 + (12) 
1 /dv 
where uw = @p) 7) = ig mf | at Shad eon 


for the reduction at constant pressure, and correspondingly 
(pear = Weng ae ee) 2 eee cee (14) 
1 ;dp 
hex — y= |—-(=)| E . . . . 15 
for the reduction at constant volume, and thus to another pressure. 


§ 9. The constants necessary for the calculations. 

A = 75,9467 cm. after Comm. no. 60. 

k was assumed at the ordinary temperature to be equal to 0,000024 
as for the kind of glass used it cannot differ much from that of 
Jena glass. 

The values of a and a, are calculated for each gas from the 
series of Comm N°. 70 when no better data are at hand. 

In the calibrations of graduated tubes and determinations of the 
volumes V and U no very special precautions where taken beyond 
those ordinarily employed in accurate calibration. U, was determined 
by treating the piczometer as a barometer, pumping free of gas and 
filling in vacuum, it was then placed in ice. JU, was calibrated 
by a mercury thread. Us; can be directly determined by screwing 
the end g, of the steel capillary onto the end of 6; and providing 
the other end of the capillary with a steel connecting tube carrying 
a glass cock. By connecting 6, to the air pump the whole can be 
then well evacuated and the mercury slowly admitted through the 
above mentioned cock, until it reaches above the top divisions of 
the tube b4. When dry air has been admitted the tube is placed 
vertically and the steel connecting tube carefully removed. By 
adjustment the mercury is brought just to the end of the capillary 
and its position in the tube J, read by a cathetometer, the temperature 
being also observed. To check these determinations the volume is 
calibrated in parts, the steel capillary after the method of Comm. 
N°. 60 and the glass either by a mercury thread or by screwing 
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a nut carrying a glass cock unto d;, evacuating and reading as before. 
In the same way the area of the graduated tube 5, was determined 
but with more precautions as to constancy of temperature, and of 
the large volume V; with the area of bg. The precautions as to 
constancy of temperature and accuracy of reading and weighing were 
always referred to a higher accuracy than the one actually sought. 


Physics. — Communication n°. 78> from the Physical Laboratory 
at Leiden: ‘“Jsotherms of diatomic gases and their binary 
mixtures. III. The isotherms of Oxygen at 20.°0 C.15.°6 CU. 
0°.0 C.” (By Prof. H. KameruincH Onnes and H. H. 
Francis HYNDMAN). 


(Communicated to the meeting of March 29, 1902). 


§ 10. The purpose of the research at ordinary temperatures. 

Measurements were made in this region for two purposes. 

1°, In order to calculate our observation at low temperatures by 
equation (7) it is necessary to know the values of pv, at the given 
pressures to at least the same accuracy as that sought for in the 
measurements at low temperatures. In Comm. n°. 69, § 6 we have 
given aay as the accuracy aimed at and to this accuracy there 
are no data at present available. The most trustworthy measurements 
of AmMaGaT!) commence at 100 At. and even should they have no 
constant error they do not admit of interpolation for the values of 
pva to this accuracy. 

20, We wished to so test our apparatus at ordinary temperatures 
in a region where the results could be compared with and linked 
into the above mentioned measurements of AMAGAT, that we could 
satisfy ourselves of the accuracy of the method at low temperatures. 

Measurements were made at 15°.6 ©. to compare directly with 
AMAGAT, but the majority at 20° C. because it is a more generally 
useful temperature and can always be obtained, At the same time 
as the measurements at ordinary temperature we give a series at 
0.0 C. as this can also be directly compared with AMAGAT. 

With the help of these measurements we can improve the coeffi- 
cients in the series for »v4 given in Comm. n® 71 and can also 
obtain the expansion coefficients required for the small temperature 
differences tz and +4, more accurately than heretofore. 


1) Ann, de Chim. et de Phys, 1893, 
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§ 11. The measurements. 

The oxygen was prepared by heating potassium permanganate in 
a tube which was connected by a ground joint with a purifying 
apparatus consisting of washbottles filled with water, potassium 
hydroxide solution and strong sulphuric acid respectively, and then 
of a tube containing layers of glass wool covered with phosphorous 
pentoxide. This apparatus was preliminarily filled with oxygen. The 
washbottles are of the type shown in Comm. n®. 27 fig. 3 and there 
is a short cut between the tube containing the permanganate and 
the end connected to the air-pump. In this way the purifying 
apparatus can be kept in permanent order, it only being necessary 
to recharge the tube with permanganate and to completely evacuate it. 
The whole system of purifying apparatus both for oxygen and 
hydrogen (Comm. n° 27), the mercurypump and the connecting 
tubes for filling the piezometers or thermometers are permanently 
connected together so that they remain dry. 

The purity of the oxygen used was tested by its critical phenomena 
in a tube provided with a magnetic stirrer. ‘The values of the 
critical constants will be considered in a later communication. 

For the reduction of the Normal volume we use 

Mirage 4 it 
oma (Ce | = 0.00368 for p = 1. 
v9 dt pto 

For the reduction of the measurements at higher pressure we have 
derived a@p,, ap; and the @p from which ap, is calculated, from a 
graphical representation of our measurements. The values are given 
in the following table. 


TABLE I. O, , zp Comm. n° 78, 
| Temperatures. Pp—20Ag: p=40 At. p= 55d At. 
pi== ups 15 6 0.0038 0.004 0.0043 
20.0 38 40 42, 
1 [ifeea Nae? 4 
fe ea 0 — 20 00040 0.0043 0.0045 
OA, pso 


The constants of the piezometers in O, Series V for which the 
results are given in §§ 13 and 14 are given in the following table. 
When V, is the volume at 17° C. between the above mentioned 
mark on 6; and the zero of 4, and U; the volume at the same 


temperature from this zero to the meniscus which bounds the gas, 
(see Pl. I1, Comm. 69) we have 
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. U, = V4 = U; . . ry ‘ ry . . ‘ (16) 
If also we call the number of centimeters at which the mercury 
stands above the zero point at the reduced reading y, and note that 
Vi = U; ao U, e e ° ° e . e ° (17) 

we have 


TABLE II. Constants O, Series V 


U, = 10,3676 ce 2, = 7407 


U, = 0,0380 ce B,=47140— 
Ve —) rea G07 5260 
V,= 2,0156 ce 


= (0,29286 y + 0,0005 72) ec 


= 
| 


oN 
I 


613,450 ce 
| v' = 0,637 ce per cm. 


The small values of V, in this series was due to the breakage 
of the graduated tube J,. In Series IL Vy, was about 6.2 cc. in 
Series IIE and IV about 4.8 ce. 

In Series II as in Series V the small piezometer was about 10 cc., 
in Series III about 20 cc. and in Series IV about 5 ce. 

The thermometers are all compared from time to time with a 
Standard corrected at the Reichsanstalt. 


§ 12. The determination of the normal volume. 

The temperature ¢, of the piezometer in the constant temperature 
bath was determined as a mean of three read on different thermo- 
meters placed at various heights, their corrected difference was 
not allowed to exceed 0.05 deg. C. The temperature of the steel 
capillary was determined by a thermometer placed at about its 
middle point. ‘These thermometers together with those used for the 
temperatures of the baths surrounding 4, and f, were all divided 
into 20's of degrecs. In the following table the readings for one 
determination are given, in column A the reading of the level of 
the cathetometer, B that of the scale, C the temperature of the 
barometer, D that of the large water bath at the top the middle a 
the bottom, E and F those of the water baths round 4, and 7, G 
that of the stecl capillary (in this example it was not read, the 
temperature taken being that of the top thermometer of the barometer). 
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| TABLE LII. Normal volume for the measurements O,, Series V,, n° 4. ‘i | 


| | A | B | C | D. | E | F | G 
: | | | 
mm a | 49.56 
TEMPERATURES ......+++. 19 59 49.15 

AQ sy 
/ meniscus , top | 6.2 | 54.854 | 
inner rim | 6.6 | 54.706 eB | 
U-tube Division 0.8.. | 6.5 | 54.782 
meniscus , top | 4.4 | 51.972 
outer rim | 4.0 | 51.828 
meniscus , top| 4.4 | 98 630 19.5 
eine rim| 4.2 | 98.512 | °°? 
BAROMETER { ‘ a 
top| 5. 21 . 6! 
hee rim BiO | este 17.8 
49.57 
TEMPERATURES ......... 19.53 | 20.05 (19.5) 
19.52 
meniscus , top | 5.2 | 51.838 
inner rim | 5.8 | 54.700 
U-tube Divison 0 8.. | 5.5 | 51.774 
meniscus , top | 3.7 | 51.968 
outer {rim | 5.0 | 54.898 
| 19.58 
TEMPERATURES.......... | 19.54 19.18 
| 19.52 


From this Table IV is derived, in column A is given the corrected 
readings of the top of the menisci, in B the heights of the menisci, 
in C, ), £, F, G@ the corrected temperatures from the corresponding 
columns of Table ILI. 


TABLE LY. O, Series V n° 4. | 


a eel cee eee 


19.48 
TEMPERATURES: seer enetteiee 19.44 19.09 
19.48 
Ertabe immer meniscus. ........ 0.724! 0.149 
outer meniscus......... 0.604) 0.142 | 
above meniscus .../98.628) 0.414) 18.7 
BAROMETER below meniscus... ./21.612) 0.440) 17.4 
19.49 
TEMPERATURES ers jemetae mirada 19.47 19.96 (18.7) 
0.735] 0.140 ea, | 
inner meniscus.......... “Hats| O- 
U-tuhe outer meniscus......... 0.600) 0.444 
49.50 
19.49 OR 
TEMPERATURES ,.... MRC An 419,49- | | 
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In Table V are given in column A the readings of the top of 
the menisci in the graduated limb of the U tube (as in Table LY); 
in B the height of the cylinder equal to the supplement of the 
meniscus which must be subtracted from A to give C the corrected 
position of the meniscus, / the mean of the latter, Z the height 
and J the capillary corrections 2 and i’ for these menisci, @ the 
uncorrected height of the connected barometer. 


: TABLE V. Qzy Series V n° 4. 
wales | C | DY) 26 | F | G 
0.72% 10.071 |0.795 40.490) 9 Paa 
PC eA eee ee ate 0.798 tN Nae 
(0.735 [0.067 /0.802 +0.435] } 9’ oat 
| 
| BAR OMBLER yee tee cet onic 77.016 


Finally in Table VI are found the only volume which could not 
be taken directly from Table II i.e. v', the mean corrected tempe- 
ratures and the mean corrected values of H—A+%', and B that is 
to say the values of the determination required for direct insertion 
in formula (1). 


TABLE VI. Normal volume O, Series V. n° 4. 


VOLUMES. | TEMPERATURES. | H—h+ i! | B 
5 = Ns | 
Dire eae ee 0.427 76.789 
7, = 19796 
j= 19,40 
V, = 592.49 | 


The collected determinations of the same normal volume are given 


in Table VII. 
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| TABLE VII. Normal volume O, Series V. | 


Ne Volume. Pressure. | DvA. | Mean. Mean, | Diff. 
4 589.47 76.306 592.26 + 0.01 
.60 76.308 we A6 
. ee 592.40 
3 584.93 76.917 42 Ay 
4 585.01 76.916 49 : 592.25 24 
4 590.60 76.148 592.16 == 70209 
95 590.45 76.04 1.96 592.06 0.29 
26 590.53 76.045 2.07 0.18 


In Table VIII are the normal volumes of the various series with 
the numbers of the determinations in chronological order in each 
series including the measurements at higher pressure. 


TABLE VIII. Normal volumes O,, Comm. 78d. 


| Determination. | Before. After, Mean. Diff. 
no 4 ( — 0.37 
Se.) | 602.94 602.80 602.64 + 0.36 
PEO {+ 0.02 
4 0.00 
Ser HH) 2 | 596.62 596.70 596.66 at eos 
9 1 0.03 
4 ete 
9 — 0.08 
Ser. IV 8 | 585.99 586.414 586. 08 005 
9 0.08 
40 0.45 | 
Ser. 7 592. 40 592.06 592.25 | See Tab. VII. | 


§ 13. Measurements with higher pressure at 20 and 15.6. 

The constant temperature water from the thermostate is equally 
divided between the water baths round 6, and f;, the difference in 
temperature of the baths thus remaining usually below 0.02 deg. 
The pressure is gradually raised to the required value and t e 
pressure and temperature kept constant for at least an hour before 
the beginning of the measurements. 

The steel capillary is protected in the manner described in § 8 
and its temperature t, determined by three thermometers. If we 
consider that an uncertainty may remain in the mean temperature 
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equal to the maximum difference found between any two temperatures 
i. e. 1 deg. this still influences the results with the smallest piezometer 


(5 cc.) and the highest pressure 60 atm. by hardly sant 


The thermometers were the same as these used for the normal volume. 

In the following table are given all the readings for a single 
measurement. Column A gives the reading of the level of the 
cathetometer, B the scale reading, C the temperature of the small 
piezometer reservoir, and the temperature at some known point of 
the stem, D the temperature of the waterbath round the tube 4, / 
the temperature of the capillary by three thermometers, F the reading 
of the level glass C3; by the reservoir C, on its scale (Pl. I Comm. 
n°. 69) and of the level glass of the manometer on its scale, @ the 
reading on the divided stem of the manometer, H the temperature 
of the manometer bath above and below. 


Ez TABLE IX. O, Series V. n°. 6. | 
A. Bo eC alb BL OB Gf 
ManGmeter hase arcreiatbiover. « 28.45 ||80.07 
20.00 |20.44 19.85 
497,91 
Tiewperatntes na.) aiere 18.00 
18.32 
19.36 
Glass capillary........... 419.00 
f LODie ete 4.0 |30.120 24,2 
Piez.-meniscus 
( rim......] 3.8 [30.076 
Divistonise sv.cict seins 0.6 | 4.0 |30.022 
Wemperatunessnwessia st 20.03 |20.44 19.88 
19.90 
iManometersasn cen nese: 28.15 |/80.05 


From this Table X containing the corrected values is derived, in 
which column A gives the reading of the top of the meniscus referred 
to the tube, B the height of the meniscus, C, D, # the corrected 
and mean temperatures of the corresponding columns in Table IX, 
F the height of the menisci in the manometer and piezometer above 
these in the level tubes, G@ the mean manometer reading, // the 
mean corrected temperature of the manometer. 
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; TABLE X. O, Series V. n°. 6. | 


| A | B | Coiled Bol mall ie | H 
Manometer mean......... | 104.3 ls0.06 
Temperatures 4, %, 43 .. 19.94 |20.04 | 17.9 19.83 
daltivs ste c 419.00 
0 698 |0.043 | 
Biezometeriay. seer er i 
| | 54.3 | 


Finally we obtain Table XI which contains the quantities obtained 
by the measurements and which are required-together with Table II 
for the calculation by formula (7). The pressure of the gas in the 
manometer is given by p, and the pressure difference between this 
and the meniscus in the piezometer corrected for capillary depression 
(see also § 5) by A). 

For the measurements at ordinary temperature i. e. at 15.°6 and 
20°.0 C. we may put 4% = ¢,, when (7) is simplified and reduces to 


Se as Ty Uk Ug res ale er 6) 


The corrections 0), W4, W,', W4', Ug, Ug, Ug with which U,', Us", 
U;", U," are obtained by (4) and (8) are given in Table XI. 


TABLE XI. O, Series V. n° 6. 


Volumes U, = 1.8168 cc pm = 47.360 At.}) 


vw =+ 0.0001 » Hp = 0.663 » 
ie 0.0004 » 
u, = — 0.0003 + 
uw, =+ 0.0050 » 
t, = 0.0001 « 
10) =) 0.0007 2 


on = 0.0036 rf hs Mey ILA t, 


(poa)e, = 1.0447 t, = 19.94 


{ 
| seks 
| (pod Jog = 1.0419 at p = 48.023 At. 


= 


on 


1) The difference between the values of the pressure now given and those in the Dutch 
text, is due to improved calculations of the calibrations and corrections see Comm. n° 78c. 
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The value of pus obtained in this manner for 20°0 C. and 15°6 C. 
are given in the following tables. 


| TABLE XII. O, at 20°.00 C. | 


Determinations. | p | Pva 


Series 777, N°3 | 23.713 1.0549 
4| 26.704 4.0533 
Du e2o OU fd 

Series V. N° 5 | 45,914 1.0431 
6 | 48.023 


413 | 54.142 4.0402 
Series JV. N° 3 | 56.927 1.0395 | 
4}| 65.396 4.0362 


TABLE XIII. O, at 15°.60 C. 


Determinations. p pvA 


| Series JJ. N° 7 | 36.208 | 4.0303 


| 
| 


8 | 36 643 4.0298 
| 19 | 38.635 1.0286 
20 | 39.749 4.0283 
2 | 42.910 4.0266 
22 | 47.683 4.0244 
24 | 49.385 1.0231 
23 | 51.464 1.0224 


§ 14. Measurements under higher pressure at 0°0 C. 

For these measurements the small piezometer reservoir is placed 
in ice in the same manner and with the same precautions as the 
thermometer reservoir in Comm. n°. 27, Plate ITI, fig. 26. The 


51 
Proceedings Royal Acad. Amsterdam. Vol. IV. 
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uncertainty in the temperature of the steel capillary was of the same 
magnitude and has the same influence here as in the former section. 
The values of pv used for the calculations in this section were 
obtained by interpolating graphically the values given above. 

The following determinations were made. 


eer 


TABLE XIV. O, at 0°.0 C. 


Determinations. p pva 
Series JJZ n°. 6 22.40 0.9762 
7 27.746 0.9731 

Series JJ n°_3 34,498 0.9672 
6 38.144 0.9656 

Series Y n° 9 43.686 0.9623 
10 43.756 0.9608 

Series J/. n° 8 45 .238 0.9612 
10 48.69 0.9584 

Series JV n°. 5 55.017 0.9533 


Physics. — Communication N°. 78° from the Physical Laboratory 
at Leiden: ‘“Jsotherms of diatomic gases and their binary 
mixtures. IV. The compressibility of Hydrogen at 0°.0 C. 
and 20°.0 CU. determined by the piezometers with variable 
volume for low temperatures. By Prof. H. KAMERLINGH ONNES 
and H. H. Francis HyNDMAN. 


§ 15. The object of the determinations at 20°.0 is the direct 
comparison of an isotherm determined by our method with an if 
possible more carefully determined one to serve as a check. The 
isotherm given by ScHALKWIJK in Comm. N° 70 V was chosen as 
the most accurate known to us and we treat it as our standard of 
reference in these measurements. 

Determination of compressibility were also made at 0°.0 C. to com- 
pare directly with AMAGat’s determinations at the same temperature. 
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§ 16. Measurements with Hydrogen. The piezometer used was 
the same as that given in Comm. No. 78> 02 Series V, the only dif- 
ference being that the capillary volume is here somewhat larger. 

The hydrogen was prepared in the manner described in Comms. 
N° 29 and N° 60, and the piezometer filled in the same way as 
for oxygen. 

The measurements were also carried out in precisely the same way 
as described above for oxygen. After the measurements given here 
were finished we had intended to proceed directly to low tempera- 
tures, but during the insertion of the piezometer into the cryo- 
state the steel capillary was broken so that these measurements 
had be postponed and moreover we were unable to redetermine the 
normal volume after the measurements. Fortunately the measurements 
at 0°.0 C. were included between two sets at 20°.0 C. which agreed 
well among themselves, so that we could be reasonably certain that 
no leakage had occurred. 

For at the calculation of the normal volume we have used 


1 rd 170 
yh = =a) = 0,00366 
to 09:0, for p =a 
and for the measurements at higher pressure 
1 dv4 20° 


See — 0,00857 


a 
? Lo dt p0°.0, for p = 40 


The measurements of the normal volume gave 


TABLE XV. Normal volume Hy Series IL. 


Mean Diff. 
Series 77, N° 4 + 0,24 
582.74 


and the measurements at higher pressure the following values. The 
measurements at 20°.0 ©. are directly compared with those of 
ScHALKWIJK (loc. cit.) at the same temperature calculated by means 
of a slightly improved equation to the one given before 


pva = 1.07258 + 0.000667 d + 0.00000099 d 


where d is expressed in terms of the normal volumes, 
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TABLE XVI. Hy at 20°.0 C. 
p POA Diff. § 
Series IZ. NO 3 | 47.837 | 1.4040 | + .0007 
4| 48.931 | 4.4042 | + 
5 | 50.992 | 1.4067 | + 5 
6| 56.372 | 41.4089° | — 0001 
42! 56.482 | 440% | + 4 
13 | pele | P4095) a 


The difference of these determinations from those of SCHALKWIJK 


is thus small and falls within the limits of our 
we may assume with some confidence that our 


oxygen have the same accuracy. 


| TABLE XVII. Hy at 0°.0 6. 


P Pv 
Series JZ. N° 7 | 44.996 41 0293 
9| 49.376 1.0316 
8 | 49,422 41 0349 
41>|| 53.203 4.0342 
10 | 53.249 1.0346 


accuracy, so that 
measurements on 


§ 17. The standardization of the working manometer by the 
open and closed standards. In our measurements we do not require 
a manometer of quite the same accuracy as the standards but rather 
one of somewhat simple construction which can be more rapidly 
and easily read, yet the accuracy should be of at least the same 
degree as arranged for in the construction of the piezometers. 

As mentioned before in § 5, Comm. No 69 this accuracy has been 
obtained by a combination of the preliminary mercury calibration 


with many direct comparisons with the standard manometers at 
various points of the scale, 
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These are given in the following table. In column A are the 
ealculated values of the pressure!) at the various readings obtained 
from Ist the volume determined by the previous mercury calibration, 
2nd a mean value of the normal volume of the enclosed gas calcu- 
lated from the comparison with the standard manometers, the 
calibrations being all reduced to 20°.0 C. so that the isotherm 
determined by ScHaLKwisK could be directly employed. As the 
deviations in temperature were some times considerable the reductions 
were made with the value for «, = 40 given above. 

Column B gives the mark of the standard manometer used. ATI 
and AIV are the tubes JJJ and IV of Comm. N°. 70, O the 
open manometer of Comm. N°. 44. 

As the temperature differences were here greater than with the 
other determinations the numbers have not the same relative value 
as these of the other series. 

Column C gives the pressure on the gas in the manometer obtained 
by applying all corrections for capillary depression level tubes etc. 
to the readings of the standards. 

Column D gives the differences between columns A and C and 
represents some error in calibrations or standardisations. We assume 
that the values given in column C are the correct values of the 
pressure and apply a small correction to A to make the resulting 
differences as small as possible. 

A correction to the volume of the following form’) appears to give 
the most satisfactory results. 

If V-is the volume as formerly calculated V' the new volume and 
R the reading in cms 


v= Vi—V= — 0.34 + (100 — R) 0.0109 mm? 


P' is then calculated for each case with this new value of V’. 
The differences between the new pressures thus calculated for 
column A and colume C are given in column E. 


1) The difference between these values and those in the Dutch text is due to an 
improved calculation of the calibration. 
2) A systemic correction is here applied in place of the former empirical one. 
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TABLE XVII. Manometer. 

A B c Die a E 
20.744 90.746 | — 0.005 | — 0.018 
W.501 | AUT) 91.485 | + 0.016 | + 0.003 
21.701 » | 4.690 0.014 | — 0.002 
24.700 > 2A .693 0.007 0.006 
21 .892 O 21.867 0.005 | — 0.008 
95.862 | ALII| 95.847 0.015 0.002 
97.731 | 41V | 97.700 | + 0.034 0.018 
27.793 O 27.733 | — 0.010 | — 0.093 
97.824 | AIV | 97.806 | +0 018 | + 0.005 
27.944 » 97.929 0.015 0.002 
27.999 >» | 27.946 0.031 0.048 
98.003 » | 97.94 | + 0.2 | + 0.000 
29.120 » 29.138 | — 0.018 | — 0.030 
99.153 » | 99.165 | — 0.012 | — 0.024 
99.298 | AIIT) 29.263 | + 0.055 | + 0.043 
30.261 | 4IV | 30.253 0.008 | — 0.004 
31.729 O 31.710 0.019 | + 0.007 
34.456 | d112| 34.395 0.064 0.051 
35 405 | AIV | 35 394 0.014 | + 0.004 
36.106 » | 36.400 0.006 | — 0.003 
36.114 » 36 104 0.010 | + 0.001 
36 134 » | 36.430 | + 0.004 | — 0.005 
36.143 » 36.147 | — 0.004 | — 0.013 
39.147 O 39.095 | + 0.052 | + 0.054 
4.329 » | 40.294 0.025 0.023 
40.300 | AIV |} 40.303 0.007 0.005 
40.367 » | 40.365 0.002 0.000 
43.477 » | 43.464 0.014 0.013 
43.489 » 43.486 0.001 0.000 
46 452 O 46 533 0.019 0.000 
47.586 | 4IV| 47.587 | +0 001 | + 0.002 
47 .638 yt) 47.668. 1° =" 01075. |. — 0.073 
50.817 O 50.829. | — 0.012 | — 0.007 
53.237 | 4IV | 53.237 0 000 | + 0.009 
53.268 » 53.280 0.012 | — 0.003 
64.274 » | 61.334 0.060 0.038 
61.374 >» | 61.42 0.038 0.016 
62.003 » | 62.033 | — 0.026 | — 0.004 
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